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It is shown that the Schwarzschild solution is the only spherically symmetric solution of the Einstein
vacuum field equations, even when the differentiability of the metric is weakened to the extent of
permitting solutions which are C°, piecewise C!. Petrov’s purported counterexample is analyzed and
shown to be essentially equivalent to Schwarzschild’s example.

1. INTRODUCTION

N a recent paper, Petrov' has called attention to

the relatively stringent assumptions under which
Birkhoff’s theorem® is usually derived. Because the
transformation of a tensor involves derivatives of
the coordinates, the assumption that the metric
tensor of a particular manifold is to be of class C*
reduces admissible coordinate transformations at
least to class C**'. Hence, the conventional proof of
Birkhoff’s theorem, requiring coordinate transforma-~
tions merely to possess transformation coefficients
[i.e., z(z') to be C'], may force on a given metric a
coordinate system that artificially reduces its con-
tinuity properties to class C°, whereas in a different
coordinate system its differentiability may well be
C? or even higher. To emphasize this general remark,
Petrov presents what purports to be a class of
spherically symmetric solutions of the vacuum field
equations of Einstein that are not equivalent to
Schwarzschild’s solution.
" This paper has led us to launch a somewhat more
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comprehensive investigation of solutions of the
vacuum field equations that possess spherical sym-
metry but possibly a low-order differentiability.
Our essential result is to confirm the uniqueness of
Schwarzschild’s solution, as long as spherical sym-
metry is preserved. Petrov’s solution turns out to be
equivalent to Schwarzschild’s though Petrov’s
chosen coordinates have certain attractive features
that we comment on. However, we examine the
possible existence of non-Schwarzschild solutions
more broadly than was done by Petrov, and indicate
the degree of arbitrariness that results from dropping
the requirement of strict spherical symmetry. This
examination may be performed either on the basis
of a four-dimensional approach, or in terms of
propagation of Cauchy data off a spacelike three-
dimensional hypersurface, e.g., in a Hamiltonian
formalism elaborated by Dirac.® Section IT of this
paper analyzes Petrov’s solution(s), whereas Secs.
III and IV are concerned with the freedom of con-
tinuation of solutions in the more general contexts
indicated above.

II. PETROV’S SOLUTION

Let us consider the following solution of the
Einstein field equations for the vacuum as given by
Petrov' (with minor changes in notation and several
corrections of typographical errors).

3 P. A. M. Dirac, Phys. Rev. 114, 924 (1959).
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2 BERGMANN, CAHEN, AND KOMAR

ds' = ¥y da” — da® — d6® —sin® 0 do’), (2.1)

where ¢ and v depend only on the variables z' and

z° and are defined by the equations
Vo= 1’(3’0)‘?'

Vi=C¥ + ¢+

Ya¥a — Yo = V0,

where » is an arbitrary function of 2° and C is a
constant. If we define

v = (1/C)dp — 3,
the second of Egs. (2.2) yields
Pi=4p" + dop + (HCY + 2tv),  (24)

which is the defining equation of the elliptic Weier-
strass function, p(z' 4+ A(z")) whose invariants, g,
and g, are obtained from the coefficients of p* and p°
respectively. [The function A(z") is arbitrary. It is
of interest to note that the invariant g, contains
»(z°) so that at different instants of “time” different
elliptic functions are used.]

The above space-time admits a four-parameter
group of motions whose Killing vectors are

N = 85 cos ¢ — 35 sin ¢ cot 8,
22" = &5 sin ¢ + 85 cos ¢ cot 8,

3)“! = 5:) .

£ = ~(Ya/v)é + vdl.
The first three Killing vectors are evident from
the manifest spherical symmetry of Eq. (2.1). We
focus our attention on the fourth Killing vector, £
Employing Egs. (2.1) and (2.2) we may easily
compute its norm

22 =%, =1+ Cy.
From the first of Eqgs. (2.2) we have
Ea\(’.a = 0. (27)

If we confine our attention to those domains where
£ # 0, we can form the vector

T, = £, 2.8)

It follows from the fact that &, is effectively a

Killing vector in a two-dimensional manifold [its

components lie entirely in the (z', 2°) surface and

the coefficients depend only on z* and 2] that T,
is necessarily a gradient. Thus
TI‘ = Tn“'

In addition, from Eq. (2.2), we can deduce

g = -0+ C¥). (2.10)

It is evident from Eqs. (2.6) through (2.10) that,

2.2)

@3

(2.5)

2.6)

(2.9)

apart from the region where ¥ = 0, the Jacobian J
Ti Ta ‘
Do @

J = @.11)

does not vanish.

Up to this point the assumed differentiability class
of the arbitrary functions, A and », did not enter into
our considerations. We now wish to consider the
following coordinate transformation

re=g =y, §=0,
t='=T 3= é.

It is true that in general if ¢ and T are of class C*
the resulting metric may be of class C°. But this
does not distrub us, in view of the work of Papa-
petrou and Treder.* In point of fact, performing the
indicated coordinate transformation (2.12) we see
immediately from Eqgs. (2.6) through (2.10) that we
obtain the metric

ds’=(l+;g)dt’-—

@.12)

dr’

14+ Cfr

— r* d¢* — r*sin® 0 d¢’,
which is not C°, but rather analytic. (We recognize
the constant, C, as the negative of the Schwarzschild
radius.)

Alternatively, if we prefer not to perform the
coordinate transformations of Eq. (2.12), we can use
the additional geometric structure available to us by
the existence of the Killing vector fields in order to
obtain an invariant characterization of Petrov’s
space-time. Thus Eq. (2.6) provides us with an
invariant specifieation of the function ¢, from which
it follows that Eqgs. (2.7) through (2.10) [taken
together with the remaining Killing vector fields of
Eq. (2.5)] yield an invariant determination of the
essential geometrie properties of the solution. That is,
we see that apart from the capricious properties of
the particular coordinate system we choose in order
to exhibit the metric tensor, the solution of Petrov is
in every. invariant sense identical to that of Schwarz-
schild.

We should like to observe that Petrov’s choice of
coordinates hag the virtue of permitting one to
continue the solution through the Schwarzschild
“singularity’ where £ = 0 and the usual coordinates
become singular. In this sense the Petrov solution
is more nearly akin to that of Kruskal.® The poles
of the elliptic function correspond to the true singu-
larity at r = 0. The region where ¢ — 0, corresponds
Wapetmu and H. Treder, Math. Nachr. 23, 371

(1962).
8 M. D. Kruskal, Phys. Rev. 119, 1743 (1960).
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to r — . The space-time is perfectly well behaved
in that limit and in fact approaches flat Minkowski
space. We see that it is merely Petrov’s coordinate
system (as well as Kruskal’s) which becomes singular
in that limit.

II. JUMP DISCONTINUITIES OF DERIVATIVES

Together with Petrov we consider a solution
spherically symmetric if it possesses an isometry
(sub)group that permits the introduction of spheri-
cal coordinates, so that under that group each orbit
is the two-dimensional surface of a three-dimensional
sphere. With this assumption, the line element may
be written in the form

d* = A(d2")* + 2B d2° dz' — C(dz")’
— N? 4%,
dQ* = d#* + sin® 0 do°,
where 4, B, C, and N are functions of 2° and z'
only. To eliminate the function B we should have to
perform a coordinate transformation which in the
(«°, #") plane would render the curves z° = const
and 2' = const each others’ orthogonal trajectories.
If we denote the new coordinates by the symbols
I, 7, it is required that, with

AC + B* =0,

(3.1)

(3.2

we have
CF,QZ'O + B(T-.ot,l + 'F_ll'o) + A'F'll,l = 0. (3.3)

In view of the fact that the partial derivatives of
7, 1 also enter the new expressions for A and C,
these new quantities will be of the lower class of
differentiability of the two quantities, the original
metric tensor and the transformation coefficients.
But as the transformation coefficients are restricted
by the one Eq. (3.3), plus the integrability condi-
tions, the transformation coefficients need not be of
lower C class (at least locally, i.e., piecewise) than
the original metric tensor. Let us confine our atten-
tion to a local domain; then we can assert that the
construction of orthogonal trajectories need not
introduce a lower piecewise C classification into
the metric tensor components than the one they
had to begin with.

As the next step we consider local coordinate
transformations that leave the orthogonality condi-
tion unchanged. Such transformations will satisfy
an equation of the form (3.3), except insofar that
now the second term on the left vanishes. In particu-
lar, we may adopt as our spacelike coordinate r
any function of 7, I whose gradient is spacelike.
Such a function is N the so-called luminosity dis-
tance. Assuming now that N, as a component of the

metric tensor, is C*, its adoption as a coordinate
may render some other components of the metric
tensor C*~*. Aside from this contingency, the adop-
tion of N as a coordinate will be legitimate if its
gradient exists (this condition will be satisfied if N
is at least C") and is spacelike. Once we have come
this far, Birkoff’s theorem may be proved in two
stages: (1) From one of the field equations we find
that ¢ = 0, 4 = 0. (2) One of the field equations
contains only reference to A and is of the first dif-
ferential order,

(d/dn)(r/C) = 1. (3.4

Solutions are of the form ¢ = (1 — a/r)”", where
the constant .of integration ¢ is the only arbitrary
quantity. Thus this form of solution arises from
purely local considerations and is quite independent
of the adoption of any boundary conditions at infinity.
Positive, vanishing, and negative masses are all
acceptable. Finally, 4 is obtained from a quadra-
ture, solving again a first-order equation, which
possesses as its only constant of integration a trivial
scale factor of the time axis.

Hence, the only operation in which the dif-
ferentiability of the metric tensor, and of the coordin-
ate transformations, enters is the adoption of N
as the coordinate r. For this operation to be meaning-
ful it is necessary that N be piecewise C'. If it is
piecewise C*, the metric field in the new coordinate
system will be piecewise C*~*, hence at worst C°.

The field equations are of the second order, so one
should ordinarily require that the solutions be C”.
However, it is well known that one can generalize
the notion of a solution of differential equations to
functions of lower differentiability when these are
limits of sequences of solutions of class C°. Papa-
petrou and Treder* have investigated jumps in the
first partial derivatives of the metric tensor field
on the assumption that a field that is C° and only
piecewise C' is to be considered a solution of the
(vacuum) field equations if it can be approximated
by C? solutions. Jump discontinuities in any deriva-
tives may come about through the choice or coordi-
nate system, or they may arise in such a manner that
they cannot be transformed away even by coordi-
nate transformations that are themselves of low
differentiability. Only the latter situation is of real
interest. It was found that intrinsic jump discon-
tinuities must lie on characteristic hypersurfaces,
which are well defined because the metric itself is
continuous across the hypersurface.

Accordingly, given a solution of the field equations
that represents a Schwarzschild metric in some local
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four-dimensional neighborhood which may or may
not be in the vicinity of (spatial) infinity, we may
consider cutting this solution off along some char-

acteristic hypersurface (these are any null hyper-

surfaces) and continuing it beyond this null hyper-
surface in & manner consistent with the jump
requirements. If the jump is not to destroy the
assumed spherical symmetry, the jump hypersurface
itself must be built up from orbits of the rotational
isometry (sub)group, i.e., it must be a three-dimen-
sional hypersurface generated by the multiple rota~
tion of a null curve in the (z°, z') plane. Such null
curves will generally not be mapped into themselves
by the timelike isometry of the Schwarzschild
solution, but this is not a necessary requirement for
our purposes. (The one null surface that is a complete
orbit under all isometries is the Schwarzschild
radius. In terms of Kruskal coordinates® this hyper-
surface, for finite coordinate times, is, however, not
three- but only two-dimensional.)

The requirements on the jumps in the first deriva-
tives of the metric,

{giu.p] = hmk’m (3-5)

(if the jump is to be intrinsic) are that the normal
vector k, be lightlike (this requirement is entirely
equivalent to the previous statement that the jump
hypersurface be characteristic, or null), and that the
coefficients h,, satisfy the conditions

¢k, =0, B,k = 0. 3.6)

These relationships are the analogs of the conditions
on gravitational waves that they be transverse—
transverse and tracefree. The same conditions hold,
incidentally, mutatis mutandis, for jump discontinui-
ties of higher than the first derivatives. We now
examine whether the jump conditions permit us to
continue a Schwarzschild solution beyond a null
surface in such a manner that it becomes inequiva-
lent to the conventional solution beyond the null
surface, but without violating the requirement of
spherical symmetry.

To preserve spherical symmetry, we must, first of
all, see to it that the discontinuity surface itself be
composed of orbits corresponding to the spherical
symmetry isometry, i.e., that it be composed of
spherical surfaces. Beyond the jump the solution
in question must maintain spherical symmetry as
well. This requirement may be restated in terms of
the line element. The line element will have to be of
the form (3.1) on both sides of, as well as across the
surface of discontinuity [which will be a null curve
in the two-dimensional (r, {) manifold]. However,

the functions 4, B, C, and N need to be only of
class C°.

The normal vector of the null surface lies, of
course, within the null surface itself. But in addition
it must be perpendicular to all the directions tangen-
tial to the spherical isometry. Thus the vector must
lie in the (r, ) plane. Within that plane it is the only
direction tangential to the discontinuity surface.
From the second of Egs. (3.6), the tensor h,, is seen
to have components only within the spherical sym-
metry orbit, ie., it is in effect a two-dimensional
tensor (with vanishing trace) defined on that surface.
Hence h,, possesses only two nonvanishing eigen-
values, whose sum vanishes and whose eigenvectors
both lie within the spherical surface. If ,, is nonzero,
it is certainly nondegenerate within the spherical
surfaces, and its eigenvectors distinguish a pair of
mutually perpendicular directions on the sphere,
contrary to the assumpiion of spherical symmetry.We
conclude that intrinsic, spherically symmetric jumps
cannot oceur.

IV. DISCONTINUITIES IN TERMS OF CAUCHY DATA

It is instructive to review the problem of dis-
continuities in terms of Cauchy data. We shall adopt
for this purpose the formalism of Dirae,’® which
permits us to characterize a solution in terms of the
metric field, and of the second fundamental form,
of a spacelike three-dimensional hypersurface.
Though one Riemann—Einstein manifold may be
represented in terms of more than one set of Cauchy
data, a set of g,.., p™" uniquely determines at least
a neighborhood of a Riemann—FEinstein manifold;
these Cauchy data themselves are not entirely
arbitrary but must satisfy at each point of the hyper-
surface the four so-called Hamiltonian constraints,

P =0 “.1)

and
Pud™ — 30 + PR = 0. 4.2)

We shall ask what degree of arbitrariness we have
in choosing spherically symmetric Cauchy data,
given the assumption that these data agree at least
outside some radius R with those typical for the
Schwarzschild solution.

Our task is greatly simplified if we choose coordi-
nates 2°, ' so that the coefficient B in the line ele-
ment (3.1) vanishes, a choice which according to the
discussion given in Sec. 3 does not place excessive
restrictions on the differentiability class of the metric
field. In accordance with the spherical symmetry of
the field desired we give the canonical momentum
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density field the form:
p'' = A'N*Psin 6, p* = AN’Qsin 9,
3.

p 3 = sin—20 p22’

4.3)

where P, the longitudinal component, and @, the
transverse component of the canonical momentum
density, are functions of z* only, i.e., independent of
the angles; there is no dependence on z°, as we define
our Cauchy data on a z° = constant three-dimen-
sional hypersurface. The evaluation of the three
divergence constraints (4.1) then leads to two empty
relations (those associated with the free indices 2
and 3, respectively) and one differential condition
on the two functions P and Q,

P, dlnN_, 1dN%, _
dxl + 2 dx]. P A dxl Q - 0- (4.4:)

We now show that both P and @ can be made to
vanish by an appropriate choice of hypersurface.
We evaluate P on the assumption that B = 0, and
find:

210mlmN
P=—T¢ o @)
It follows that P will vanish if we choose the coordi-
nate z' to be some function of N, the luminosity
distance, or if we choose our initial-value hyper-
surface s0 as to be perpendicular everywhere to the
surfaces N = constant. As the hypersurface itself
is only required to be spacelike (and even this re-
quirement is perhaps not absolutely necessary), all
that is required for our construction to succeed is
that the metric field be piecewise C°.

If P = 0, then @ must vanish as well, because of
Eq. (4.4). The Hamiltonian constraints (4.1), (4.2)
thereby reduce to the single condition R = 0.
Evaluation of this condition leads to the result
that with our assumption of spherical symmetry
the curvature scalar can be made free of second
derivatives of the field variables describing the
metric field by adopting for the three-dimensional
line element the form:

ds’ = b dN* + N*d@’, 4.6)

where b and N are to be functions of r only. N is the
luminosity distance, as before, and both b and N are
scalars with respect to transformations of the radial
coordinate r. For the form (4.6) to be admissible, ¥
must be at least piecewise C' with respect to r. If,
in addition, the metric field itself is C°, piecewise C*
then b will be piecewise C°. The curvature scalar,
in terms of b and N, turns out to be the expression

®R = (2/N)[b — 1 + N@b/dN)]. (4.7

Requiring this scalar to vanish in some connected
domain of the r coordinate yields in this domain

b=1-— NN, (4.8)

N, being a constant of integration. This result
evidently corresponds to the Schwarzschild solution.
In the vicinity of N = 0 the variable b must approach
unity if the hypersurface is not to be metrically
singular at that point. Hence all solutions with
N, 0 have a true singularity at the center. With
respect to the variables chosen, b and N, the point
(N = Ny, b = 0) does not appear singular, but the
metric determinant

(Pt = b"IN*(dN /dr) sin 6, 4.9

will vanish at that point unless the coordinate r is
suitably chosen. This choice involves an asymptotic
behavior at that point of the form

=14+ WN — N}, v0, # =. (4.10)

For real values of v, r will be real outside the lumi-
nosity distance No. In order to assure reality of f
for smaller luminosity distances a different, imagi-
nary v would have to be chosen.

To obtain the parameter r customarily used in
the conventional presentation of the Schwarzschild
solution one would have to change the value of vy
at N, in order to cover the entire range of luminosity
distance 0 < N < . It is well known, and can be
confirmed in terms of the formalism employed here,
that inside N, the chosen hypersurface is no longer
spacelike, but that the metric becomes indefinite.
If we go through N = N, with a constant value of v,
we are led to a coordinate system that is equivalent
to the real domain of Kruskal’s coordinates.

Whatever topology we adopt, the condition (4.8)
prevents us from piecing several inequivalent
Schwarzschild solutions together in order to obtain
a new solution that is inequivalent to any one
Schwarzschild solution. On the contrary, any such
spherically symmetric piecing is equivalent to the
establishment of spherical surfaces with finite source
(i.e., mass) surface density. Again we find that the
differential equations lead uniquely to Schwarz-
schild’s original solution with a single mass constant
throughout the domain of validity of the field
equations.

Note added in proof: A. Hamoui has very kindly
called our attention to his paper, which appeared in
June 1964, Compt. Rend. Acad. Sci. Paris 258,
6085 (1964), where he obtained results identical
with some of ours. Unfortunately, this paper had not
been known to us at the time we submitted our work.
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The object of investigation is a system of N particles in nonrelativistic quantum mechanies. The
particles interact via two- or many-body potentials, for which a sufficient condition is that they be
square integrable in the relative coordinates of the interacting particles. Cluster properties are derived
for the time translation operator, for the wave operators, for the transition probabilities, and for the

S operator.

INTRODUCTION

E consider a system of N particles in non-

relativistic quantum mechanics. The particles
are assumed to interact via two- or many-body
forces vanishing sufficiently fast for large separations
of the particles. An intuitively evident property of
such a system is the following one: If, at a given time,
the particles form clusters far separated from each
other, then the subsequent motion will be approxi-
mately the same as if no forces between the clusters
were present. Our aim is to formulate this property
mathematically, to prove it, and to study certain
consequences for scattering theory.

CLUSTER PROPERTIES OF THE TIME
TRANSLATION OPERATOR

Let z, --- z» be the Cartesian coordinates of
particles 1" - - - N. Relative, or internal, coordinates
of any subsystem of particles are always taken as
linear combinations of z, - - - zy. For the time being,
the potential describing any of the k-body forces
acting in the system is assumed to be square inte-
grable in the relative coordinates of the k interacting
particles. Once for all, we group the indices 1 -+ N
into n clusters C, --- C,. The Hamiltonian of the
system is

H= Y H +V=H.+7,

k=1
Hk = P:/ZMI‘; + hk,

where V is the sum of all potentials linking particles
in different clusters, H, the Hamiltonian of the
subsystem C,, P, and M, the total momentum and
the total mass of C., and h, its internal energy.

* Supported in part by the U. S. Air Force through the
Air Force Office of Scientific Research.

1T, Kato, Trans. Am, Math. Soc. 70, 195 (1951). Nofe
added in fproof: For k-body forces with k > 3, square integ-
rability of the potentials is not sufficient for the self-adjoint-
ness of H. Kato assumes these potentials to be bounded.
I am grateful to Professor E. Nelson for pointing out this
error to me.
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H, H;, H,, and h, are self-adjoint operators on the
corresponding Hilbert spaces.' For any n 3-vectors
a, -+ a, we define the spatial translation operator
T(a, -+ - a,) on the Hilbert space 3¢ of the N-particle
system by

(T(a, -+ @)@

where 2} = z; + a; for all ¢ € (C,, and we set @ =
min; , |a; — a. Note that T(a, --- a,) commutes
with H¢. The asymptotic independence of the motion
of the 7 clusters can be stated as follows:

oo xy) = f&] - xh),

Theorem 1.

linl T(—a1 *

a—o

- —a)e T T(ay - - an)

— ev’Hct = fI eo’Hu,
k=1
in the strong sense on 3C, uniformly in —» <t <

+o.

Before we turn to the proof, we note that the assump-
tion of square integrability will be used only for the
potentials in V. All we shall need about the operators
hyx is their self-adjointness.

Proof. A dense linear set in 3C is spanned by the
functions

M

where y, is the position of the center of mass of
Cs, fr any square integrable function of the internal
coordinates z, of C, and b, an arbitrary 3-vector.
Thus it is sufficient to prove Theorem 1 for states
of the form (1), for which we have

(eiflt _ e;‘IIct)T(al e a..)f

t
= ie™ [ drTVI@ o 0T @)
0

f@y <o zw) = kI,:I1 e_““_bk).fk(zk),

That the right-hand side of (2) is well defined be-
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comes clear in the following. By (2), it is enough to
show that

+

dr ||V -+ a7 || = 0.

—_—

lim ®
The y dependence of (exp iHc7)f can be evaluated
explicitly, yielding

€N -+ 2w, DI
= [T i, 0, @)

o=+ 7/M)7, L, 1) =M

The triangle inequality allows to prove (3) separately
for each term in the sum V. In order to avoid purely
formal complications, we treat a special case only,
but the argument can be generalized easily. We
assume C; = (1, 2), C, = (3), Cs -+ C, arbitrary,
and we estimate the term arising from a pair-
interaction V,; between particles 2 and 3. Then we
have

“stT(al te an)ewc’f”z

= fdxl deV;'a‘ kIII ”Ige—“(““n. lfk(zln 7)|2

= N(a, (5)

Here we have put b, = 0, that is, we have absorbed
b: in a;. This is possible since

V) T)-

min, Iai - b —a + bkl — ®

for @ — . The integrations over the coordinates not
belonging to the clusters linked by V,, are trivial,
they yield a factor 1 if the f, are properly normalized.
We are left with

N(a, - a., 7-) = f dz, - - dxavga(xza)

X ”1(3312, 7’)|2 (ﬂlpz)qe—m(u‘+ax)'—.u-(z.+a.)', (6)

with z;; = z; — z;. As integration variables we chose
Y1, T1z and Za3. Then 23 = ¥, + a&i; -+ 2, a being a
constant with || < 1, and the y, integration can be
carried out:

N(a, -+ a,, 7) = const X fdzlz AZ33 V55(23s)

X i@z, n[* ple(armeamamataa?
w(r) = @+ /M3 + /M)

Sinée [/f1(+, 7)]|* is independent of 7, we conclude that
1 + |7/N(a: -+ @, 7) is bounded uniformly in
a - 6, and — o < 7 < 4. To prove (3), it is

@
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enough, therefore, to show that
lim N(a,

a0

e, 1) = 0.

®
uniformly in any finite = interval. For this, we split
the region of integration in (7) into two parts R, R,:
By |z € lan — a] and 2] < %oy — ao,

Ry |zie] > tlan — as] or |zs| > % |an — a,).

In R, we have |a; — @; — a@y; + %] > 3 |a; — as].
Using again that ||f,(-, 7)|| is 7 independent, we find
after some obvious steps:

N(a, -+ a,, ) < const X (f

fzi>}lo1~aal

dz(V3s (=)

©)

According to (4), f,(-, 7) is strongly continuous in r,
so that the right-hand side of (9) is continuous in r,
and, for any fixed finite 7, converges monotonically
decreasing to zero for |a, — a,] — «. By Dini’s
theorem, therefore, the convergence to zero is uni-
form in any finite 7 interval.’ This concludes the
proof of (8) and Theorem 1.

APPLICATION TO SCATTERING THEORY

Cluster properties of the S matrix and related
quantities have been the subjects of recent investi-
gations, mainly within the framework of relativistic
quantum field theories.** In this section, we want
to start a similar discussion for the nonrelativistic
case. The reader is assumed to be familiar, to some
extent, with the concepts of time-dependent scat-
tering theory as developed by Jauch.®

A channel o of the N-particle system is defined by
specifying the fragments F, - - - F,,, and, in addition,
a bound state for each composite fragment. The
states in channel o are the states of the form

+ lfl(x, 7')]2) + e"il‘(ar-o,):).

f=1@ - yw kII: filer), (10)
where y, is the position of the center of mass of
F,, f.(z:) the bound-state wavefunction in terms of
the internal coordinates of F, (fi = 1 if F, is a
single particle), and f(y, - - - y..) an arbitrary square
integrable function of ¥, - - - y,,. The states in chan-
nel « form a subspace D, of 3C. The channel Hamil-
tonian H, is the full Hamiltonian minus all inter-

2 R. Courant and D. Hilbert, Methoden der Mathematischen
é’hys;’k (Springer-Verlag, Berlin, 1931), Vol. 1, Chap. 2,
ec

3 E. H. Wichmann and J. H. Crichton, Phys. Rev. 132,

2788 (1963). ,
. Acta (to be published).

+ K. Hepp, Helv. Ph;
¥ J. M. Jauch, Helv. Phys. Acta 31, 661 (1958).
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actions between the fragments. The wave operators
Q% = lim e "¥*'E, (11)

t—t

exist as strong limits on 3¢, E, being the projection
onto D,.. They are isometric on D, and vanish on
Dz, The proof of (11), which is due to Hack,® has
been the model for our proof of Theorem 1 and is
implicitly contained in it. To show this, we take
m = n, C, = F,, and channel states of the form (1),
but with f; as defined in (10). These states span a
dense linear set in D,, and, since Hy, = H,, we
have

3
T T Tf 4§ f A VT F, (12)
0

From (7), we have concluded that
Q + [« ||VTe e

is bounded uniformly in @, --- @,, 7, and this is all
we need for the convergence of (12) as{ — . To
prove (11), we can of course take T = 1, but for
Iater use we note here that the convergence of (12)
fort — x ® iguniformina, -+ a,.

After these preliminaries, we return to the cluster
decomposition C; --- C,. A channel « is said to be
consistent with this decomposition, if each of its
fragments belongs to a definite cluster. The set of all
consistent channels is denoted by C, it is the same as
the set of all channels of the system characterized
by the Hamiltonian H,. If « € C, then the channel
reduces to a channel o, for each one of the subsystems
Cs, the channel Hamiltonians H ,, H ,, and the chan-
nel spaces D, D,, being related by

» n
H, = EHan D, = ®Dan
kw1 k=1
and
Qi’.a _ iim eu{cze—-sﬁ".t E&,
t—iw
. it ~iHapt
= lim e E,,,
ko

in the strong sense on the corresponding Hilbert-
spaces. Note that H, and Q' commute with

T{ay - - a,) if @ € C. The wave operators have the
following eluster property:
Theorem 2.
lim T(—a, -+ —a)QT(a, -+ an)
¢ = JI[ e if a€C, (13a)
k=1
0 if adEC, (13b)

in the strong sense on JC.
¢ M. N. Hack, Nuovo Cimento 13, 231 (1959).

Perhaps more appealing to intuition are the con-
sequences for the transition probabilities. Consider
two channels a, 8 € C, and channel states f., Js
which are direct products of states f.,, f in the
subchannels Ay, 6.&'P(fa - fﬁ) = I(g:jm Q-ffﬁ)ia iS
the probability for the transition f. — f5. Theorem 2
implies immediately

lim P(Tf. — Tfs) =

G-

kI,I P(f«u - fﬂb)!

that is, if we separate the clusters in the initial and
final state in the same way, then the transition proba-
bility factorizes, the factors being the transition
probabilities in the subsystems C;. On the other
hand, we have for a € C and for arbitrary 8, by
Theorem 2,

lim P(Tf. — fy) = lim |@9% o, DI = 0,
since T(a; -+ @, — 0 for a — «, weakly on 3
[see (14)}, and similarly for P(fs — Tf.). This means,
for instance, that if the clusters are separated in the
initial state, then the probability for the production
of a fragment containing particles of different clusters
vanishes agymptotically.

Proof of (18a). By (11), we have

lim e *"'E, T(a, -+ a,) = QT(a,
t—kco
strongly on ¢, and similarly for QS'*T. But the
essential point is that the convergence is uniform in
@y - - - @, as has been noted after (12). It is therefore
sufficient to show that

— eiHcle—iﬂae)EaT

cer a”)’

li.m (e\’.!?te--iﬂgt

oo

THt

= lim (0 — eCHct)Te-iﬂacEm . 0,

strongly on 3¢, for any fixed finite tixne {. But this is
an immediate consequence of Theorem 1.

Proof of (13b). Part b of Theorem 2 is not related
to the cluster property of exp (¢Hf) and will not be
used in the following. It simply states that, for any
f € 3¢, Tf becomes asymptotically orthogonal to
D,, in the sense that ||E,Tf|| — 0 for ¢ — . This
is a consequence of the following fact: Consider the
translations (T'(a))(z) = f(x + a) on the space £° of
square integrable functions of one variable. Then,
in the weak sense on £°,

lim T(a) = 0,

o—®

(14)

since (g, T(a)f) = [ dpe™F(p)G(p) — 0 fora —
by the Riemann Lebesgue lemma; 7, G being the
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Fourier transforms of f, g. We leave the rest of the
proof to the reader.

We prepare the discussion of the S operator by
proving a lemma which follows from (13a). Let B2
be the range of Qf, F? the projection onto RZ, and
gimilarly for '* and Q*. The orthogonality
theorem states that B2 | RZif a # 8.° With R, R¢
we denote the direct sum of all the mutually orthog-
onal subspaces RZ, RS ®, respectively.

Lemma 1.
lim T'(~a, -+ —a)FiT(a, - a,)
Foe = JIFe if acC,
k=1
0 if adC,
strongly on RS.

Proof. 1t is sufficient to prove the lemma, for states
f € RS® B being any channel in C. We have to
distinguish two cases:

(a) « = B: This is possible only if « & C. Then
f = 95", FS* = fand

T*F<Tf — FIof| = |l — FOTH|
= ghortest distance between T'f and R’
< ||relfy — 9iTgll >0 for a— o,

by Theorem 2.

(b) « s B8: Then the right-hand side of Lemma 1
vanishes when applied to f, whether « & C or not,
and

WFTHl| = |IFi(t — FOTH|]
< ||@ — FOTf|| -0 for a— =, asin Parta.

By summing formally over all « in Lemma 1 we
obtain

lim T(—a, -+ —a)F.T(@ -+ ay) = FS,  (15)

strongly on RS, where F, and F¢ are the projections
onto R, and R¢. The proof is analogous to the proof
of Theorem 4.

Following Jauch,” we introduce partial S operators
S* and a total S operator S by

8% = 0o, S= Y 8°

and similarly, for « € C, 8%, 8¢, 8§, S*, the last
being the total S operator of the subsystem C,.

MULTIPARTICLE SYSTEMS 9

Theorem 3.
lim T(—a, +++ —a.)8°T(a, -+ a,)
8 =JI 8" if a€C,
- k=1
0 if aéC,
in the strong sense on RC.
Proof.

(a) « & C: According to Theorem 2, T*Q**T
converges to QS ** for a — «, weakly on 3¢. But
on RS, the convergence is strong, since, for any
f € RS, lim,_,, ||T*Q**Tf|| = ||Q¢***{|]. (This follows
from [|T*Q2*Tf|| = [|T*F2Tf|, ||Q2-**f|| = [|FZ-=f}]
and Lemma 1.) From this and Theorem 2 we con-
clude that T*S*T = T*QTT*Q*T has the property
stated in Theorem 3.

(b) @ € C: Then, by Lemma 1, ||Q2*Tf|| =
||F2Tfl| = 0 fora — .

Theorem 4.

- —a,)8T(a; -+ a,) = 8¢ = ]I &,

kw1

lim T(—a, -

a—®

in the strong sense on RE.

Proof. It issufficient to prove the theorem for states
f € R®* B any channel in C. By Theorem 3, it
is only necessary to show that ||T* X ... S°Tf|| — 0
for a — . But this follows from ||Dens S°Tf|| =
| ams FTHl = [[(LamsFH(1 — FHTA| <
1@ — FAT}f|| = 0 for a — =, by Lemma 1.
Analogous theorems hold for S** and S* on RS.
As an illustration, consider the case of N clusters,
each one consisting of one single particle. Then
R¢ = 3, and
lim T(—a, - -

a—o

—ax)8T(a, -+ ay) = 1,

lim T('_al

G—®

v —an)S*T(a - ay) = 1,
in the strong sense on 3C. Of course it would be nice
to know that the other limits, like Lemma 1, The-
orems 3 and 4, also hold on the entire Hilbert space
J¢. This is in fact asserted by the hypothesis of
asymptotic completeness, which states that R, =
R. = 5C. But so far, this hypothesis has been proved
only for N < 3, under somewhat different conditions
on the potentials.”*® If these conditions are satisfied,

7 Two-particle case: T. Ikebe, Arch. Rat. Mech. Anal,
5, 1 (1960).

8 L. D. Faddeev, Mathematical Problems of the Quantum
Theory of Scattering for a Three-Particle System, Publications

of the Stoklov Mathematical Institute, No. 69 (1963) (in
Russian).
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we can conclude, at least, that RS = RS = g, if
none of the clusters consists of more than three
particles.

MORE GENERAL POTENTIALS

For a two-body potential which behaves like
|z|™" for £ — «, the requirement of square integra-
bility implies r > 2. This condition can be weakened.
In fact, all we have proved so far still holds if we
include two-body potentials which are locally square
integrable and fall off faster than the Coulomb
potential at infinity, in the sense that

V@l < A7, r>1, [z > p.  (16)

To demonstrate this, let us treat again the example
(5). We set, for R > p,

Vo) = {V(x) for
0 for jz| <R,

and define Nz(a, --- a, 7) in the same way as
N(ay - a,, 1), but with Vy35(2,3) replaced by Vg (2,,).
The only thing we have to show is that there exists
an exponent s > 1 and, for any ¢ > 0, a sufficiently
large R such that

u ‘Nx(a - an

foralla, -+ a,andallrin — «» < 7 < 4 . Starting
from (7) and applying the Hoelder inequality to
the x.; integral, we get

p'Ne(@ « - a, 7)
« 1/p © 1/¢
S const X usm_'(f d‘a&e—wi") (f drfz-—zar)
o R

for

=] > R,

v Gy, T) < 6,

@ 1/q
_ const x I‘3/2a—n<f d§.§2-2ar> ,
R

with 1 < p, ¢ < o, p* + ¢7' = 1. Evidently,
(17) holds if 3/2¢ — s > 0 and 2¢r > 3, or, since
s > 1 but arbitrarily close to 1, if 1 < ¢ < % and
g > $r. These two conditions for ¢ are compatible
ifr> 1.

The fact that Coulomb potentials are still ex-
cluded is of course not surprising. It has been shown
by Dollard® that the case of charged particles can
be fitted into the formalism of Jauch, if the defini-
tion of convergence for the time limits (11) is modi-
fied. A similar modification might be necessary for
the spatial limits in the various cluster properties.

Generalizations analogous to (16) can be expected
for many-body potentials.

CONCLUDING REMARKS

So far we have not obtained estimates of the rate
of convergence in the various cluster properties.
This seems to be possible only if we restrict our-
selves to special states of the system and, in addition,
impose certain conditions on the behavior of the
potentials for large separations of the particles.
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An algebraic proof is given showing the equivalence of the Pfaffian and Onsager methods of solution
of the Ising problem for the two-dimensional rectangular lattice with free edge conditions. With
cyclic conditions on the rows and columns and with helical edge conditions it is shown how the two
solutions differ. The relation between the appearance of crossed long-range bonds and the appearance
of unwanted negative signs in the Pfaffian method is shown explicitly for this particular lattice.

1. INTRODUCTION

T has been rather puzzling that the two methods

at present known for finding exact solutions for
the Ising problem, namely the algebraic method of
Onsager'~® and the combinatorial method employing
Pfaffians,*'® have exactly the same range of applica-
tion, although they appear so different in approach.
Problems which yield to one method yield to the
other, whilst problems which are not tractable by
one approach also fail to be exactly solved by the
other, although the reasons for this failure appear to
have completely different mathematical origins.
On the one hand, Ising problems which cannot be
solved by the Pfaffian method are characterized by
the appearance of crossed bonds which produce un-
wanted negative signs in the combinatorial gener-
ating functions, and such crossed bonds are usually
manifestations of the topological structure of the
lattice being investigated, e.g., the three-dimensional
cubic lattice. On the other hand, the Onsager ap-
proach breaks down because the Lie algebra en-
countered in the process of solution cannot be
decomposed into sufficiently simple algebras. It is
usually stated that such more complicated algebras
occur only when the corresponding lattice has crossed
bonds,® although an explicit proof of this fact does
not appear to be published.

The usual way in which the correspondence be-
tween the two methods is established is to interpret
the partition function of the Ising model as the

1 L. Onsager, Phys. Rev. 65, 177 (1944).

2 B, Kaufman, Phys. Rev. 76, 1232 (1949); B. Kaufman
and L. Onsager, bid., p. 1244. Also Y. N’ambu, Progr.
Theoret. Phys. (Kyoto) 5, 1 (1950). .

3T, D. Schultz, D. C. Mattis, and E. H. Lieb, Rev. Mod.
Phys. 36, 856 (1964). This paper will be referred to as S.

*+ C. A. Hurst and H. 8. Green, J. Chem. Phys. 33, 1059

1960).
(198 P. W. Kasteleyn, J. Math. Phys. 4, 287 (1963).

¢ For a simple account of the relation between Onsager’s
method and tge reduction of Lie algebras, see the review
article by G. F. Newell and E. W. Montroll, Rev. Mod. Phys.
25, 353 (1953).

generating function for the number of closed poly-
gons drawn on a lattice, using the algebraic trans-
formation due to Oguchi,” and then to write down
another formula which produces the same generating
function. The fact that these two different formulas
lead to the same answer can be established geo-
metrically by inspection, or algebraically by an
induction argument which is essentially a formal
statement of the geometrical relationship.® Also the
fact that both Onsager’s method and the Pfaffian
method lead to the same expressions for the parti-
tion function and the correlation functions is a
confirmation of one’s belief in the identity of the two
methods.

But at present a detailed correspondence between
the two is lacking. It is difficult to see why the two
methods have exactly the same limitations, and
why it is that although the Pfaffian method always
permits some answer to be written down it is only in
special circumstances that it is the right answer.
This is in contrast with the Onsager method which
either permits the correct answer to be obtained or
cannot be treated at all, except by approximate
methods. Apparently the Pfaffian method insists
on dealing with simple expressions even when they
are no longer relevant for an exact approach.

It is the purpose of this and subsequent papers
to discuss this question, and to show how the Pfaffian
method can be put in detailed correspondence with
the Onsager method. It will be shown that in those
cases where the Onsager and Pfaffian methods apply
they are both concerned with the solution of a
linear problem whereas when they can no longer be
carried through it is because the Onsager method
becomes faced with a nonlinear problem for which
no exact treatment is available, whilst the Pfaffian

7 T. Oguchi, J. Phys. Soc. Japan 6, 27 (1951).

¢ H. S. Green and C. A. Hurst, Order~Disorder Phenomena
(Irg;gscience Publishers, Inc., New York, 1964), Chap. 8,
p- .

11
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method, rather perversely, concerns itself with a
linear problem which is no longer the correct one.
So this is why the Pfaffian method can always be
pushed through to a final closed expression (for
asymptotically large lattices) but only in the soluble
cases has this expression any useful meaning.

In this paper the special, but fundamental, case
of the two-dimensional rectangular lattice will be
treated in detail. In Sec. 2 the case of free-edge
conditions will be discussed, and in Sec. 3 the vari-
ous complications associated with toroidal and heli-
cal boundary conditions will be resolved.

2. THE RECTANGULAR TWO-DIMENSIONAL
LATTICE WITH FREE EDGE CONDITIONS

For a rectangular lattice with » rows and m
columns and N = mn sites, the Ising problem is the
problem of evaluating the partition function:

Z =trtr --- tr exp {—E(oy, --- , on)/kT}, 1
g1 Oy oN
where
E(a'h ctty aN)
N-m

N
= ""J Z, Gi+10; — J,

i=1

Z Oi+m0ij-

i=1

)

Here J and J’ are the energies of interaction between
neighboring lattice sites in the horizontal and
vertical directions respectively, and ¢; is a 2"-di-
mensional matrix which can be written as a direct
product ‘

o =L XI,X - XaXI X X1,

2 0 ] ’ o O ] ’

and o appears in the jth place. The choice of free
edge conditions manifests itself in the occurrence
of the upper limit of summation, N — m, in the
second term on the right-hand side of Eq. (2), and
in the notation D’ for the first term. This latter
notation means that when j = rmforr =1, --- | n
the term o;,,0; is omitted. The notation tr,, means
that we are to take the trace over those indices cor-
responding to the jth place in the direct product (3).

The matrices o; have the algebraic properties

@)

00y — 050; = [0;,0p]- =0, j#F7, @)
0'? = IgN-
The Oguchi transformation replaces Eq. (1) by
N
Z = (cosh K)" ™(cosh K" ™tr --- tr []' (1
LA N i=1

N-m

+ xa',-“o',-) H (1 + yai+mai)

= (cosh K)"""(cosh K")"""Z,, ®)

where z = tanh K, y = tanh K, K = J/kT, K’ =
J'/kT, and the notation []’ has the same significance
as the notation )/ in Eq. (2), i.e., the terms o;,,0;
are omitted when j = rm.

The relation between Eq. (5) and a combinatorial
problem is well known. An alternative expression
which is equal to Eq. (5) is given by
Z,=2" tr -+ tr tr .- ftr

e (1) ox () g (0 oy (0

N

(2 (1 (1 _(
X H" (1 + 0;Zn0i0) + 20} U:-)l

i=1

2) (1)
+ yoi" iy
(1) _(2) (2) (2 (2) (1)
+ 20 020 + Yoi oion + xY0; 0}

2 (1) _(2) (1)
+ 2yo;0; 0iln0i0),

®)

where the notation J]” denotes the appropriate
incorporation of the edge conditions. These condi-
tions here are the following' all terms containing
o'’ are omitted forr = 0, 1, --- , n, as also are all
terms containing ¢{® for j > N — m or j < 0.

The matrices ¢{”, o{® are a set of 2*"-dimensional

matrices with the properties:
[6?, 6871 =0 for 77 or j=j,
and
(6i”) = L. @)

The equivalence of Eqs. (5) and (6) can be seen by
inspecting the structure of the terms which survive
on taking the trace. In both cases one has a sum of
terms which arise from casting out all terms which
contain an odd power of any ¢ matrix, and each
such term can then be made to correspond to a
closed polygon (or a set of closed polygoas) drawn
on the lattice. However for our purposes we will
show the correspondence algebraically. It can be
shown, by multiplying out and using Eq. (7) that

2 (D 1 2 (1 (1) _(2)
(A + 0502y F 20 050y + yoi oy + X0 0t

2 _(2) () (1 (2 _(1) (2 (1)
+ yoi;V0iza + 2yo; 0 + 1Yo 0 im0

= (1 + 0;2,0{2)(1 + 20/702)(A + yo{"o{2). (8)

Edge conditions make obvious modifications to
Eq. (8).

Because the matrices ¢ do not appear in Z,,
the trace operation over the indices corresponding
to them is trivial and gives a factor 2". The factor
11 + o, has the property of a é symbol, for

it is zero when ¢{”, and ¢} have opposite signs
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and is one when they have the same sign. So if this
factor appears in Z, it may simply be dropped and
in the remaining expression wherever {2, appears
it can be replaced o). A formal proof of this state-
ment will be given, for an anslogue will be needed
later. Equation (6) may be written in the form
Z, = ftr tr 31 + (r,(z),,.a',ml

ej-mi2) g5-,1)
X (4 + Bo{®, + Co?. + Do{Piei®),  (9)

where A, B, C, D are expressions independent of
o) and a§i’,,,. Hence Z, is given by

Z,= tr (A + BoY, + CoiY, + D).

,‘_‘(x)

9

This is just the expression we get when we replace
a$®. by ¢!} throughout before taking the trace over
a}i’m So the factor 2(1 + ¢{2,02)) may be dropped
from Eq. (8) for all j, and then Eq. (6) becomes

Z, =2 g

gy ()

tr H" A + zoePeil,

on(1) =1
X A + yoiinoiR). (6

(A number of minor modifications due to edge condi-
tions will be discussed later.) This is the same as the
Oguchi expression (5) if we make the correspondence

U':Q) 0. (10)

The first step in setting up the Pfaffian method is
to regard the matrices o;*) appearing in Eq. (6) as
anticommuting rather than commuting quantities,
so that the multiplication relations (7) are replaced
by

(-) (- ) +

(I ) (i)

= [s}", 1)

Once again these matrices may be represented as
2°"_dimensional matrices which are direct products
of 2N two-dimensional matrices. The order of the
factors in (6) is to be taken in the order of increasing
j reading from right to left. It has been shown® that
this change does not alter the value of Z. Further-
more, this change does not affect the factorization
described in Eq. (8) if the order of factors is the
same as given there. An important feature of the
factorization given in Eq. (8) is that no term con-
taining ¢, nor ¢2) occurs to the left of the factor
A + ¢®,0,%)) appearing in Eq. (6). Hence we can
"+ See Ref. 8, especially Chap. 4. In this reference, instead
of matrices 0%, a pair of a ilation and creation operators
a;9, a;V* are used, but the replacement

o) — a](.)* ¢ia® = ;1D 07 n® = a;_n®
in the jth term of Eq. (6) of this paper will give the appropriate
transcription.

(: )]+ —26n 6”

OF ISING PROBLEM. I. 13

write Eq. (6) once again in the form (9) with the
correct order of the factors o2} and ¢{¥,. A4, B, C,
and D again do not depend on these two matrices.
Taking the trace of o{”,, we find that

Z, = tr( X (A4 + BoY, — Col®, + D). 9
ej-1 (2

Equation (9”) differs from Eq. (9) in the sign
before the coefficient C, but this difference is in-
essential because after taking the trace over a,“},
the terms in B and C will disappear. So once. again
we find that Z, is given by Eq. (6') even for anticom-
muting matrices. This expression (6) is very remi-
niscent of that encountered in the Onsager treatment
particularly when the form of proof utilized by
Kaufman or Nambu® is followed. However, in
Onsager’s method the matrices are only of dimension
2™ rather than 2" (the operation of taking traces of all
the relevant matrices ¢{* and redundant indices-
o’ has lowered the order from 2?* to 2"). In order
to complete the correspondence between the two
methods, the procedure of Schultz, Mattis, and Lieb®
of constructing partial density matrices with an
associated transfer mairiz will be followed. This
important paper has done much to simplify and
clarify the esoterie algebraic manipulations involved
in the original presentation of the Onsager method.

We define a partial density matrix

PM(U'M+1, Tty U'N)

M
=tr... tr H" (A + 20;410)(A + Yoi4mo;), (12)
oy oy i=1
Po = 1,
and then
) UN)

= tr (1 + xﬂ’u+z°’u+1)(1 + y”u+..+1°‘u+1)Pu- (13)

OM 41

PM+1(°’M+:, :

Because of the structure of the bond connections,
P, can only depend on the matrices oars1, *** ,Ta+m)
andif M = rm + kwith0 <r <n,1<k<mwe
will denote the matrices oys1, -+ , Tasmsr by
Ohsty Ohazy ", O 1y **° , Ope1y Oy Opsr. SO if we
write

= AM + BM“I:-O-I;
where A, By depend on the matrices of,,, -« - , o4,
and are of even, odd, degree in these matrices re-
spectively, then we have
Py = tr [ + zoliaolsr + Yoria0ts,

o’ k+a

- xyo'l:-m”b-n)(AM + BM"'L}-I)]
= 2(1 — zyolsa0se1)Ax — 2(xolis + Yor41)Ba. (14)
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The negative sign comes from the anticommuta-
tion properties of of,,. Because the structure of
these expressions is such that we need never consider
more than 7 ¢’s at a time, we may restrict ourselves
to a representation with 2"-dimensional matrices.
This representation can be written, with some re-
semblance to Eq. (3), in the form

T XX+ 77X XX+ X3,
mterms (1 <k < m

(15)

where now we put, in contrast to Eq. (3),

BT RN N

and the matrix ¢ appears in the jth place. In follow-
ing through this process of reduction it is not strictly
necessary to relate Py., to Pj. Instead one can
relate Py, to Py, i.e., work along a column instead
of a row.

Following S, Eq. (14) can be written as

Py = 2[(0 — xya'lc+2°'k+1)(1 — Nis1)
+ (-’L'O'k+20'k+1 + me)]PM- (17)

N;;; is an operator which counts the number of
times o+, appears in Py. As pointed out in S there
is actually no operator which has these desired
properties except when applied to a particular state.
The particular state can be chosen to be the “vacuum
state’” |0) representing a 2"-rowed column matrix
with all the spins upwards, i.e.,

7 0)=10), j=1,---,m, (18)
where 7, = § X § X -+- X X7 XX - X4
If we define a third anticommuting matrix

pi=7X e XX pXdIX- X3,
with
¢
P\ o
in the jth place, then the operator
N; = (1 + do;p;) = 31 — 7))
has the properties
(1 = N;) [0) = |0},
Nio; [0) = o;(1 — N;) |0) = o; |0),
N; [0) = 0. 19)

Under these circumstances the operator N, has
the required properties and we can replace Eq.
(17) by

Py |0> = [(1 - $y0k+20'k+1)(1 - 'i0’k+1Pk+1)

+ (-'170'1:+20k+1 + .7/)(1 + 7:0'k+1Pk+1)]PM |O)
= [(1 + y) - i(l - ’!/)O'knpku](l -+ 7:970'):+2Pk+1)PM l0>

2 sinh 2K’ 3 —$iK*0k+10k+1 Y K0k+apk+1
= c_ésﬁ—cﬁh”)f{—' Freinorngterinpy 0),  (20)
where ¢ **" = tanh K*.

Edge conditions make the following modifications:

(1)) For M + 1 = rm there is no horizontal bond
to the right, and we put + = K = 0; (i) For
1 < M < m, there are no vertical bonds leading
downwards, so, in the calculations leading to (6),
factors like (1 4+ o;2,0")) are missing from the first
m terms. The typical vertex factor in this case is
(1 + xam (1) + ya(2)0'(1) + ayo! (2) (1)) which fac-
torizes to (1+xcr“’cr ‘_‘})(l—l—ya‘z’a,“{ , and with the
correspondence (10) this is (1+zo;110;,) (1 + 401 m0;)
as before; (iii) For M = rm 4 1, there are no hori-
zontal bonds to the left so the expression (5) be-
comes (1 + x"'ﬁ}n)n”g)—nmn) a+ yairzn)-i-la(f—l)m-bl) and
instead of taklng the trace over ¢2,, we make the
replacement o2, , — o(rs1yme1; (iv) For N — m <
M < N, there are no vertical bonds leading up-
wards, and we simply put ¥ = 0; (v) For M = 1,
the only factor is (1 + zyoP¢{") so we make the
replacements ¢{ — 0,41, o{” — ¢, and then write

2(1 4+ zyonsi02) a8

e—iK*v: Plei'KU:ﬂl ,

using the results
(A — do1p) [0) =
From the relation
Z, = 2" (0| Py |0},

we find, when all edge effects are properly in-
corporated:

m=1
= (Zsinh 2K")*"™™ (0] ] e v |0), (21)
i=1

2 |0, 1 4+ 4oypy) [0) = O.

where

m m=1

—tK*cjp iKo
=I|e iille l+lPl.

i=1 i=1

(22)

The expressions (21) and (22) form the starting
point for the treatment of the Ising problem by
Kaufman using spinor algebraic methods. So we
have established a direct algebraic connection be-
tween the Pfaffian method which starts from Eq. (6)
and the Onsager method which starts from Eq. (1).

The connection between Eq. (21) and the combina-
torial approach can be seen by expanding Eq. (22)
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as 8 polynomial in z and y. A term <zo;..p; cOI-
responds to a horizontal bond joining the jth and
(j + 1)th columns, with the row designated by the
particular V in which it occurs. The term (1 — 7o;p;)
corresponds to a vertical bond in the jth column
and the row again is designated by the particular
V in which it occurs.

Because of the identity of Egs. (1) and (6) only
one determinant is required in the Pfaffian approach
to give the correct expression for the partition
function. This equality is a consequence of the
simple free edge conditions. In the next section it
will be shown how considerably greater complication
arises if either toroidal or helical boundary condi-
tions are employed.

3. TOROIDAL AND HELICAL EDGE CONDITIONS

The most commonly used edge conditions are the
toroidal and helical conditions. For toroidal condi-
tions they are define by replacing Eq. (2) by:

E(a'ly vt

UN)

= ——-J Z Oi10; — J’ ZG’,+,,,0'”

§=1
with ¢;4s = ojumn for N — m < § < N, and Z’
here means that when j = rm we replace o,m0rms1

by Trm0 (r—1)m+1e

For helical boundary conditions we replace (2) by
E(,, - -

23)

’ UN)

N N
=—J E Gi+10; J’ Z Oi+m0 i,

i=1 i=1

24

with oy = 0.

Toroidal conditions may be modified by allowing
the second summation in Eq. (23) to run only up
to N — m, so that we have a lattice wrapped on a
cylinder and not on a torus. For the Onsager method
this has been treated by S.

(i) Cyclic End Conditions on Rows Only:
Cylindrical Edge Conditions

‘We will consider first of all the case just mentioned,
i.e., cyclic end conditions on the rows but not on the
columns. The considerations of Sec. 2 can be carried
through up to the derivation of Eq. (9”’). The argu-
ment subsequent to that equation Which permits
the dropping of the terms linear in ¢} is no longer
correct without quahﬁcatlon Forif j = rm + 1,
we must replace ¢ by o{th;y. and such a term also
occurs associated with the vertex j = (r 4+ L)m.
Hence Eq. (9) for this value of j will have the struc-
ture

Z, = tr tr

tr—1)m+1(?) a(rirymft)

(1) 1)
x (1 + o’(r—l)m+la(r+l)m)(A + Bd(r+l)m
(2) (1)
+ Ca(r—l)m+l + Do’(r+1)ma(rll)m+l)

(A' + B'O'(rn)m

34’ +

B’”(r#-l)m

= tr

(rt1)m )
X [(A + D) + (B — C)oiRinyml, (25)

and the term B’C appears with the wrong sign. This
fact can be expressed in another way by saying
that we may replace o2 ,,,..; by {5, everywhere
so long as we take care to note that ¢({}},,,)* = 1
except when one factor comes from the lattice
point j = (r 4 1)m and the other from the lattice
point j = (r — 1)m + 1, and in that case (c{r}1yn)" =
—1. In graphical language, the exceptional situation
arises when a bond joins (r + 1)m and rm 4+ 1, and
another bond joins (r — 1)m + 1 and rm + 1. At
all other points in a row there is no difficulty, and
we may carry out on them the reductions leading
to Eq. (20), to find

on) |0)
= tr [(1 +y) — (0 — Yonpald + iz0]pn)

P(r+l)m(o'ly s

m=—1

X I+ ) ~ il = goin](l + izaieip)

X (I + zo0))(1 + yo10)P,n(ol, 02, - , au) lO)’
= tr 1+ darlp )1 + azur)
X (1 + ya,01)(A4 + Boai) |0), (26)

where A, B are independent of oy, ¢/, and the excep-
tional condition referred to above is interpreted as
saying that the term ¢z¢{p,Bos{ must be replaced
by —izo{p,Bel. Evaluation of this trace then gives
for Pirv1).|0)

[(1 + ?f) - '1:(1 - y)ﬂlpl](l -+ 'ixo'zpl)

X (1 — wzop..)(A + Boy) [0). @7
Now we define the matrix
U= 172" Tn, (28)

where 7; is defined by Eq. (18). This matrix has the
property that it counts as +1 if the total number
of o’sin A + Bo, is even, and as —1 if they are odd.
So we can make the replacement

(1 - z.xa'lpm) I (1 - ixUlme) = (1 + ixo-lUpm)’

because both 4 and Bo, have an even number of ¢’s.
Then



16 C. A. HURST

P('+l)m |0) = VPrm 'O>)
with

m
“ e-tK‘viM l l e-Kﬂmpi

=1

with o,.+1 = ¢,U. This is the result obtained in the
standard treatments of the Onsager approach, so
once again the equivalence of the two methods has
been demonstrated. It is interesting to notice that
the Pfaffian method leads to the combination ¢,p,
which is quadratic in the anticommuting quantities,
whereas the Onsager method leads to the combina-
tion oy0,, = o,Up,, which is of degree m in the anti-
commuting quantities. Following S we will call ,p,,
& linear term in analogy with the correspondence
between linear equations and quadratic Hamiltonian
forms in mechanics. Similarly o, Up,, will be called a
nonlinear term. So for this problem it is possible
to replace the correct nonlinear term by the in-
correct term because of the properties of the U
matrix. The U matrix can be regarded as counting
the number of crossing points of the long-range bond
joining rm + 1 and (r + 1)m with the vertical
bonds coming from the row (r — 1). As the number
of such crossing points is even the Pfaffian method
gives the correct sign. If the number of crossing
points were odd then the Pfaffian method would give
the wrong sign, and it would not be possible to
linearize the Onsager approach in this way. In
toroidal boundary conditions just this situation
arises.

(29)

(ii) Cyclic Conditions on Columns Only
The typical term in the first row is now

a4+ 0'(2-)m+i°':(}-)1)(1 + xa'ma'fl)l)(l + ya(z)o,gnl ’

whilst on the last row it is

(2) (1) (1) (1)
(1 + 0, —2m+i°'N—m+i—l)(1 + xaN—m+:a'N—m+: -1

X (1 + Youmeiof2meio),
with 1 < j < m. For § = 1 the terms are
A+ 2002 ) + yo 20 mer
and
(1 + 2082 mi 108 ame )1 + YON2mi1ONo2m 1),
respectively.
Now Z, can be written as
Z, =tr AQ 4 o2mri0)A + 2oV,
X (1 + yoi”0i21)B,

(1)

where A does not depend on ¢} and B does not de-

pend on o§?,.., and they contain even-order products
of matrices only. Hence,

= tr [AQ + 2o + yoiPei)B]
—tr [0 A1 + zo{Pal)
X (1 + yoP ot )Boi e il
= tr [A(l + z0{e{2)(A + yoi”o{2)B]
+ tr (o me; AQ + 20V0(Y)
X A + yoiPei2)Boit], (30)

using the properties of the trace and the anticom-
mutativity of ¢} and ¢{,.. ;.
When this process is repeated with another index

7,1 <j <7 < m, Eq. (30) becomes

tr A +tr o ms;AcY) - tr o mey Aoty

(2) (2) ()
+ tr UN-mﬂ'G’N—mu'AU, (=10 j~1y

where now we put
A= A1+ 2o )0 + yo el DB’
(1 + xa(”a?)l)(l + yo,(z)a_;l)l)cl

and A’ B’, C' do not depend on ¢}, o*2,, u,‘v’_’,,,,,,,
and o{”,,.;- and are of even order in the remaining
matrices. This process can be repeated for all the
lattice points in the first row. For the first point a
slightly modified procedure is necessary.

We introduce a new matrix oy, 7 = 1, anticom-
muting with all other matrices and we write this
first factor as

A + zyoi® el
and then
= tr [A(l + zyoi”01")]
+ tr [6P mr1A@eVay + yoiPoy)e]. (31)

Now when we take the trace over all the matrices
oc® except those in the first column and the last
row, we can replace o >, and o} by o; in the usual
way, and we also put o, 41yms1 for o forl1 <r <n.
We then carry out the same procedure as described
in Sec. 2. After we have taken the trace over the
matrices on-m+i, the only surviving ones are the
set of,..; and following the standard procedure
these can now be renamed ¢;. So finally we obtain
the expression

It (1) 2\ 3 _(2)
) + @oy” 4 yo1”)oroNmer,

= @sinh 27| 01 7 10) + £ 01 0,770, 0

+ >

15§<i’sSm

(Ola'iai’Vno'i’a'i IO)+ ] ’ (32)



ONSAGER AND PFAFFIAN SOLUTION OF ISING PROBLEM. I. 17

where V is the matrix defined in Eq. (22). A term
such as tr (¢;V"s,) may be represented graphically
by a set of closed polygons drawn on the lattice
with the exception of the jth column where there is
a pair of bonds, called external bonds, leading up-
wards from the last row and downwards from the
first row, and such g pair of bonds can be interpreted
as a long-range bond joining the first and last row,
and so closing the corresponding polygon to which
they are connected. Because

(2 sinh 2K")¥"(0] ¢~****** = (2 cosh K’)"(0)

the first term of Eq. (32) describes the Ising problem
with free edge conditions. A complete set of states
is given by

GiTie, ' 0i0;, 10) with 4, < jo < -0 < j,,
0<q¢=<m,
so that Eq. (32) is nothing but
Z = (2sinh 2K")¥ tr V", (32")

the usual Onsager expression. The fact that Egs. (32)
and (32’) are the same can be interpreted graphically
by noting that, with the long-range vertical bonds
introduced here and the free edge conditions on the
rows, there can only be an even number of crossing
points and so there can be no unwanted negative

signs.

(iii) Cyclic Conditions on Rows and Columns:
Toroidal Edge Conditions

If there are cyclic conditions on the ends of the
rows then the discussion of Subsection (i) shows that
the matrix U must be introduced to relate the two
methods. It is necessary that only the eigenvalue
U = +1 occurs and this is equivalent to the require-
ment that the o matrices in P,,, for all » < n, occur
in even-order products only. Now because of the
appearance of additional ¢ matrices in the initial
states o;, -+ o;, |0) this matrix U will only have
the correct eigenvalue if the initial state has an
even number of ¢’s. Otherwise the sign will be in-
correct. But this is just the condition for an even
number of intersections of the long-range vertical
and horizontal bonds, and so, in order for the
Pfaffian method to give the correct result, a prescrip-
tion such as given by Potts and Ward" must be
used. This preseription can be verified algebraically
by comparing the two expressions.

1VR. B. Potts and J. C. Ward, Progr. Theoret. Phys. (Kyoto)
13, 38 (1955).

() (b)

Fra. 1. Relation between long-range bonds and crossin
oints for helical edge conditions. (ts):.) Long-range verticfﬁ
ond and helical row connection, (b) Short-range vertical

bond and helical row connection. (¢) Long-range vertical bond

and long-range helical row connection. (d) Short-range vertical
bonds and long-range helical row connections.

(iv) Helical Edge Conditions

With helical edge conditions the partition function
has the structure

Z=tr A+ oo )1+ 20201 4+ yoiP o)A
X (14 ox2mnion’)A + 260 )A + yoiPel),

where A does not contain ¢’ and is even order in
all the matrices. Hence we can write as before

Z=tr(1+oinol )0+ 26 e DA +yoil o) A
X (1 + 20i”ai”)A + yoiol)
Ftr (0P mer + oPnei)
X (1 = 20’0 i2)A + yoi o)A

X 1+ zePe)A + yoPeie). (33)

Now the trace over all ¢**’ matrices except those in
the last row can be taken and then the procedure
used in Subsection (iv) followed, after making the
correspondences o) — oy, of’ — o,. The latter
correspondence may not appear to be justified be-
cause oy’ appears at both ends of the product
inside the trace. However, by using the properties
of the trace, this difficulty can be overcome, although
the details are tedious. It is found that instead of
Eq. (32') we have

Z = (2sinh 2K)¥ tr VV/™?, (34

where V is as defined in Eq. (29) and V' is obtained
from V by replacing K by —K for s = m. So helical
boundary conditions differ from toroidal boundary
conditions in that long-range vertical bonds now
give the correct sign, indicating no crossing points,
whereas short-range vertical bonds give the in-
correct sign when there is a long-range horizontal

(2)
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bond connecting the lattice point rm to rm + 1.
This is illustrated in Figs. 1(a) and 1(b). A bond
connecting j = 1 to j = N gives the incorrect sign
when a long-range vertical bond is present, and the
correct sign when long-range vertical bonds are
absent. This is because of the factor (1 — zo{ ¢{>,)
in the second term of Eq. (33). Figures 1(c) and 1(d)

illustrate these two cases.
4, CONCLUSION

In this paper it has been shown algebraically how
the Pfaffian method corresponds with the Onsager
method for the rectangular two-dimensional lattice.
In all cases in which the two methods do not exactly
correspond it has been shown how the failure of the
Pfaffian method is due to the appearance of crossed
bonds, and that the nonlinearity associated with
long-range bonds does not prevent a solution so long
as there are no crossing points. In other words the
correct nonlinear Onsager formulas can be replaced

by the linear Pfaffian formulas without altering
the expression for the partition function so long as
the matrix U takes only its eigenvalue +1 and this
will be so if there are no crossed bonds.

In later publications it is hoped to show that this
is a general feature of the correspondence between
the two methods, and in this way to understand
better the limitations of the Pfaffian method. Once
these limitations are understood the possibilities of
the Pfaffian method as the basis for a solution by
successive approximations will be clearer.
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Using general coupling operators the configuration interaction method is reformulated. The new
formulation proves that the configuration interaction procedure leads to self-consistent results for
the set of configurations chosen and makes it possible to include a self-consistent contribution of the

continuum in practical calculations.

INTRODUCTION

HE practical impossibility of solving analyt-

ically the electronic Schrodinger equation has
imposed the use of approximate methods. The varia-
tional procedure, within the self-consistent field
(SCF) formalism, and using wavefunctions ap-
proximated by antisymmetrized products of one-
electron functions, has provided the best way of
tackling the problem in actual applications.” Un-
fortunately the approximation used for the functions
(with omission of interelectron-distance terms)
determines that the lowest energy attainable will be

1 See, e.g., F. W. Birss and S. Fraga, J. Chem. Phys. 38
2552 (1963): SCF treatment for lowest states. S. Fraga ‘and
F. W. Birss, ibid. 40, 3207 (1964): SCF treatment for excited
states. Pertinent references can be found in both papers.

the Hartree-Fock energy for the Hamiltonian used.
Configuration interaction (CI) using SCF wavefunc-
tions (or virtual SCF functions) leads to lower
energies but the improvement is restricted by the
gize of the basis set of interacting configurations
chosen. To date it has not been possible to overcome
this restriction as the continuum contribution has
systematically been omitted.

The method developed here permits one to carry
out a close-to-exact, close-to-complete,® self-con-
sistent, direct configuration interaction treatment,
with the basis set of interacting configurations being
improved self-consistently towards a close-to-exact

® The term ‘“‘complete” is used throughout this paper to
denote a treatment using a complete basis set of configurations.
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lowest state. A general discussion for exact solutions
is also given.

THEORETICAL DEVELOPMENT

The time- and spin-independent, electronic Hamil-
tonian for an N-electron system is defined by

3 =H+ R,
with
H = ZHP’

R=3 E Z (1/1”,,.),

P THp

where the summations are taken over all electrons
p, 7. H, is the one-electron operator formed by kinetic
and nuclear potential components; r,, is the distance
between electrons p and 7.

The corresponding Schridinger equation may be
written as

%V, = (H + R)¥. = E¥,,, 1)

where the subseript o distinguishes the degenerate
eigenfunctions belonging to the same eigenvalue E7;
the superseript &V stands for the number of electrons.

The CI treatments reduce, essentially, to the
selection of a basis set of interacting configurations,
the expansion of the wavefunctions ¥.7 in terms of
these basis functions, the evaluation of the matrix 3¢
in terms of these functions, and the solution of the
matrix equation

e, = EiSci,, @)

where the column vector ¢} is formed by the ex-
pansion coefficients of ¥ and S represents the
total overlap matrix defined in terms of the basis
functions.

There are two questions which merit some inspec-
tion within this formalism: the choice of the basis
set of interacting configurations and the self con-
sistency of the results.

Selection of the Basis Set of Configurations

In a limited CI treatment it is customary to ex-
pand the functions ¥,} in terms of a restricted
basis set of (orthonormal) approximate eigenfunc-
tions of the discrete spectrum of the problem under
consideration, i.e.,

‘I’kNx = Ez Z}\:sz,kxq’ltvx-

In a complete CI treatment one must expand the
functions in terms of a complete basis set of approxi-
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mate functions. One might write®'*

W= X Senth+ T [ on®el®as, @)

where ®"(E) is an approximate eigenfunction of the
continuum for the problem under consideration,
with the members of a degenerate group labeled by
the subscript »; ¢ is the energy of the ground state
of the singly-charged, positive ion. This expansion
will only be exact if the functions &3, ®V(E) form a
complete set of class D functions. One cannot know
a priort whether such functions form or not a com-
plete set, but it is clear that they are not class D
functions with respect to the Hamiltonian under
consideration; if they were, the problem would
already be solved.

This difficulty can be overcome in the following
way. The set of exact functions ¥, ¥¥(E) is a
complete set of class D eigenfunctions for the N-
electron problem. The approximate functions @)
(as we have mentioned above) are not class D eigen-
functions, but it is completely legitimate (see the
Appendix for a justification) to write

o= T Tdnsth+ T [ BV dE

which can be rewritten as®
@1:‘ = Z ; dl)\.kx\I’?r).
H

+T x| " BB dE, @)

where ¥'(E) is an appropriate free-electron function
and ¥, represents an exact, discrete eigenfunction
of the (N — 1)-electron Hamiltonian. The sum-
mations over m, u extend over the complete discrete
spectrum of eigenfunctions of the singly-charged,
positive ion; for this reason the energy-integration
limits have now been changed to 0 and «. The
degeneracy indicated by » is now taken care of by
the summations over m, u; furthermore for V(%) a
linear combination of the two possible independent
(degenerate) functions must be taken.

The set of equations represented by Eq. (4) may
be solved for the functions ¥;J. One can write, in
general,

3 See any textbook for further details. In particular, E. C.
Kemble, Fundamental Principles of Quantum Mechanics,
EDover Publications, Inc.,, New York, 1958), Chap. VI

especially pp. 211, 212, 215 f1.).

¢+ Hereafter, except when reference is made to limited CI
treatments, the functions ¥ are supposed to be approximate
functions for all the discrete states of the problem under
consideration.
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‘I’f. = IZ Z: Cn.k.d’yx

+ Z:, E“Z\I'fn'il f: P EYV'(E) dE, ()

which is the expansion to be used.

The problem which arises because of the inclusion
of the continuum may be solved by the following
argument. Let us assume that the expansion for the
exact wavefunction ¥V, for the lowest state has
been determined. One can then write

(Voo Joe| ¥oo) = EY

(assuming ¥7, to be normalized); i.e., the numerical

value E% can be found even if its evaluation, as.

given by the preceding equation, implies operations
with the infinite integrals [ D . (E)¥Y/'(E)dE.
Therefore, these infinite integrals must be conver-
gent, and one oan, in principle, replace them by a
function Q,,,, function only of the positional coordin-
ates of the electron involved. One can then rewrite
Eq. (5), in general, as

‘I’:,. = lz ; cll,kx‘illv)\ + Z Z Cmy,kx\pz;lﬂmuo
m

A general formula for 2,,, cannot be given at this
moment. One can see from Eq. (5) that

B4+
<x1/§:’ f V() dE |q,,::> 0
.
E'+n -
> Ecn.h<\Ir£Y:‘ f v'(E) dE | <1>?{>
1 A E’
E'+1
+ X Z<\rf:‘ [ v am vk
m I E'
X [ panadE00/E) aE)
0

and therefore
pmn,kx(E’) = —lim 77—1 Z Z Cix, kx
72—0 1 N

E'+y
X <\p,’,”,“ f V'(E) dE | <I>,'{>
.

which implies that one will be concerned with the
infinite integrals

(]
f {'—lim Ti-l Z Z Cin,kx
o 7—-0 i A

E'+q
X <‘Iff.'l f Y/(E) dE | @K>}\P’(E’) dE’
.
to be determined in each case depending on the basis

set of functions ®;.
The functions ¥};'Q,,, will be assumed to satisfy

the conditions
(T Qo | TR =0,
(ﬂ;lﬂmu '\I’:’t_lﬂn1> = 8»».5#1-

Self-Consistency of CI Treatments

Taking into account the results of the preceding
section one can write (see the Appendix)

bE pE ebﬂ.oaq’%"" aZ f fa.:;:;(E)‘I’Aa’(E) dE
= :‘: Z,: 815,008 + D ; Conraa¥re Qo

Substituting into Eq. (1) we obtain
H‘I’fa = EJZ‘I/:& - E E abﬁ.aa\p%
5 6

- Z Z g-c'v.aa\I'fv—lQe't-
¢ v

The coefficients 645,.. and {.,,.. being given by

~
RY,, =

©®)

0aa.aa = Eiv - <\I’¢N¢x| H I‘I’Javu))
Oi.0c = —(Tag| H [¥2L),
$evioa = _<‘I’Iev;lgc7‘ H I‘I’fa)r

one can rewrite Eq. (6) as
H | ¥,.) — bZ Zﬁ: )] H 2
-2 E N R X Q| H 1 95)
+ e XTaL] e W) = [Woa)Ey.
Defining a new operator F by
F= 3 3 wXwl H)
- X X e, ., | H)
—2 2020 20 X WX H Wi
+ 2 T ] e [
- 2 X H | 0,X0 0
+ 20 2 H WX,
it can be seen that

(F | ¥y = |3 )EY. @

This equation is then equivalent, though not
identical, to Eq. (1). The equivalence should be
understood in the sense that both equations have
the same discrete solutions. This equation can be
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best solved for the lowest state by a wvariational
treatment, with the SCF formalism.®
The expectation value for the energy is given by

EN o <‘I,:ral F I\I,fa>
B 295 24

where ¥Y, is not assumed to be normalized.’
Giving an infinitesimal variation to the function
¥7, (but keeping everything else constant) we obtain

(W, | WoL)OET + ELs(¥e. | ¥5.)
= 8¥ou| F [¥22). @
The orthonormalization conditions for all the
wavefunctions must be satisfied at any time. The

total constraint to be introduced in the expression
for the variation of the energy is

; .E x‘"-d‘!(Mﬂ Iﬂx) + kz ‘Z Xaa,kx<\1,£vx l Ma)
+ Z wa" | e,
+ 2 Zwm,,,.@‘,’:‘n.. | 89%) =0. (9

We add Eq. (9) to Eq. (8) and set 6E to zero. The
resulting equation can be separated, after some
manipulation, into two equations, one for 8¥%, and
the other for 8¥Y,, which are complex conjugates
of each other. The first one can be written as

(Ma |Gac‘1’fa = Elz\l,{xva - Z E ka,oa‘l,‘:x

- E Zwﬂ'.ua‘l,nNy_lgnv) = 0, (10)
with

6 = T X WM B) — WXL H)
~ X T 0N 0 | H)
- 22 X X [wXu H [wX
+ T T 1w s e
+ WX 5e [
- X2 X X WXL H XS
- 2 2 H | 270,00
— | W)+ 22 H | v,

In order that Eq. (10) will be satisfied it is neces-
sary that the coefficients of §¥Y, in the integrand

5 Only the general description will be given here. For more
details, see Ref. 1.

¢ While the variational treatment is discussed, the functions
¥V are not the exact functions, but the same notation is
maintained, for at self-consistency, the exact eigenfunction
for the lowest state will be obtained.
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vanish. This leads to the equation
G, = BEW)e + 20 2 Xae,aa¥ic
k [
S DD S N

where it can be seen that
Xaarow = (U0.| G°* |) — EY,
Xie,oa = (Tre| G* [W0L),
Garoa = (Tay Q| G 1UCL).
Therefore one can rewrite Eq. (11) as
@ | ¥y — ij Z LA AN 5
= 2 2 w0 | 6 )

+ CaX¥aa] e |92l = [W)ET.
Defining a new operator J°* by an expression

completely similar to that for F, but replacing H
by G*¢, one obtains
(J°° | 20) = [We)ES. (12)

This eigenvalue equation could now be solved for
the lowest state, in principle, in the manner common
to all SCF procedures. One would assume a set of
trial functions, evaluate the operator J°* and solve
Eq. (12) for an improved form of the functions.
These new functions are used in repetition of the
process until self-consistency has been reached.

The solution of Eq. (12), as indicated above, is a
close-to-impossible task. Such an obstacle may be
overcome in numerical calculations by expansion
of the wavefunctions in terms of a basis set of
approximate eigenfunctions (LCAE).

In a first approach (limited LCAE approximation)
one can use a restricted basis set of discrete, approxi-
mate eigenfunctions, i.e.,

\I’ivx = Z )‘chk,kKQIIVX = (I)ckx,
i

where ® is a row vector and c,, is a column vector;
the ordering of the elements is done on the basis of
the subindices I\. In a consistent treatment ¥, 'Q,,
should then be expanded in terms of a basis set of
approximate eigenfunctions of the continuum, con-
sistent with (and therefore orthogonal to) ®3. In
such a case the continuum contribution within the
operator vanishes.

The corresponding matrix equation to be solved is

J“c.a = E3Sc,,, (13)

(11)

where
J* =8O — D*H — S(D — D*HDS
+ SAS — SDH(D — D°*)S + H(D — D*%)S,



22 SERAFIN FRAGA

k
D f = cluclfn

- xon

Z D"‘.’!CD'", M),,.;x = <q>)1:’,(l M [@ﬁ),

D
A= 2
with M standing for H, 3, or S.

The solution of Eq. (13) is carried out in the con-
ventional way by trial and error until the desired
self-consistency has been reached. It can be seen
that at self-consistency the eigenvectors are precisely
those which diagonalize the matrix 3¢. In other
words, the normal CI procedure provides a self-
consistent treatment within the approximation
chosen (use of a limited basis set of approximate
functions).

In a complete LCAE treatment we must expand
the functions in terms of a complete basis set of
approximate functions. One can use (see before) the
expansion

\Illlcvx = [Z ;Cn,kxq’%\

+ E Z cmn,kxwﬁ;lﬂmu = (I)Ck” (14)

where ® is a row vector formed by the functions
&, ¥"7'Q, and c,, is a column vector.
The matrix equation to be solved is

**Cea = E4SCqa,
with
J‘aﬂ = (xal! + Yna) + (Xﬂﬂ + YO!!)',
X** = S(D — D*)H — S(D — D**)HDS + 1SAS,
Y** = S’H*' — S(2D — D**)H’S’" + S’H*S°’".

The adjacent diagrams give the structure of the
matrices.

M{ MY, &%) M3V, ¥''Q) }={Ml le
M@V, %) M@E'e, v le)) (M) M,

MO = [Mz] , Mu = Ms-
M,

The solution of this matrix equation would be
carried out in the normal way by successive itera-
tions, until the desired self-consistency would have
been reached. It can be seen that again in this case,
as for the limited LCAE treatment, at self-con-
sistency the solutions are precisely those which
diagonalize the matrix 3¢. That is, a complete CI
treatment would also lead to self-consistent results.

SCF EXACT AND CLOSE-TO-EXACT SOLUTION

TheSCF exactsolutionof the electronicSchridinger
equation can therefore be obtained within the
formalism of direct configuration interaction, know-

ing that the solution of Eq. (2) leads to self-consistent
results within the basis set chosen. The expansions
to be used are given by Eq. (14), which implies that
the matrix 3¢ is finite, its dimension being equal to
the number of discrete eigenstates for the N-electron
problem plus the number of discrete eigenstates for
the (¥ — 1)-electron problem.

The practical procedure to be followed can be
summarized in this way. The functions & are
determined.” The exact functions @ are determined
(see before) or the approximate functions Q' are
arbitrarily chosen. Assuming that the functions
¥ are known, the set of functions (¥*~'Q), or
(¥Y'Q), is formed. In this second case the matrix
3¢°, evaluated with the basis set of functions
(T¥'Q),, is first diagonalized; the functions ob-
tained in this way are labeled (¥"7'Q),. Though
they are just an approximation to the exact func-
tions, the same notation is used in order to simplify
the following discussion.

Now the matrix 3¢ is evaluated using the basis set
of functions ®", (¥¥7'Q),. Its diagonalization will
lead to the self-consistent solutions ¥¥, (¥*7'Q),.
The process is repeated using the functions
V¥ (¥"7'Q), and the functions ¥, (¥¥7'Q), are
obtained. The procedure is repeated until the desired
self-consistency for the basis set has been reached.’
This self-consistency can be taken to have been
reached when (¥¥7'Q), = (¥"7'Q),, within the
limits imposed.

The solution found for the lowest state, when
using the exact functions @ will approximate the
corresponding exact solution of the Schrédinger
equation within the precision limits determined by
the self-consistency conditions.

It must be pointed out that for the solution of the
M-electron problem it is necessary to know the
functions ¥*~!, This means that the (M — 1)-
electron problem (for the same skeleton of nuclei as
corresponding to the system under consideration)
must have been solved previously. But the solution
of this problem, to be carried out in a similar way
as for the M-electron problem, implies the knowledge
of the functions ¥ % etc., etc. Therefore an aufbau
process must be followed, with the calculations being
carried out successively for M=1,2,3,---, N—1, N.

The preceding formulation and discussion applies

" The functions ¥ can be determined by any method,
but it would be expected that SCF functions would insure a
faster convergency. In this connection see Ref. 1.

8 Each iteration produces self-consistent solutions for the
basis set used; the final solutions correspond furthermore to a
self-consistent basis set. The subscripts used in this section
label the iterations.
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to those cases where the number of discrete eigen-
values is finite; that is, for systems for which the
neutral and all the positively-ionized states have
only a finite series of discrete negative eigenvalues,
the formulation can be applied as presented here
and should lead (using the correct functions Q) to the
exact solution.

But there are other cases of more practical inter-
est, namely, when there is an infinite series of dis-
crete, negative eigenvalues.’ In such cases the in-
finite series of discrete, negative eigenvalues must
be arbitrarily subdivided into two sets, one including
a finite number of normal, discrete levels, the other
including the vast majority of the terms of the in-
finite series. This second set can be replaced by a
function T, which can be defined by an argument
similar to the one given for the functions Q.

PRACTICAL CALCULATIONS

The determination of the functions @ and T is a
close-to-impossible task. But in any case the present
formulation offers certain definite advantages with
respect to the classical CI procedures.

In normal CI treatments there are two deficiencies
which cannot be corrected. When proceeding within
the framework of the LCAO MO method, the choice
of (relatively) small basis sets (because of practical
considerations) restricts the number of possible
configurations which can be used. But even not all
of these configurations (and the situation is worse
when larger basis sets are used and higher-lying
configurations are taken into account) have a physi-
cal meaning. Most of them (and this is common
experience in the virtual MO approximation) lie
above the groundstate of the theoretically-deter-
mined positive ion.

In the present formulation this situation is changed.
Using the same basis set one can have a much larger
number of physically correct configurations, span-
ning the complete range of negative energies, from
the groundstate of the neutral system to zero. Of all
the possible configurations, one uses, e.g., for the
neutral system, the ones corresponding to energies
lower than the energy of the groundstate of the
singly-charged, positive ion; for this system one takes
only those configurations with energies below that of
the groundstate of the doubly-charged, positive ion,
and so on. In this way one has an extended set of
interacting configurations.

Instead of the functions ®"~'Q one can use deter-
minantal functions, properly antisymmetrized, with

. ?See Ref. 3, p. 215. Even in this case it is necessary to
introduce the continuum contribution.
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the ionized electron described by molecular orbitals
that, with proper orbital exponents, are only of
significance in those regions where interactions are
small. A similar formulation is used in the cases when
there is more than one ionized electron.'

The aufbau process can either be carried in a
single-step or in a multiple-step fashion, depending
on the practical convenience. In the one-step pro-
cedure the wavefunction to be used is given by

‘I,kNx = Z Z ;c?)..kx@,l.k,
n i

(with » running from N to 1) where, as pointed out
before, the antisymmetrized functions ®" are formed
from bound orbitals and as many nonbound orbitals
as given by (N — n).

When large basis sets can be used in practice and
the approximate wavefunctions for the execited
states are determined within the framework of the
SCF procedure, the subdivision of the series of dis-
crete eigenvalues (mentioned above) can be carried
out in a straightforward manner. The separation may
be done at that excited level E, for which the energy
of the groundstate of the next ion lies within the
interval (B, &= Ah)M

APPENDIX
The expansion

¥= % Yotut T [ " B, (E) dE

is valid for a function ¥ which is a quadratically
integrable, class-D function.

This type of expansion has been used for the
functions ®Y and R¥Y,. These functions are cer-
tainly quadratically integrable. In particular, the
integral (R¥Y, | R¥Y,) appears in a modified varia-
tional treatment for excited states, and it is ex-
pected to have a finite value.'

Though for many-electron systems it is not pos-
sible to prove the general theorem of the approxima-
tion of arbitrary quadratically integrable functions
by means of class-D functions, this theorem is
generally assumed as a postulate, which we do here.

Therefore, for our purposes, it is enough to know
that whether & and R¥Y, belong to class D or
not, it is possible to define quadratically integrable
funetions, which belong to such class and which
approximate them as closely as desired. The expan-
sion, as given above, follows immediately.

10 Two basis sets of atomic orbitals will be needed: one
for the bound electrons, the other for the ionized (nonbound)
electrons.

11 See the second paper of Ref. 1 for complete details on
the determination of A.

12 See the second paper of Ref. 1.
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Covariant wave equations are derived for nonzero-mass particles of arbitrary spin, with wave-
functions that involve no redundant components. The Dirac equation is seen to be the first of these,
for spin #; the Proca vector meson equations for spin 1 are the next set. The derivation is based on
synthesizing higher-spin particles from particles of lower spin.

INTRODUCTION

HE problem of constructing covariant higher-

spin equations has been extensively studied.''
The construction of these equations usually involves
redundant components. For example, the Duffin—-
Kemmer equation for s = 1, involves a ten-com-
ponent wavefunction, and only three of these can be
considered as independent, corresponding to spin 1.
We give a general formulation for arbitrary spin of a
covariant wave equation which does not involve
any arbitrary components, i.e., no redundancy in
the wavefunction.

Section I considers the Dirac equation in the form
desirable for our considerations; Sec, II considers the
vector meson and a covariant wave equation for this
spin 1 case, which does not involve any redundant
components. Section IIT demonstrates how the spin-1
case can be synthesized out of two spin-} cases.
Section IV considers the general case and derives
the covariant wave equation for arbitrary spin.
Section V considers the question of the meaning of
the synthesis of higher-spin particles from combina-
tions of lower-spin particles.

We use the word “wavefunction’ in the sense of
meaning a state vector, depending on the 4-mo-
mentum p* plus spin indices.

I. THE DIRAC EQUATION

We write the Dirac equation in momentum repre-
sentation in a form convenient for our purposes:

Ey = ps(8-p)¥ + mpi ¥,

where

Y = (‘;) (¢, n transform as spinors).

* This work was carried out as a part of the Lockheed
Independent Research Program.

1 H. Umezawa, Quantum Field Theory (North Holland
Publishing Company, Amsterdam, 1956).

# H. J. Bhabha, Rev. Mod. Phys. 17, 200 (1945); 21, 451
(1949). The philosophy of the methods used in this paper
(synthesis of higher-spin particles from those of lower spin)
is also related to the “méthode de fusion’ of L. de Broglie,
although the methods and explicit formalism are somewhat
different. L. de Broglie, Théorie Générale des Particules a Spin
(Gauthier-Villars, Paris, 1954).
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Thus
Eg

En =

(é:p)e + mn
—(é-pn + me.

Il

(1.1)

The usual transcription is [metric g** = (1, —1,

B=7"=p e=Py=p6 Y= —0p6 v;s = —ips

and therefore
—iy* ayY/ox" + my = 0.

In coordinate space
—1ip, «> 4/3x".

The more usual representation for the ¥ matrices®
is
YD = P3 Yo = —1%p;6

vo= (1) = L+ i,

v
ie.,

u=(1/V2e+n; v=1V2(—¢+ ).

The usual representation has the advantage that
the nonrelativistic limit of the momentum space
solution of the Dirac equation takes an especially
simple form. However, the u, v do not transform as
two component spinors under the Lorentz group;
all four components are mixed.

The representation that we use transforms as two
component spinors under the Lorentz group, since
Egs. (1.1) are covariant under the transformations:

Spatial rotation

p—p+6xp, E—E

(1.2)
o= ¢ — 3(6:0)p, n—n — 3i(é-0)n;
Lorentz transformations

e—¢ — 3(6:0p, 71— 9+ 5(é-0)n;

38. S. Schweber, Introduction to Relativistic Quantum
Field Theory (Row-Peterson, Evanston, Illinois, 1961).
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Space and time inversion

R,: © = N7 R: ¢— —A\n
7= Ao 7 —> Mg
N =N = +1).

We see that ¢ and 5 are—separately—spinor
representations of the proper Lorentz group.

The Foldy-Wouthuysen transformation is defined
in our representation as follows:

=y = () om

where
U = (@)* exp (2\p,8-p) exp (—Limp,)
= 2 + m) [ + m) + (¢-p)
— tps(w + m) — (é-p)],
1.e.,
o, E) = 2 + m)Hw + m + ¢-px
- (@ + m — é-p)¢l.

Then we have the wave equation in the FW repre-
sentation

Eyrw = psw¥rw (1.4)

which shows that the wavefunctions x and ¢ have
positive and negative energy respectively.

The wavefunctions x and ¢ transform according
to the canonical representation* of the proper Lorentz
group. The canonical representation is explicitly
unitary, whereas the representation of the proper
Lorentz group, Eq. (1.3) is not unitary. This is con-
nected with the fact that the transformation U is
not a unitary transformation, due to the presence
of the factor w!.

The transformation of the FW wavefunction is
given by

Spatial rotation:

p—p+oxp, E—E,
§— &~ (e 0)f;

Lorentz transformation:

(1.5)
x — x — 3i(é-0)x,

p—p — OF, E—E — (6-p)

L doOxE)
X=X 2(m+wx'

P G-Oxp)
(=< 2(—m—wr'

(1.6

¢ L. L. Foldy, Phys. Rev. 102, 568 (1956).

We see the distinction between the usual Dirac
laws of transformation, Eq. (1.3), and the canonical
transformation, Eq. (1.6). The Dirac-type trans-
formation has the advantage that in going to the
coordinate space representation, the transformations
corresponding to Eq. (1.3) are local (since they do
not depend on p):

Rotation

o'’ ) = [1 — Fi(a-0)lelr, 1);

Lorentz transformation

X, ) = (1 - %ﬁg,—))"(" 9.
This is also the reason for the necessity of mixing
positive and negative energy states in going from
the FW wavefunction ¢rw to the locally transform-
ing Dirac wavefunction ¢. To form a local quantity,
ie., a delta function, one has to mix negative and
positive energy states.

As we shall see, this state of affairs will hold for
arbitrary spin: simple transformation laws will lead
to complicated wave equations, whereas the simple
wave equation of the form of Eq. (1.4) will require
complicated, nonlocal transformation properties of
the wavefunctions.

II. THE SPIN-1 FIELD

The equation for the vector meson field may be
written (Proca field) in momentum space as follows:
(E = energy operator < E)

p'B =0, E = —ipp + 1EA,
B = ijpxA,

2.1)
p-E = imp,

and therefore
pxB = —EE + im’A,
pxE = EB. '

We now consider the 3 X 3 s = 1, representation
of the three-dimensional rotation group, R, defined
by (Sl)nn =

Therefore

1€l mn-

n=3

> (S+0)mnX, = (0 xX),,.

nw=1

n=3

3 U(S:0)]X, = —[0%(8xX)],..
n=1
Now define the two vectors Z, , = E =+ ¢B. This
pair now has transformation properties that are in
exact analogy to our representation of the case
s = %, Eqgs. (1.2) and (1.3).
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Rotation
p—op+0xp, E—E, @.2)
Z,—Z, —%S-0)Z, Z,—Z,— (S-0Z,;
Lorentz transformation
p—p—0E, E—E~— (6D @2.3)

Zl - Zl - (S'O)Zl, Z2 - Z2 + (S’O)ZZ.

We now desire a wave equation analogous to the
Dirac equation, for the spin-1 case. It must there-
fore involve only the wavefunctions Z, and Z, and
p, E, with the matrices S in the combination (S.p)
and be covariant under the transformations, Egs.
(1.2) and (1.3).

Now -
px(pxE) = EpxB, @.4)
px(PxB) = —Ep xE 4 im*(—iB),
and therefore
px(pxZ) = E[pxB — ip xE] + im’B, ©.5)
px(pxZ,) = E[pxB + ip xE] — im’B,
which is equivalent to
Z(PZ = [2S'p)’ — 2p:.E(S-p)
+ m*1 ~ p)]Z = 0, (2.6)

where

2= (3)

This equation now contains the vector meson
equations. Equation (2.4) yields p-B = 0.

Now define the auxiliary quantities ¢, A in terms
of E, B:

m’e = —ip:E; m’A = —(ip xB + EE).
Then,
pxA = —im’[px(pxB) + Ep xE] = —B,
EA = —im™*[Ep xB + o’E] = —{E + pe,
@ = m + 1),

We may, therefore, regard Egs. (2.5) or (2.6) as
the natural counterpart to the Dirac equation for
s = 1. The adjoint operator is defined as

«1(p) = 2(S+p)* + 2p.E(S+p) + m*(1 + pv),
which acting on Eq. (2.6) yields
S@ZPZ = (m* — E* + p)’Z = 0.

Since our equation, written in vector form, yields

the covariant Proca equations, we know that our
formalism is covariant. However, it is of interest in a
later context, to prove the covariance of the for-
malism directly.

For the case of rotation, we have

p—p-+6+np,
Z—7Z—iS-0)Z,

80 we must have that the over-all change in the wave
equation, Eq. (2.6), is zero under this transformation.
Thus, we must have

2(Sp)(S+0 xp) + 2(S-0xp)(S'p)
— 2i(Sp)*(S8) — 2p,E(S-6 xp)
— 2ip.E(Sp)(S6) + im’(p, — 1)(S6) = 0.  (2.7)

Now from the commutation relations of the repre-
sentations of the radiation group, Ks, we have

[S:a, S:b] = ¢S-axb
and therefore
[(Sp)*, S6] = #(Sp)(S-p x6) + i(S-p x 6)(S-p).

Substituting this in Eq. (2.7), we see that the
over-all change in the wave equation is zero, and
the equation is covariant under spatial rotations.

For Lorentz transformations, we must prove that
under

p—p— OF
E—E — (6-p)
Z—Z— ps(S-0)Z,

Eq. (2.6) does not alter form. The procedure is
analogous to proving covariance under spatial rota-
tions, except that it is necessary to make use of
specific properties of the 3 X 3 representations of
R;. (Note that in proving covariance of the equation
for spatial rotations, no use was made of the proper-
ties of the S matrices, beyond the commutation
relations which are valid for any spin.)

The necessary property, which holds only for the
3 X 3 representations, is

{(Sp)?, (S-0)}. = p*(S-6) + (6-p)(S°p).

This is used in moving (S- 6) to the left of (S:p)?
and then making use of the wave equation to elimi-
nate (S-p)?, one can easily show that the equation is
covariant.

This is a characteristic which is later shown to be
true of the general wave equation: covariance under
spatial rotations does not need to make use of the
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specific properties of the representation of spin s
being used. Proof of covariance under Lorentz trans-
formations, however, does require making use of the
specific properties of the representation being used.

The Taketani-Sakata equation® for the spin-1
particle is related to the formulation given here as
follows:

Let
1 |A—im'E
P = —- ,
V2 [iA - m"‘E]
then
. {_(sp* ﬂi} { ”—}} _
['Lpl{ m +2m+93m+2m v = Ew.

The wavefunctionsW" and Z are clearly related,
and both obey wave equations of somewhat similar
form. The transformation properties of ¥ under
Lorentz transformations are, however, considerably
more complicated than those of Z.

Equation (2.6) when transformed to coordinate
space becomes

V %x(V xZ) + p:(V %x93Z/3%)
— im’(1 — p)Z = 0. (2.8)

Although Eq. (2.8) contains the space and time
coordinates in an unsymmetrical manner, it is in
fact covariant. This emphasizes the point that
treating the space and time variables on a sym-
metrical footing (as one does in the usual heuristic
derivation of the Dirac equation) is sufficient for
covariance, but not necessary.

III. SYNTHESIS OF SPIN 1 FROM SPIN 1/2

We now consider the possibility of synthesizing
the case s = 1 from the s = } case. The observation
that ¢ for s = % and Z, for s = 1, both transform
according to irreducible representations of the group
R; indicates that we may try to obtain Z, by a
Clebsch—Gordon addition of two ¢ functions, and
likewise Z, by adding two 5 functions. Thus, (sum-
mation over repeated indices)

Zlk = (%%lk l %m1%m2)¢m,(?m. = (k I mlmz)ﬂomxﬂomgy

Zy = (331k l M EM) N My, = (K ‘ M1M) Ny N+

Clearly, if ¢ and » transform according to Egs.
(1.2) and (1.3) then Z, and Z, will transform accord-
ing to Eqgs. (2.2) and (2.3). The Clebsch—Gordon
coefficients for 3 4+ 1 = 1 can be written in terms of

5S. Sakata and M. Takatani, Proc. Phys. Math. Soc.
(Japan) 22, 757 (1940).

the Pauli matrices as follows:
(G31% | 3mdms) = (0’ mm/ V2.
So
Z, = (i/V2pse, Z, = G/ V2)hén,

where the adjoint wavefunctions are defined as
2
¢ =0 Le, fa= 2 0o

We now try to determine the effect of the various
powers of the 3 X 3 (S-p) on the Z, and Z,. Since
(Sp)* = p°(Sp), we restrict ourselves to (Sp) and
(Sp)°.

Thus,

8Pz = 5k | 12)[(6P) gl ans,

+ 1a1§;(d.p)a.ﬂ,]¢ﬂn‘pﬂ.
=}k | cx0)[(Be — mn)a,@a,

+ ‘Pa.(E(P - mﬂ)a.])
(SPRZy = 3k | ao)[P’ass 1 aug,

+ (6°P)a.8.(6*P) s 05,5,

= 3k | )@ + E)pu,pu, + M*na, e,

~ ME(paNar + 12,02,

—E(SP)uZu = % (kb | 010a)[—E*(¢a,@ar + Parfas)
+ ME(@a,es t 12.0a.)]-

We obtain [carrying out the same procedure for Z,
and eliminating the (n¢ + ¢3) terms] exactly the
spin 1 wave equation, Eq. (2.6). We have therefore
synthesized s = 1 from two s = } cases.

In terms of the vector field quantities, we have

E = mjdy, B = —im{psé¢
A= _i‘ppld'l/; ¢ = '_J;Pz\b-

This indicates how a synthesis of two spin-}
particles will yield the spin-1 case. This is a seeming
paradox, in that we seem to be combining two mass-
m particles, to yield a mass-m particle, whereas we
might expect a particle of mass 2m to appear. The
resolution of this seeming paradox is given in Sec. V.

In the next section, we consider how this synthesis
can be carried through in general, and show that
one can indeed obtain a covariant wave equation for
arbitrary spin.

The FW-type transformation for s = 1 can be
derived from the FW transformation for s = . We

define the quantities
W= [W‘], @.1)
W,

Wy= (& I 0U103)X a X s
Wa =k I 0109)¢ 0y as
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which will transform according to the canonical
representation of the Lorentz group:
Rotation
W-oW — i{(S-9W,;

Lorentz transfonnation
Wi.—> Wy, — iS-0xp/(m + E)]W, ,.

The three-component wavefunctions W, and W,
will obey the canonical wave equation

EW = p,wW, where o = (m® + p*)L.

Expressing x, ¢ in terms of ¢, n by means of the
spin-3 FW transformation, and then expressing ¢, n
in terms of Z, we obtain the spin-1 FW transfor-
mation

L ( _Spr )
W—2m[ 1 w(im + o)

X 1+ o)+ SRy

L Ea (1 4 _(S;BL>(1 + m):lz,

Tw mw + m)

2= 3 (1+ s Tg)a+

+EBG ).
IV. THE GENERAL SYNTHESIS

We are now in a position to determine the general
synthesis of the higher spin covariant wave equation.
We proceed in exact analogy to the 1 = % + % case,
by combining k s = 3§ particles, to a total spin of 3k.

We define (summing over repeated o and @),

ZfE(AIal b
Zy = (A |as - a)na,

where the generalized Clebsch-Gordon coefficients
(A | @ -+ ) express the addition of ¥ s = } particles
to form a 2s + 1 entity which transforms according
to the irreducible (2s + 1) by (2s 4+ 1) representa-
tion of B;. Note that the order of adding the particles
together is important in the sense that two different
orderings, define two different Z wavefunctions,
which are connected by a unitary transformation.
(For k = 3, they are connected by the 6 symbols.)

The Z will now transform according to the (2s + 1)
by (2s + 1) matrices:

Rotation:

C)Pa, * Pay

C Nagy

Z, > Z, — i(S-0)Z,,
Zg - Zz - 'i(S-O)Z,;

4.1)

Lorentz transformations:
Z,—Z, — (8-0)Z,,
Zg b d Zz + (S'O)Z3.

We must determine the effects of various powers
of (S-p) on the Z, and then eliminate elements of
the type (¢ <-- 3 -+ 9 -+ ). For this we must
consider the algebraic properties of the (S-p):

(S-p)‘w = E(A Ial e Otk)
X [(d'p)mﬂnaa-ﬂs cor Bappy + -
+ 50::3: e (d'p)ahﬁh](ﬂl <o By IB)

4.2

or
(Sp2 o i[@p) XIX1e- X1+ -
+1X1X - X (¢p)].

Now define (é,-p) as the sum of expressions of the
form

1X - X(@@p) X X(@p)X -+

(k factors, of which ¢ are é:p), where we sum over
all permutations of position of the ¢ (é-p) factors.
Thus

(6°p) = (¢:p) X1 X+ + -
+1X .- X (sp)
(62p) = (¢-p) X (6:p) X -+ + 1 X (¢-p)
X1TX @@+ - +1X:---
X 1 X (8:p) X (¢-p)

(6:-p) = (8:p) X (6:p) X +-+ X (¢+p)
(G =0  (g>F).

Then we have

(8:p) < 5(é:°p)

(S-p)* & kp* + 3(62p)

(S-p)* <> p*3(8k — 2)(S-p) + (ds*p) 4.3)

[n/2]

(0" e 2 @S + K (aep)

1
(S-p)*! > 3 (S p)FIi(pr),
ini
k=2l or 214+ 1),

which defines the coefficients f™.
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Consideration of recurrence relations [obtained by

multiplying (S-p)” by (S:p)] yields (with f{® = —1)
Y =7 = Ik — n + DfY (4.33)

and
M =0 for j> in.

A discussion of these algebraic relations is given
in the Appendix.

We now proceed to the study of the general wave
equation. Define X, as the sum of the generalized
Clebsch—Gordon combination of ¢ p-functions and
(k — q) ¢-functions, summed over all permutations;
define Y, as the same with ¢ and % interchanged.
Thus,

Xo=Zi=Ula e, - Pas
Ye=Zi=UA]e a)lay N
Xi=A]a a)apay o+- + oo

+ Pa, *°° ‘Pch-."lu)
(A]ar - )8 DarerrpronBr -+ | BYB |

=4 ---)[(Zp):{m (Bga, —

=(A|al..'

where the sum is over the permutations.
The analogous term for Z, results in the combined
equation

(A e )0 D)arerprBy -+ | B)Z®

=p§i‘.(§

r=0

T>E“"(—m)'Wf, (g=1--

: r * k);
This array of equations can now be solved for W4,
and we then obtain

A=__!-_. L \e-i i(k_s'l‘j)
Wn m.,Zo( Ps) E ]

X (A | YGueiDarge (8 -+ | BYZ.

Now we must express the (g,-;-p) in terms of the
(S+p) and eliminate the W4 using Eqs. (4.4) and
(4.5), thus obtaining a wave equation for Z* in-
volving only powers of (S:-P) and p, E.

Making use of Eq. (4.3), we have

[(e—1)/2)

>

r=0

(60-s*p) & G =i A CD ) |

Y‘:E(Alal... +...

+ 7,

ak)(ﬂo«,ﬂa, e

e ﬂa.—;(oul)

Define, as for the case s = 1, the general wave-

funetion Z
ZA
Z' = ( j) = W}
VA
and likewise
4 _ (X%
Wi = y4 r=1---k).

We see that for k = even = 2l (s = I) (since, e.g.,
Xk-'l = Yl)

Wl+p = pIWl—D (p =1:- l) (4-4)
andfork=o0dd =21+ 1( =1+ %)
Wi = piWi_o-ny r=1---141). 4.5

Now consider the action of the operator (¢,-p)
onZ,:

)Py, e
=(A]a -

ak)[%: {-- (8D)awsis, - (8:D)arss, - -}]

m"’a.) e (E‘par - mﬂav) o }]

) i

r=0

(£~ o,

So

s [(e~7)/2]) 20-1'

(s — !

X <k " ’ j) FTUSPYTTIMZT. (46)

® (o) B

i=0 r=0

Now use Eqgs. (4.4) and (4.5) to eliminate W4.
Letk =214 6 (k =even, § = 0;k = odd, 6 = 1),
then

?+1 = P1W34—1+5-
Use Eq. (4.6) to express W4,, and p,W4_,,, and

equate the two. Then after algebraic manipulation,
we obtain

345 ()2 = zt‘; T,,{[—”a%?—)]a} 75 =0, @)
where
Tq = E’F;l)(p’/Ez) _ plmZ(E/m)GF‘(IZ)(I)Z/EZ)
= E’D.;”(m*/E") — pym*(E/m)'D;” (m’/E"),
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TaBLE I. Covariant wave equations for s < 4.

Spin (—psS - p)° (—psS - p» (—psS - p)» (=osS-pP®  (—psS:-pF¥ (—psS:p)
] E—pm 2
1 mH(1—p1) +2E 2
3 3(m2+E2) —6mEp, 4(2E—mp,) 4
2 6m2E(1—p1) (4E2+2m?)+3m¥(1 —py) 6E 2
3 15[E(E2+3m?) 46 B2 +26m? —48mEp, 12(3E —mp,) 8
—pim(3E2+m?)]
3 ImA(4E2+m2)(1—p1) 6E(2E*4-3m?) 22E%*+-8m? 12E 2
+30m2E(1—p1) +6m*(1—p1)
3 105[(E*+-6m2E*+m*) 8[4E(11E24-19m2) 8[43 E2417Tm? 32(4E —mpy) 16
—4pmE(E 4+m?)] — pm(71E24-19m?2)] —30mEpi]
4 60Em2(4E2-3m?) 6(BEA1-24m2E2 4-3mt) 10[(10E2+11m?)  10[7E*+2m? 20E 2
X (1—p1)  +5m*(52E2+11m2)(1—p1) F9m¥(1—p1)]  +m*(1—p1)]
and D=2 T, = 2E°
((I+1—q)/2}
FP@= 2 Bi(-a) i) =2 T, = 2E°
j=0 .
l(l+61-1—a)/2] . m (1l — p,) + 2E*(—psS-p/E)
FP@) = ,Z:, BZ (—a), + 2E*(—p,S+p/E)* = 0.
where which is just our spin-1 equation, Eq. (2.6).
@ 9¢ 2+ 8 — g — 2] asas The general problem of constructing wave equa-
B, = @+ 2! ) Ci tions of higher spin leads to extensive complexities
l+1—q¢—2 as the spin increases. For this reason, an IBM 7090
@ _ 9¢ U+ 56— q—2§ | urai computer was programmed for computation of the
B, = (g + 2! v Ci higher-spin equations. The computation was carried
I+d8—-1—-9¢g—2 out up to k& = 20, corresponding to spin 10. Only
I — R = 0 N2 T ; results for lower spins are given here since the coef-
D (x) = ~ Py (=1) (j)Bw (=) ficients start to run up into six integers. Table I
(lm148-0/2) [(1—145—a)/2] indicates the structure of the wave equations for
D) = (—D‘(j.)Béf’(—x)" . spin < 4.
. i=0 e=7

The coefficients C¢**" are determined from the
recursion relations in the Appendix. We illustrate
with two examples, k = 1, 2:

A k=1, 1=0, §=0,
=2 FP =1 FP =1
T, = 2B T, =E — p,(Em)
(B* — pEm) + 2E*(—p,S-p/E)
= E[(E — mp:) — 2ps(S-p)]

This is just the Dirac equation, since for s
we have

s =1

Il
e

i
2ol

(Sp) = 3(s°p);
I=1, §=0,

2
F&® = (1 _ %) @ =

T, = B°(1 — p/E*) — pym® =

(2) k=2: s =1

m* (1 — py)

Thus, we have succeeded in constructing a general
higher-spin covariant wave equation, with no re-
dundant components for the wavefunction. That
these equations are covariant follows directly from
their construction from the spin-} Dirac equation.
We regard these equations as the natural generaliza-
tion of the Dirac equation, and the 2s 4 1 component
entity Z as the natural generalization of the Dirac
wavefunction.

We give an explicit proof of the covariance of the
general equation, Eq. (4.7), under spatial rotations.
Under rotation,

p—p+(6xp),
Z* — Z* — 4(S-0)*%Z%.
The functions T, will not change, since they de-
pend only on p® and E. Thus, we have for covariance

1+1

> Tq[—%:lq{(S-p)"‘l(S-o xp) 4 -

a=0

+ (S-0xp)(S-p)* ™t — i(S-p)(S-0)}Z = 0.
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Now from the angular-momentum commutation
relations, we have

+ (Sp)*, (S6)] = (S-p)*"'(S-0xp) + ---

+ (S-0 xp)(S-p)""
and, therefore, we obtain

1+1 q
<s-e>[z T(ZE"—) <Sp)°]z =0,
q=0
and the general equation is indeed covariant under
spatial rotations.

The problem of proving covariance under the
Lorentz transformations is much more complex. One
must make use of explicit form of the (2s 4 1) by
(2s 4+ 1) S matrices for each spin s; For example,

{(S-a), (S+b)}. = 4(a-b).

In addition, the quantities T, will also change,
and the interrelationships among them, expressed
by their dependence on the C} and the recursion
relations of the €%, will be involved in the proof.

The adjoint operator for the first three cases is
given by

s=1:

2®) = 1Zy®)ps
21(?) = Pzzl(p).oz
ii(?) = Pzzq(p)Pz

and we conjecture that this is true in general.
From the adjoint operator we can define the
solution of the plane-wave problem; i.e., the solution
of 25%(0)Z"(p) = 0 is then Z%(p) = 2°°(p)x°,
where x° is one of a set of 2(2s + 1) arbitrary
2(2s + 1) component vectors. We illustrate for

s =4

Zy"()Z° = [20:(8+p) — E + mp,)*°Z%(p) = 0,
& Z°(p) = [2p:(S+p) + E + mp,)®X°.
There are four solutions to the equation. If we
take as our x° the set of four constant vectors with 1

in successive rows, then the four solutions will be-
come the four columns of the array

p»+E p —1ip m 0
p+ip —p*+E 0 m
m 0 -p'+E —p'+ip
0 m —p'—ip® P +E

(aside from a normalization factor).

We note that each equation contains the “germ”
of the lower-spin equations. We illustrate this idea
fors = $and s = 2.

(a) s = &
We may write the s = § equation in the form
(S+p)* — Bp' = B)2p:E + impy)
X [2(Sp) — nE + impy).
Now the s = % equation obeys
(S'py— 1" =0
2(8:p) — p:E + imps = 0,

80 it a fortiori obeys the s =
also write Eq. (4.8) as

[3(E — mp,) — 2p5(S+p)]
X [(E — mp)) — 2p5(S-p)] = 0.

4.8)

2 equation. We may

b) s = 2:
The wave equation can be written

(S'p)* — p*(S+p)
= 32'1’793[2(8’13)2 — 2p,E(S-p) + m'l — )]
— $m[(1 + p)(S+p) — Ens(l —~ p1)]
or
[2F — pu(S-pIIm*(L — p.) — 2Epy(S-p) + 2(Sp)’]
+ 4m’(L — p)[E —~ ps(Sp)] = 0.
The spin-1 particle obeys
(Sp)* = p*(Sp),
2(Sp)* — 2p:E(Sp) + m'(1 — p)) =0,  (4.9)
(1 4+ 2)(Sp) — Eps(1 — p) =0.  (4.10)
Equation (4.10) follows from Eq. (4.9) as follows

2p*(S+p) = 2(S+p)* = 2p:E(S-p)’ — m*(L — p,)(S-p)
= p:E[2pE(S-p) — m*(L — py)] — m’(1 — p,)(S-p)
o 2(Sp)m® — M Eps(1 — py)
+ m*(1 ~ p,)(S+p) =0
<A+ p)Sp) —Ep(l —p) =0

or

(1 — p)IE — ps(S:p)] = 0.

Thus the spin-1 particle obeys the spin-2 equation.
In general the s = integer (half-integer) particle will
obey all higher-integer (half-integer) equations.

The integer-spin equations cannot be solved for E
since the integer-spin S matrices are singular. The
half-integer spin equations can be solved for F and
yield for the first two cases:
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N

(a) spin
E = pym + 2p5(S-p),

(b) spin
E = pym + 2p,(Sp) — 3[(Sp)* — %p’]
X [m* + 4p"] ' [3mp, + 4p5(S+p)).

The half-integral spin wave equations can be
written in the form:

=% [(BE—mp)+8=0 = —2py(S+p)
=12 [BE — mp)+ SI(E — mp)+ 8 =0
s=1%) [5(E — mp) + SIBE — mp,) + 8]

X [(E — mp) + 8] = 0.

We conjecture that this is true in general, and have
therefore for the general wave equation of spin r/2
(r = odd integer)

Njes

I (@t + D — mp) + 81 = 0

(In proper order).

(A corresponding expression for integer spin does
not seem to exist.)

V. COMMENTS ON THE SYNTHESIS

There is an at first puzzling aspect of this synthesis.
We seem to be combining in a sense & mass-m, spin-}
particles, to get a particle, again of mass m, and
of spin %/2, whereas we might expect the composite
particle to have mass km. We can of course ignore
the process whereby we obtained Eq. (4.7), and
simply regard it as given. Then proving that it
represents a particle of mass m and spin s = k/2
would involve (a) showing the existence of an adjoint
operator £, such that we have m* = E* — p*; (b)
showing the covariance of Eq. (4.7) under the trans-
formations, Eqs. (4.1) and (4.2), of rotation and the
Lorentz transformations. Nothing in principle,
except algebraic complexities, would prevent this
course,

We consider instead the mass paradox. Consider a
state vector which represents a particle of mass m
and spin s, with momentum p (« represents the spin
coordinate: « = —s, -+, +8)

'm, 5P, a)-

Consider the problem of combining two such
states to form a state of mass m and spin s:

|m, s;p,a) = fd‘px f dQPz(Slsza | s10:85025)

X f(p1, P2) [m81; Prors) [Masa; Pacta).

We require that the infinitesimal generators cor-
responding to displacement yield p as eigenvalue:

P, |m,s;p, a) = p. [m, s;p, a)
P,=(p. X 1)+ (1 Xp);
80
Pu = D1 + Doue
Now
PP =(1Xp 4+ XDAXp +p.X1)
= (pp.) X 1 + 1 X (@"p,) + 20" X p.),

mi + mz + 2(p.p.) = m’
This simplest solution to this problem is to take
Pl = (my/m)p*

and our state vectors are therefore taken to be
Clebsch~Gordon combinations of state vectors
evaluated at

P2 = (my/m)p”,

p: = (m,/m)p
1e., fors = 1:
Z*()
= (4 | ;a))pa (M1, (M1/M)P)pa,(ma, 2/ m)p).

P: = (mz/m)P,

Now the Dirac equation for ¢(m,, p) is
Eo = (é:ple + muy
and, therefore, the equation governing
o(my, (m,/m)p)
18
(m:/m)Ee = (mi/m)(8-ple + mun

or

Ee = (¢-p)p + mn.

This is now the reason why our formalism works.
We are working with Dirac wavefunctions of mass m,
but evaluated at (m,/m)p. Thus, it is true that the
wavefunction ¢ obeys the Dirac equation for mass
m,, but the quantities we actually use are o((m; /m)p)
which obeys the Dirac equation for mass m.

We are therefore combining a particle of mass m,
and a particle of mass m, (m = m, + m,), each with
spin % to obtain a particle of mass m and spin 1.
Likewise for the general case, we combine & particles
of mass m;(i = 1, --- , k) where DNt m; = m.

A clearer view of this process may be had by going
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to the coordinate space representation:

ZA(m! p)

= (4 | &10)@a, (M1, (M1/M)P)@a, (M2, (Ma/m)D).
Define

0@ = [ a9 0, o);

ZA(x) — fd‘pe—“”)ZA(p)-
Then
Z4(@) = (4 | aen)(2m)™

% () [ aven(et Bea)ene =)

Thus the coordinate state vector at z is a nonlocal
combination of ¢, (x) and ¢, (2) with weighting
distance dependent on the masses involved.

VI. CONCLUSION

We have shown how to synthesize wave equations
for particles of arbitrary spin, with no redundant
components in the wave equation. The Dirac equa-
tion is the first of these equations and the vector
meson equation (in terms of the field strengths, not
the potential) constitutes the natural generalization
of the Dirac equation to spin 1: higher-spin equations
involve higher powers of derivatives, when con-
sidered in the context of a local field theory. The
space and time dependence enter the structure of the
equations in an unsymmetrical way, but they are
nevertheless covariant, since space-time symmetriza-
tion is sufficient for covariance, but not necessary.

APPENDIX
We define
C'; = 4i(_1)i+1 :.n)
and the recursion relation Eq. (4.3a) becomes
(€= +1,C; = 0,r > 2)
Ci" = C} +nk — n + 1CTL.

The solution for j = 1, 2 is

i~ (3) - ()
6 = 6 — on;) + 21 - 200(3) + a0(()

which suggests a general solution of the form

=3 Fam(;" )

r=0) a=0 3j - T . .
- T % s T .
- EZam(yn )
In fact, this obeys the recursion relations, pro-
vided we have
A = —Bi—2-n@i — 1 -0 + A0

+ @i —r— DAL
A few values:

D=1 AP = -2 AP =40 4P =0
®=0 AP =2 AP -

=0 AP = -2

P = -6

In practice, it is more convenient to use the C7}
directly, and compute the C7 arrays for each value
of k separately. This was done for the computation
of the functions F’ and F® of Sec. IV.
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The problem of defining position and intrinsic spin operators in terms of the generators of the
inhomogeneous Lorentz group is considered. These operators are taken to have the properties usually
attributed to them in nonrelativistic quantum theory: their commutation relations must have the
commonly accepted form. These commutation relations are then shown to define the intrinsic spin
uniquely. The position operator is shown to be also essentially uniquely determined. Explicit forms
of the spin and position operators for some special representations are exhibited. The relation of these
operators to the spin and position operators of the spin-{ Dirac theory in the Foldy-Wouthuysen
representation is considered. An Appendix gives a heuristic derivation of the spin operator.

1. INTRODUCTION

HE concept of position and intrinsic spin opera-

tors in quantum theory has been considered
in various aspects.' In this paper, we show that
assuming some requirements considered as desirable
for these operators leads to an essentially unique
determination of them in terms of the generators
of the inhomogeneous Lorentz group (ILG).

For the special case of s = 1 we consider the rela-
tion between the Foldy-~Wouthuysen (FW) position
and spin operators’ and the operators considered
in this paper.

1. THE GENERATORS FOR THE INHOMOGENEOUS
LORENTZ GROUP

The generators of the ILG® are determined by the
unitary transformations corresponding to the in-
finitesimal Lorentz transformations. We have

= w, + e + 2,
corresponding to
U=1-14"M, — iéP,

[metric: (1, —1, —1, ~1),2° = ¢, a*b, = a’° ~ a-b].
The communication relations obeyed by the
generators are

M,,, M,;]
= i(gva:w - gI‘PM'u' + g:vap - 9‘"Mup),
[Muv- Pp] = i(g,,P,, - guva)~

* This work was carried out as a part of the Lockheed
Independent Research Program
. D. Newton and E. P. Wigner, Rev. Mod. Phys. 21,

gg% &1)23‘;)), M. H. L. Pryce, Proc. Roy. Soc. (London) A195
L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29

L. L
(1950).
3 E. P. Wigner, Am. Math. 40, 149 (1939); E. P. Wigner

and V. Bargmann, Proc. Natl. Acad. Sci. U. S. 34, 211 (1948).
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We now define

]l{1 = M23, etc.
N' = M,
E = P°.
Then
[M' M: [Ns N; — -ec';y’kMk’
£ 1 . s STknTk
[M*, N'] = i'™*N*, w1
M, E] =0, [N*, E] = iP',
[M*, P’} = i™*, [N',P'] = is"E.

We concern ourselves in this paper with the repre-
sentations for real, nonzero mass: the eigenvalues of
P P* are greater than zero.

II. REQUIREMENTS ON THE INTRINSIC SPIN
OPERATOR AND THE POSITION OPERATOR

We want to define an intrinsic spin operator S
and a position operator Q with the following
properties:

(@', E] = iP'E™ = 4, (2.1)
@', P'] = 48", (2.2)
Q,Q1=0 (2.3
8, Q1 =0, (2.4)
I8, P*] = 0, (2.5)
(8%, 8'] = 4¢''*S*, (2.6)
(8, M'] = 4" 8, 2.7
@', M) = ieQ". (2.8)

Equation (2.1) expresses the requirement that the
commutator of position operator with the energy
is the velocity P/E. Equations (2.2) and (2.3) are
the usually required commutation relations of posi-
tion and momentum, and position with itself. Equa-
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tions (2.4) and (2.5) express the commutation of
intrinsic spin with position and 4-momentum. Equa-
tion (2.6) is the desired property of an intrinsic
spin operator and Eqgs. (2.7) and (2.8) express the
requirement that S and Q are 3-vectors under spatial
rotations.

In addition we require that the operator of total
angular momentum be the sum of an orbital and an
intrinsic part:

M=0QxP+ S. 2.9

These requirements differ from those of a recent
paper* on the position operator, where Eqs. (2.1)
and (2.9) are not required, but the requirement

[Q, N'] = 3{Q[Q°, E] + (@', EIQ}
is imposed. These differing requirements lead to dif-
ferent formulations for the position operators, which

however agree in the case of the FW position opera-
tor for spin  (see Sec. VII).

IOI. THE INTRINSIC SPIN OPERATOR

We must express S as some combination of the
basic operators of the ILG: P, E, M, N. We have
from Eq. (2.6) that the highest power of M or N
that occurs in the expression for S is 1. (In the fol-
lowing the order of the operators (P?, M, N, etc.)
must be considered; for example, [N, P’] = 2{P°P
0.)

Since we require that S be a 3-vector under spatial
rotations, Eq. (2.7), we must therefore write S in
the form

S=AM+BN+ (CP+ DPxM + GPxN, (3.1)

where A, B, C, D, and G are three-dimensional
scalars. Consideration of the powers of M, N shows
that 4, B, D, G are operators depending only on P*
and E, and C must have the form

C=C+ (P-MC, + (P-N)C,,

where C, . s are functions of P? and E.
We now require that [from Eq. (2.5)]

[S,E] =0, [S,P] =0,
which implies B = —C,P? and
0 = [§, P'] = i(A — GE)&*P*

+ i{(BE + DP? &' + #{(C.E — D)P'P’,

(3.2

therefore

4 = GE,

¢T. F. Jordan and N. Mukunda, Phys. Rev. 132, 1842
(1963).
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BE + DP* = 0,

C:E = D = —BE/P?,
and so

S=AM + E"'(PxN)]
+ B[N — (P*)"'(P-N)P — E(P*)'(P xM)]
+ [Ci, + (P-M)C,]P = S*.
We define (* indicates Hermitian adjoint operator).
o = M + E'(PxN),
6* =N — (P)'(P-N)P
—~ EP)7'(PxM) = EP*)7'(P xa),
= 2(N — M)[1 + m*(P*)7"]
+ (P xM)(2E/P*) + P(P-M)(m’/P"),

a =

g:

then

«B=0PB=0 Pa=PM,
[a, P} = [B,P] =0,
[&f, '] = i'*[a* — ET*P*(P-M)],

[ai’ B!] — i[E—IPiMi + sz—l(Pz)—lﬁii(P~M)
— E®)7P],

RPN
1€y,

[ﬂ‘.y B’} =
and therefore
S = Ae + B + [C, + (P-M)C,]P.

We now impose the commutation relations, Eq. (2.6),
for the S and obtain

A’ld* — E*PHP-M)]
+ AB[—g" — E™'(P xM)*] + BC,P*s*
+ AC,[P°?* — (e-P)P*] + B%*
= Ad" + Bg* + (C, + (P-M)C,)P*. (3.3)
Taking the product with P* and summing, we have
(P-M)m*A*/B + B*[2(P-N)(1 + m’/P’)
- 2(P-M) — m*(P-M)/P?]
= AP-M) + (C, + P-M)C,)P’.

Since A, B only involve P* and E, we must therefore
have

C;=B=0 A*m*/E* = A + PC,.
Then Eq. (3.3) shows that
A’la" — ET°PYP-M)] + AC,[P’a* — (P-M)P*]
= Ad* + C,(P-M)P*



36 R. A. BERG

or
A+ ACP? = 4,
A® + AC.E* = —C,E?,
and therefore
A = x(E/m),

C, = —1/[m(m = E)].

Our expression. for S is therefore determined by
its commutation relations and is

S = (BE/mM + E(PxN))

— P(P-M)/[m(m + E))),
S = (—E/mM + E"'(PxN))

— P(P-M)/[m(m — E)]).

The two expressions are related by £ — —E,
N — —N. (The commutation relations of the ILG
are unchanged by this transformation: it corres-
ponds to time reversal. Space inversion corresponds
toP - —P, N —» —N and leaves S unchanged.)

We have therefore derived a unique (up to time
reversal) expression for the intrinsic angular mo-
mentum from the commutation rules of the ILG.
A heuristic derivation is given in the Appendix.

We have from the structure of S:

[S', N'] = i(m + E)"'(P'S’ — §"'(P-M)),

which indicates that S does not transform as the
first three components of a 4-vector under Lorentz
transformations, since the condition that a 4-com-
ponent entity, a*, transform as a 4-vector is

B, @) = i, e =0,
[N¥, a'] = 18°d°, [N?, @°] = 4a’.

(3.4)

8.5)

IV. THE POSITION OPERATOR

We now want to write [in agreement with our
requirement, Eq. (2.9)], the total angular momentum
M as the sum of two parts, an “‘orbital” and an
“intrinsic”:

M = QxP + S. (4.1)

By insertion of the expression for S we see that
this determines Q up to a term PF

mQ = —(m + E)'PxM + N + mPF, 4.2)

where F is some operator, not necessarily commuting
with P.

We want Q to have the commutation relations
indicated in Sec. IT and we take these in order. We

have from Egs. (2.1) and (2.2)

m[F, E] = i(mE™' — 1), 4.3)
whereas Eq. (2.4) implies
[S’, F] = 0. (4.4)

Equation (2.3) gives an expression of some com-
plexity. We consider first the equations resulting
from Egs. (4.3) and (4.4). From Eq. (4.3) we see
that F must be linear in N (this follows from the
commutation relations of £ and N). Since Q must
be a 3-vector under spatial rotations, the opera-
tor F must be a (three-dimensional) scalar, and
must be formed of P?, E, P-N. It however cannot
have terms of the type P-M, since this would con-
tradict Eq. (4.4). So the operator F must be of the
form

F = X,(P’,E)-(P-N) + X,(P’,E).

Then Eq. (4.3) determines X,:
X, = —(mE)"(m + E)'

and X, is still undetermined.
We now require that Q be a Hermitian operator:

Q* = Q, and this will determine the imaginary
part of X,:
Q= —-—m'(m+ E7PxM+ m™'N

+ P[—(mE)™(m + E)"'P-N] — 4(2E°)"'P + PX7,

where X% is real and undetermined.
We may rewrite Q as

Q= —E(m+E)7(PxS) +E'N

— (i/2E)P + PXE  (4.5)

We have not as yet considered the commutation
relations for the components of Q, Eq. (2.3).
We may avoid tedious algebra by writing:

N =EQ+ (m+ E)"'(PxS) + i(2E)"'P — EPX;
and substituting this in the commutation relations
for N. We see then that Eq. (1.1) can only be true
if [Q°, Q] = 0 and X% is arbitrary.

Thus we have determined a position operator with
all the desired properties, and it is unique up to an
additive term: PX%. It is simplest to set this term

equal to zero: X% = 0.
We have

[Q', N'] = iE7'Q'P* + im(m + E)"'E~*S*
+ iE"\(m + E)"*(P-S)P*
— i(m + E)°EP xS)'P’

+ (ZE'i) 1(Ps'Pi + Ezaii) (4:-6)
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showing that Q° does not transform as the first
three components of a 4-vector.

V. SPIN AND POSITION IN A GENERAL
REPRESENTATION OF ILG

In general, the generators M, N are expressed as
follows (in a representation space for which P, is
diagonal)

M= —PxV:,+ Mg,
Ns = iEVP + NSy

where M,, N, represent the “spin” part of the repre-
sentation.

Substituting in our expressions for S and Q we
have

mS = —(m+ E)'Px(PxMj) + mMs + P xNg,
= EM;s +PxN; — (m + E)"'P(P-My), (5.1)

Q = GV — (i/2E")P)
+ (U/m)INs — (m + B P xM,
— E7'(m 4+ E)'P(P-N,)]. (5.2)

The action of the generator on a state function
|p) is

lp) — (1 — iM-6) |p),
= (1 — 6xP-V, — :M-0) |p),
Ip) = (1 — ¢N-6) [p) = (1+ E6-V, —iNs-6) |p),

for an infinitesimal spatial rotation and Lorentz
transformation, respectively.
If we go to a new representation of ILG:

Ip) = UP) [p),
then we have [U(p) = unitary]
1 —i:M-0=UPI[ — M-0]U P,
1 —iN’-0 = UP)[1 — iN-0]JU'(P"),
and therefore
0-M5 = ([UPUT'(P — 6xP) — 1]
+ UP)YMs-0)U™'(P),
0-Ni = ([UP)U'(P + 6E) — 1]
+ UP)N,-0U™'(P).
Also

Q' =UQU™;, & =USU™.

VI. EXPLICIT FORMS FOR INTRINSIC ANGULAR
MOMENTUM AND POSITION OPERATORS IN SOME
SPECIAL REPRESENTATIONS OF THE ILG

Canonical Representation

In the canonical representation,” where we have
(for spin s)
Ma = J ’

N, = —(m + E)"'JxP)

[the J’s are the usual (2s + 1) by (2s 4+ 1) dimen-
sional angular momentum matrices], the intrinsic
angular momentum and position operators are

S=17; Q =iV, — i(2E*)7'P.
Helicity Representation

In the helicity representation [e; is the unit
vector along the 3-axis, n is a unit vector in the
direction of P, and e, = (e; X n)/(1 — n2)i.

M, = (e; + n)J;/(1 + ns)
N, = [0 — nd) Y [—esmJ,/P + nn,md,/P
+ e.{—m(J-n) 4+ nymJ, — E(1 — n3)J5}P7'].

The helicity representation is useful, because the
helicity is diagonal in the usual representation for
the J; matrix:

(M-P) = J, |P| = J,P.

It is convenient to use the set of axes (e, €,, €;)
instead of (n, e, e;), where e, = e, x e;. Then

1)
—P 1+ N3 J3e2

2 oo~ (152)07)
+ P (81J2 62J1 (1 + N e3J2 1

M. = o+ e 572) )
S = e,[(e;:n)J, + (1 — nd)iJ,)
+ ey + esf(esn); — Ji(1 — np)l],
S* = Ji + Ji + Ji,

and the position operator is

6.1)

N, =

Q =iV, + [elJz[na —-Fa+ na>]
_ l;n)*)
e2(Jl -+ Ja(l +’n3

— R __mny |1 7
&(l — ns) J3<1 E(1+n3)>]P 25" P-

§ L. L. Foldy, Phys. Rev. 102. 568 (1956).
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VII. RELATION TO THE FW EXPRESSIONS
FOR SPIN AND POSITION

We define a four-component entity for spin-} by

defining
= {lp,w; m)
Ip, —w; —[m|) (7.1)

in terms of the two-component state vectors:
p, p°; m), where w = +(|m|* 4+ p*)*

Then we have for the canonical representation
of the ILG [see Eq. (6.1)]:

Ma = Jr
N, = =[JxP/(Im| + w)]ps.

The “wave equation” obeyed by the four-com-
ponent entity, Eq. (7.1), is then

(7.1a)

(7.2)

The FW transformation® is given in this approach
by

Ulp) = 27¥[(a + bé-p) = ips(a — bé-p)]
= exp (1Ap,6+p) exp (—ips7/4),

Ex = wpsx.

where
a= [+ |m)/2], b=1/2ww+ |m)I,
cos 2\p = |ml/w,

(7.3)
cos \p = a,

and we define

v = Up)x(p).

The wave equation satisfied by ¢ is found by
transforming Eq. (7.2) and is

Ey = (Im| p» + pad-D)¥,

which is the Dirac equation when considered in the
context of a local field theory.

To determine the operators M/, N/ which gene-
rate the ILG when acting on ¢, we must use

UpU(p — 6xp)

(7.310)

(7 .4)
Up)™'(p + 6E).
For spatial rotations we obtain
M, =1 (7 .58)
and for Lorentz transformations we have
N = —p1(é Xp) _ (6 xpE p.Ed
f2(ml + @) 20(m| + @) 2w
Pz(d‘E)E

T S (ml @)

1. .1 1 .
= ‘(5"’3“—’551’)+(2—E’Pa“

- m%)(g — Im| oy — psd-P). (7.5b)
Operating on the wavefunction ¢ we see that
Ny = [—%ip:6 + (i/2E)PlY (7.6)
and the operator N/ is Hermitian: N/* = N/,
By defining a new ¥, by
¥ = oy, 1.7)

we can eliminate the second term in Eq. (7.6) and
have

va’!ﬁz = (_%ipad)‘ph (7-8)

which is the usual Dirac Lorentz transformation.
This N/’ is however not Hermitian, and the cor-
responding (1 — 7N!’. ) is therefore not a unitary
transformation. This is so since Eq. (7.7) is not
unitary.
From the canonical representation, Eq. (6.1), we
have

Q' = UP)[V, — (/2E)PIU'(P).

We may write this as (for some infinitesimal quan-
tity 6)

0:-Q’ = i[Up)-E*- U™ (P + 0E) — E™']

— (i/2E*P-0.
Comparing this with Eq. (7.5), we have
y_ 1 . wexP+ PGP, o 1
Q' =r 2w ¢ 2°(|m| + w) TV, 2_E'-§P'
Likewise from Eq. (7.1a)
S’ = UP1sU'(P)
_pa8xP ¢-P Im|
= tTPumite T

These are the usual spin intrinsic angular momentum
and position generators of the FW transformation.

They cannot be obtained directly from Egs. (5.1)
and (5.2) by substituting Eq. (7.8) since it is not
Hermitian. They can be obtained by substituting
Egs. (7.5a) and (7.5b) directly in Egs. (5.1) and
(5.2), and making use of the fact that the mass
operator m is such that mx = |m| psx and my =
|m| E/wy plus the wave equation, Eq. (7.3a).

VIII. CONCLUSIONS

We have demonstrated that from the structure of
the operators which define the transformations of
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the inhomogeneous Lorentz group, there follows a
unique intrinsic spin and position operator, with the
properties usually accepted as desirable.

In terms of the generators of the ILG these opera-
tors are

mS = EM + E"'P xN) — P(®-M)(m + E)™,
mQ = —(m + E)'PxM + N — PE™!
X (m + E)7'(P-N) — im(2E*)"'P + imV 5.
APPENDIX

The 4-vector y* is defined as follows (' =

— €o128 = 1)
v = 3¢ M oP,
and therefore
Y = —(P-M),
y=-EM —PxN.

The eigenvalues of the operators p*“p, and y"y,
define the representation space in which the state
vectors are defined.

In the rest system, p’ = 0, (denoted by primes),
y = —mM,
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We now heuristically define the intrinsic angular
momentum operator as M in the rest system, since
it is whatever angular momentum is left over after
the motion has been subtracted.

Thus we define S = —(1/m)y’.

Now an arbitrary 3-vector, a, in a system with
momentum p, has the value a’ in the rest system
(p’ = 0), where

a’ = a — pl(ap) + ma’l/m(m + E).
Therefore

y = —EM — PxN — P[—(P-M)]/(m + E)
= —mS

and we can therefore define the intrinsic angular
momentum as

S=m"EM — m™(m+E)"'PP-M) + m~'(P xN)

for any system.

This expression is that derived by a more formal
argument in Sec. III.

We have for the value of the “spin invariant”

vy = —(@"p)S* = —m’S’.
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A method for deriving bounds to the number of bound states of a given interaction is built up.
The class of interactions for which the method works includes the nonlocal interactions besides the
local ones. Problems with many channels and spin-dependent interactions can also be treated. Some

bounds are explicitly given.

1. INTRODUCTION

T is known that the system consisting of a particle

in a local field of force admits only a finite number

of bound states provided that an appropriate integral

involving the potential is convergent. In fact Barg-

mann® has derived in the case of a rotationally
invariant potential V (r), the inequality

1
20+ 1

where 7, is the number of bound states in the ith
partial wave (for fixed magnetic quantum number).
Schwinger,” together with a new derivation of the
result of Bargmann, has given for the total number N
of bound states, in the general case of a local potential
V (r), the upper bound

< fw drr V), M

V(—)(I‘)V(_)(I").

e —off

1 8. 33,
N<'(Z;r')—gf drdr #))

Here V7’(r) is the negative part of V(r) defined by
V@) = V(@) for r suchthat V(r) <0,
0 for r suchthat V() > 0.

Moreover, Schwinger has shown how to obtain
bounds in the case of the presence of the tensor
interaction.

The above mentioned methods are based on the
introduction, beside the given interaction V, of a
comparison interaction W which is negative definite
and satisfies the inequality

(0, We) < (¢, Vo)

for any state vector ¢. The comparison interaction
W has certainly at least as many bound states as V,
and is introduced in order to deal with an interaction
such that any increase of its strength causes a lower-
ing of the energies of the bound states and does not
lessen their number. The determination of the com-

1 V. Bargmann, Proc. Natl. Acad. Sci. U. 8. 38, 961 (1952).
2 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 47, 122 (1961).
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parison interaction, requires in general, the diag-
onalization of the given interaction V. This makes
such methods not suitable for the case of interactions
which are not given in diagonal form. This is the
case for nonlocal forces or for many-channel prob-
lems. Spin-dependent interactions are also difficult
to deal with if they give rise to matrices of high rank.

In this paper a method is builded up for obtaining
bounds on the number of bound states which avoids
the introduction of the negative definite comparison
interaction W and works directly on V. The class
of interactions for which the method works is large
enough to include all the above-mentioned difficult
cases besides the local one. The method is based on
the fact that, under fairly general conditions, the
energies of the bound states decrease when the
strength of the interaction is increased, also if the
interaction itself is not a negative definite operator.

2. DERIVATION OF THE BOUNDS ON THE
NUMBER OF BOUND STATES

We first consider the case of a spinless particle.
Let the representative of the interaction be V(p, p’)
[which becomes V(p — p’) in the local case]. Then,
in suitable units, the Schrodinger equation for
negative energy states reads

@ + [ @V, ) = —K¥E).  ®)

We introduce the equation
9@ + 2 [ 0V, ) = —K)
which, defining X(p) = (@* + k*)'¥(p), becomes
(KX (K, p)
- T

The solutions of this equation for A = 1 correspond
to the solutions of the original equation (3). We

V(p: P') 2 7
kz)(plz + kz)]* X(k » P )

)
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assume that the integral
Vv ol
[V, p)| ®)

2/1.2 38,

A*(K) = ffd ’P (pz kz)(plz F kz)
converges. Clearly it is a decreasing function of &*.

Equation (4) is an integral equation with a square
integrable Hermitian kernel which depends on the
parameter k°. Its eigenvalues lie in the interval
(—=A(K*), A(K*)) and form a denumerable sequence
A7'(k®) whose only limit point is zero. It is proved in
the Appendix that the eigenvalues and the eigen-
functions of Eq. (4), are continuous functions of k°.
In order to investigate the movement of the eigen-
values A;'(k*) when k® is varied, let us take into
account two values, k* and k’?, of the parameter &”.
From Eq. (4) one has

—147.2 3 2 P+ klz)} ’2
= = [[ @ ez, »
V(p; ) (plz + Kk ) (1’2 !
[(p + kZ)(pIZ + k2)]} p’2 + k2 X'(k b p)
—=1/7.r2 2 2 +k'2) ’2
Ak )fdszﬂ:(k yp)(pz T2 X, (%", p)
= — 3y ! X *(k2 M)i
[ @0 ewrxne, (Bt

Vi, p)
[(p2 + klZ)(plz + kl2)

Subtraction of the second of these equations from
the first one gives

D) — AT
2 pz + k’2 E 2
X fdst",‘-(k,p)(pz +k2)Xi(k ;p)

= 3 73! X k(]2 V(p) P')
= - [ @ evxie, » e
k/Z _ k2
X T DG+ E]

= @ — ) [ dp s

Since A;!(k*) and X,(%* p) are continuous functions
of k%, one has, in the limit as k’* — &

X :l} Xd(k,2) pl)’

3 Xt‘(kﬂ; P’)

X*(k*, p)X.(k'*, p)

ATE) i [ lX (k2 D)’
~Bel) (k)fd S ®)

The eigenfunctions X;(k*, p) have been assumed to
be normalized. Eq. (6) shows that the positive eigen-
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values are increasing functions of —k*. Note that
this is equivalent to say that the increase of the
strength of the interaction lowers the energies of the
bound state. This is proved, irrespectively of their
negative definite character, for the local or nonlocal
interactions for which the integral (5) exists.

If A(k”) = 1, there is no bound state of energy less
than —%® since \;*(k*) < 1 for —k* < —%*. When
—k* is increased from —£* up to zero, the positive
A7'(k®) increase (continuously), as it has just been
shown. Therefore it follows that the number of
bound states of Eq. (3) whose energy is less than an
arbitrary fixed —%° is equal to the number of eigen-
values A;'(%¥*) which lie above 1. This number is
less than D ; A\;2(%%), i.., the trace of the iterated
kernel of Eq. (4). Therefore, for the total number N
of bound states of an interaction whose momentum
representative is V(p, p’) one has the bound

N< [[epayVeBL

Defining the Green operator G’(—k ) as the operator
whose momentum representation is

8@ — p)/®@ + )
the inequality (7) can also be written
N < Tr {[GO)VT*}.

It is easy to construct interactions which approach
the above limit as close as one wishes. In fact, taking
into consideration a nonlocal attractive separable
potential V(p, p) = —uv(p)v(p’), the bound (7)

becomes
2 2
N < [ f d’p 13—(22]
p
and, on the other hand, the condition
2
f dspvp—(g) >1

is sufficient for the existence of the unique possible
bound state of such an interaction.?
For a local potential V(r) the bound (7) becomes,
in the coordinate representation
L[ o gi YOVE),
N<(41r)2fdrd 2 @®
This bound differs from the bound (2) given by

Schwinger in that it involves the potential itself
instead of its negative part V‘7’(r). Note that the

bound (8) may be better or worse than the bound (2)

3 G:) C. Ghirardi and A. Rimini, J. Math. Phys. 5, 722
(1961).
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depending on the specific form of the potential. This
is easily seen by considering a potential
Vi) = aVP0) + VOu),

where V*’(r) > 0 and V7 (r) < 0 and moreover
for any value of r at least one of them is equal to
zero. Then the bound (8) becomes

1 ., 8, 15 V“)(I')V(”(f')
N < (41r)2a f drdr’ I

-1
UAOVARCY)!

+%@Yﬂff'l g
gl

Since the coefficients of « and a have opposite signs
the contribution from the first two terms in Eq. (9)
can be made positive or negatxve

3. BOUNDS IN SOME FURTHER SPECIAL CASES

In this section we shall give explicitly the bounds
obtained, following essentially the method of Sec. 2,
in some further specific cases. These are the case of
the /th partial wave for a rotationally invariant
spin-independent potential and the case of a many
two-body channels problem. Finally, as an example
of the application of the method of Sec. 2 to a spin-
dependent case, we shall take into account a central
plus tensor interaction.

If one assumes a rotatmnally mvarlant spin-inde-
pendent interaction V(p, p’, cos pp’) it is possible to
reduce the problem in the eigenmanifolds of the
orbital angular momentum operator. The above pro-
cedure, applied to the eigenvalue equation for the
{th partial wave

') + j;a p” dp'Vi(p, )i (@') = =K ¢:(p),

gives for the number n; of the I-wave bound states,
a part from the (21 4 1)-fold degeneracy

(.-} o , , 2
nz<f0 fo dp dp’ |V.i(p, )"

In the preceding formulas we have put

(10)

+1
Vilp, ') = 2r f d cos § P,(cos 8)V(p, p’, cos 6).
-1
In the local case, the above bound becomes

m< [ [ aravoveer,

where

1+1 ~1

A+1 <"

91(7', T’) = (12)

A rather crude estimate shows that the integral
appearing in (11) is majorized by [2/(2] + 1)%]
[f5 dr r [V

If one is concerned with a problem with many
two-body channels, the Schrodinger equation reads

(£+&Mm+;fhm@ymm
= Eya().

In this equation p is the relative momentum of the
two particles, £, is the energy of the ath threshold,
i is the reduced mass in channel «. The evident
generalization of the above arguments gives

N < az;,ffdapdap'

[Vaﬁ(pv ,)l2
X @ %ua T B — B0 /20 T By

for the total number N of bound states of energy
less than ;.

We come now to the case of a central plus tensor
interaction

—E 1) (13)

V.r) + V()Sis

S12 = 3'('9'1":'1’.)_;5@‘& - (dl‘dz)-

The operator S,, is zero when acting on a singlet
(8 = 0) state. In the triplet space S;, has the matrix
representative

L=J-1L=JL=J+1
—Jj—1| =¥ =1 8[J(J + 1
L=Jd-1l %77 % Toi¥1 a9
L=J 0 2 0
= 8/ + 1t —J+2
L=J+1 o] + 1 0 27 + 1
and does not couple the state S = 1, L = J with

the remaining triplet states S = 1, L = J 4= 1. One
obtains immediately, for the numbers of bound states
with J, J, fixed and, respectively, S = 0, 8§ = 1 and
parity (—1)”, and S = 1 and parity (—1)7*

o < [ [ ararv.ovene ),
0 o

nk,. < f: f: dr d'[V.0) + 2V 4]

X [V.(') + 2V20")1gs0, ),  (15)
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ns,, <f f dr dr’
0 0

X LXL: (V.r)or. + VT("')Su(L; L]

X [V@)or-r + Vo(r)Sw(L’, L)gulr, r)ge (', 7).

The functions g, (r, r") are defined by Eq. (12). The
matrix S;,(L, L') is the 2 X 2 matrix obtained from
Eg. (14) by taking out the middle row and column.
The third inequality reads, in displayed form,

nia, < [[ drarlgre | vOv.0)

- K2 ro7:e) + VeVl
4J — 1)

T eI T 1

VT(T)VT("")] + gial, )
2J + 2)
2J +1

VOO0 + R, 7.07107 |

X [vc(rwc(r') - V.V 1)

2+ L )
T or - nEs +3 h VOV )}-

The consideration following Eq. (12) shows that no
bound state can be present for sufficiently high
values of J.
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APPENDIX

We show here the continuity with respect to the
parameter k* of the eigenvalues and eigenfunctions
of Eq. (4). Writing

_ Vip, p)
(@ + o™ + )1
one has for any square integrable function ¢,

G, ING) = NG| < Lol - [INGE) — N
< liel* v B EL

NE, p,p) =

with obvious meaning of the symbols. This means
that

Tim (o, (NG — NG&) = 0, (A

even if ¢ depends on k', provided it is of bounded
norm.,
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Let A\72(K*), X,. (k%) be the greatest of the positive
eigenvalues and the corresponding normalized eigen-
function of the kernel N (k*). Then one has

Me(6?) = (X1 (%), NE)X1.(k") = sup (p, N(&*)e).

In this equation “sup” denotes the least upper bound
and ¢ runs over the whole set of the normalized
square integrable functions. Introducing the step
function 6(z) which is 0 forz < 0 and 1 for z > 0,
it results

IE?) — NGED)] = 60GET) — AIE)
X (X4 (&), NE)X . (k)
— (X1 (%), N X1 (%))
+ 00K — Ni(EY)
X (X1 (67%), NE)X 1 (k)
— (X1 (k"), N&*) X, (6%)]
< 0N — MEEN(X . (6,
X [N(E*) — NE&*)]X,. (k%)
+ 00’ — MNIEN(X LK),
X [N(E™) — NE) X1, (E™)).
Owing to Eq. (Al) this implies

lim AZ(E®) = ANE?), (A2)
k'3oka
i.e., the continuity of the first eigenvalue.
From Eqgs. (A1) and (A2) it follows
lim (X, (6"%), NE)X . (*) = MIED).  (A3)
krak?

Introducing the expansion
Xu-(kﬂ) = Z ¢; klz)Xi(kZ);

i

2 ek = 1

and denoting by é the difference between A;2(k%)
and the eigenvalue nearest to it we have

2 ledk™)|? 6 < >; ek LKD) — ATHE?)

14

= Na(6’) — (X5, ("), N(E) X, (k™).
Equation (A3) then implies that

lim > le.(k"™)|* = 0.

PPN Sty e

Therefore, if the arbitrary phase of X,. (k") is chosen
in such a way that c,,(k’®) is real and positive, one
has

lim ||X,.(&%) — X0 = lm e, &) ~ 1
k/9-k? k' roaks

= lim |(1 = 2 Je&)H — 1 = 0.
FYLENY iR+
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This means that the first eigenfunction is continuous.
Taking into account the kernel

V(, p)
2 N = —
Nl(k ' Py p) [(pz + kz)(pIZ + k2)]}

— M) X1 (K, pXEE, p),
whose greatest positive eigenvalue is the second
positive eigenvalue of N(k*) one evidently has

Jlim (o, [N\(®&") — N 1(&*)]e) = 0.

The continuity of the second eigenvalue and eigen-
function can then be established by means of the

same procedure used for the first ones. The repetition
of the above argument proves the continuous de-
pendence on %° of all the eigenvalues and eigen-
functions.

Note added in proof: While this work was in course
of publication, we noticed that its main ideas were
already present in the paper on scattering problems
by 8. Weinberg in Phys. Rev. 131, 440 (1963). Our
work, however, contains rigorous self-contained
proofs which are not given in Weinberg’s paper.
Some questions concerning our specific problem and
various particular formulas are also considered here.
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As a means of determining the effects of a uniform but arbitrarily directed magnetic field on cylin-
drical and spherical wave propagation in a cold, homogeneous plasma, we regard the magnetic field
as a small perturbation. Assuming an expansion for the electric and magnetic fields in powers of the
parameter twg/w, Where wg is the static gyrofrequency of the electron, we solve for the linear terms.
This solution is.carried out under the assumption that the fields are known for the limit of vanishing

static magnetic field.

The first-order theory is then applied to cylindrical and spherical systems. When the approximate
solution for the axially magnetized column is compared with the exact result, agreement is obtained
provided that the static magnetic field is weak, as expected.

I. INTRODUCTION

N the following article, the results are presented
of a theoretical investigation into certain aspects
of microwave interaction with a bounded, homo-
geneous, gyroelectric plasma, i.e., a homogeneous
plasma in which a uniform static magnetic field is
maintained. It has been shown'? that such a medium
may be characterized, within the framework of a
phenomenological theory, by a relative permeability
equal to unity and a permittivity given by a second-
rank tensor.

* Excerpted from the dissertation, ‘“Microwave Inter-
action with Bounded Gyroelectric Plasmas,” submitted in
partial fulfillment of the requirements for the degree of
Doctor of Philosophy at the California Institute of Tech-
nology, Pasadena, California. .
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‘ompany, Inc., to be published), Chap. 6.

Among boundary-value problems involving
plasmas with cylindrical or spherical shape which
are of interest here, only the axially magnetized
cylinder is amenable to rigorous analysis.®* It is
therefore of interest to search for approximate
methods which permit the study of a broader class
of problems. We develop one such method, applicable
when the static field is “small,”’ in a sense to be
defined precisely later on.

Since emphasis is placed on the solution of bound-
ary-value problems rather than on the detailed
physics of the plasma—field interaction, discussion
is confined to the collisionless case. In addition, it
is assumed that the frequency of the electromagnetic
field is high enough that the induced motion of
positive ions may be neglected. Thus, the only effect

3 P. M. Platzman and H. T. Ozaki, J. Appl. Phys. 31,
1957 (1960). .

¢ K. H. B. Wilhelmsson, J. Res. Natl. Bur. Std. (U. 8.),
66D, 439 (1962).
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of these heavier particles is to make the total average
charge density equal to zero.

Rationalized mks units and the harmonic time
dependence ¢™*“* will be used.

II. POWER-SERIES EXPANSION
FOR THE DIELECTRIC TENSOR

In this section, we derive an expansion for the
dielectric tensor in powers of the parameter iw,/cw,
where w, is the electron gyrofrequency corresponding
to the static magnetic field. The series is somewhat
unconventional in that the terms are matrices rather
than scalars. However, this presents no essentially
mathematical difficulty, since the theory of func-
tions of a matrix is analogous in many respects
to the corresponding theory for scalar variables.

Maxwell’s equations for a plasma are

V xE = twuH,
V xH = —iwe,E — Nev.

In Eq. (1), u, and ¢ are the permeability and
permittivity of vacuum and v is the average induced
velocity of the electrons, of which there are assumed
to be N per cubic meter. Since v will be found to be
a linear vector function of E, it is convenient to
write the second of Maxwell’s equations as

V xH = —iwE, @)

thereby defining an effective dielectric tensor e.

In order to derive the expansion for ¢, we examine
the motion of electrons acted upon simultaneously
by a harmonic electric field Ee™*“* and an arbitrarily
directed static magnetic field Boses. The symbol e
denotes a unit vector, ez representing a unit vector
in the direction of the static magnetic field. From
Newton’s law of motion and the Lorentz force equa-
tion we obtain the dyadic expression

v = (¢/lem)[U — i(w,/w)es x]'E, ®3)

where U is the unit dyad. We now regard the operator
[U — i(w,/w)es x]™* as a function of the matrix
i (w,/w)ez %, in analogy with the function (1 — s)™*
of the scalar complex variable s = o + 8.

There exists a matrix—scalar correspondence prin-
ciple® which states that, if f(s) has the Taylor series
expansion

®

o = 3 as, @

then the same function, but with a matrix S in

s F. R. Gantmacher, Theory of Matrices (Chelsea Pub-
lishing Company, New York, 1959), Vol. 1, p. 113.
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place of the scalar s, will have the expansion,

(8) = X 8", ®)

which converges, provided that the eigenvalues of
S all lie inside the circle of convergence of Eq. (4).
Sinee the circle of convergence of the series, which is

a-9" = 3 ©
is the unit circle centered about the origin, it
follows that the representation

@

g -+ ( 2 )”
(U zwe,,x) —2:3 i fe;x @
is valid provided that the eigenvalues of i(w,/w)ep %
satisfy the inequality ;] < 1 ¢ =1, 2, 3). It is
straightforward to show that these eigenvalues are
M= 0,70 = (0/w), \s = —(w,/w). The criterion
for validity of Eq. (7) is thus that «w,/0 < 1, and
it is assumed in what follows that this condition
is satisfied.

By substituting Eq. (7) into Eq. (3) and using
the definition of ¢, we can show that the required
expansion is

e=du-rSrenr],  ®
Whel_'e we have used the notation

e = el — wp/”),

{= wi/ (wz - “’:); ©)
g = iwg/w} wﬁ = Nez/mﬁ).

In the limit of vanishing static magnetic field
Eq. (8) reduces to the well-known result for a
collisionless isotropic plasma.

It is straightforward to show that, in a coordinate
system aligned with the z axis along ez, the rep-
resentation of Eq. (8) gives the same result as an
element-by-element expansion of the conventional
formula for ¢.> However, Eq. (8) has the advantage
of being a vector representation and is therefore
valid in any coordinate system.

III. PARTIAL FIELD EXPANSION

Using the result of the previous section, we write
Maxwell’s equations inside the plasma as

V xE = dwuH,

V xH = —iweE + iwe;[f; g"(es x)"]E. (10)

n=1

We next assume expansions for the electric and
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et plasma and vacuum.
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Bo
magnetic fields of the form

E =2 ¢"E™,
m=o (1)
H=3 ¢H"™,
m=0
where E™ and H'™ are referred to as the mth-order
partial fields. Substituting Eq. (11) into Eq. (10)
and equating powers of the expansion parameter g,

we conclude that the partial fields obey the follow-

ing equations:
V xE© = juuH?,
v xH® = _mﬁE(O}’
V xE™ = douH"™,
V xH™ = —ijwE™

12)

n--1

+ iwe(‘ E (eg x)"""E""’,

m=0

n > 0.

The formulation in terms of partial fields differs
from the conventional statement of Maxwell’s equa-
tions for a gyroelectric plasma, both mathematically
and physically. From a mathematical point of view,
it represents a change from the problem of solving
a pair of homogeneous partial differential equations
which involve a tensor operator to the problem of
solving an infinite sequence of inhomogeneous equa-
tions in which the source terms depend on solutions
of lower order. Physically, we have introduced a
description of the electromagnetic field inside the
plasma as being composed of a sum of fields. These
are arranged in a hierarchy of complexity in which
the fields of lower order “‘interact” with the static
magnetic field to produce those of higher order.

The advantage of present formulation is that, if
the static field is weak, the more complex fields may
be ignored since they are of higher order in g. In
this work we consider in detail only the zero-order
field which, as can be seen from Eq. (12), would
exist if there were no static magnetic field, and the
first order component which is linear in g. Thus,
it is assumed that B, is small enough so that terms
of order (w./w)? are negligible.

ELLIOTT R. NAGELBERG

IV. A NOTE ON BOUNDARY CONDITIONS

In the following paragraphs, we consider problems
which involve a boundary between s plasma and
a vacuum, as in Fig. 1. According to Eq. (11), the
fields inside the plasma will be given by

E; = E® + gE" + ¢E® + --.
H. = H(.O) + QH(.H + Q2H(‘2) + e,
Because of the boundary conditions, there must

exist a corresponding field on the vacuum side of
the interface,

E, =E” + gE” + gE* + .-+,
H = HO + gH® + FPH® 4 ...

and by equating tangential components we obtain
the result that

E® = E®,  H® = Y (15

for all n. Hence, the boundary conditions must be
satisfied at each step of the perturbation procedure.
The physical interpretation is that the internal
interactions between the fie]ds of a given order and
B, produce waves which are partially transmitted
and partially reflected at the plasma-vacuum
boundary.

(13)

(14

V. ON THE CRITERIA FOR VALIDITY
OF THE PERTURBATION EXPANSION

In general, the solution to a physical or math-
ematical problem depends on several parameters,
with the result that an asymptotic form is rarely
uniformly valid. For example, the usual asymptotic
formulas for Bessel functions with large argument
do not apply when the order is of comparable size.

It has been implied that the perturbation theory
for gyroelectric plasmas is applicable, provided that
the magnetic field is weak in the sense that w,/w < 1.
We now explore the conditions for validity more
throughly in order to determine how the other
parameters, namely the plasma frequency and phys-
ical dimensions of the interaction zone, affect the
convergence of the expansion of Eq. (11).

Dependence on Plasma Frequency

In order to determine the effect of plasma fre-
quency, we eliminate H™ in Eqs. (12) and obtain
as the equation for E™, n > 0,

v xv xE(a) — k2E(a)
n—1
= —kt 2 (ea x)""E™,

mm0

(16)

% being the wavenumber in the isotropic plasma
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w(uoe)}. Using mathematical induction, we can show
that any particular solution for the nth-order field
(n > 0) will be of the form

E® = 3 e,

m=1

an

where { = w}/(0’ — 2), so that in the expansion
for E™ there will be a term proportional to {".
This parameter becomes large at frequencies close
to the plasma frequency and we reason that here
the expansion will converge poorly, if at all. The
physical explanation is in the fact that the plasma
frequency is a ‘‘resonant’’ frequency at which the
electrons undergo large-amplitude oscillations.
Hence, even if the static magnetic field is weak,
the electron path length over which it operates may
be large enough that its effect is important.

Physical Dimensions of the Interaction Zone

Because of the difficulty of attacking a completely
general problem, we demonstrate the effect of phys-
ical dimensions by considering the specific example
of a TEM wave propagating in the direction of a
static magnetic field. The conclusions which are
extrapolated nevertheless seem plausible on physical
grounds,

The coordinate system and the unperturbed wave
E, H” are shown in Fig. 2. Using Eq. (16), we
obtain the inhomogeneous equation for E®

sz(l) + k2E(l) — g-szoe”"e,,, (18)
which gives the first-order change in the electric field
(w¢Eokz/2w)e e, . (19)

This term, proportional to kz, produces a rotation
of the electric vector in the transverse plane, an
effect known as Faraday rotation.

In a similar manner, it may be shown that E®
will have a term proportional to (kz)*, E® to (kz)’,
and so on. Thus in solving the problem of propaga~
tion through a longitudinally magnetized slab of
width L, one obtains a first-order field proportional
to kL, and for a cylinder or sphere of radius a,
a corresponding result proportional to ka. The size
of the plasma, therefore, cannot be allowed to become
too large for then the assumption of small changes
will be violated.

On the basis of the preceding results, we reason
that the condition w,/w < 1 is not sufficient; the
static magnetic field, operating frequency, plasma
frequency, and characteristic dimension L must be
such that

|¢(we/w)kL| K 1. (20)

DIRECTION

OF PROPAGATION F1q. 2. Unperturbed

TEM wave propagat-
ing in the direction of
the static magnetic
field.

Ho o>

If this inequality is satisfied, the perturbation
method should yield good results.

V1. SOLUTION FOR THE FIRST-ORDER FIELDS

Having established what appear to be sufficient
conditions for validity of the perturbation theory,
we proceed to determine the general solutions for
the first-order fields, which satisfy

V xEY = juuH?Y,
V xHY = —weE™ + twefes xE®,

The general solution to Eqs. (21) consist of two
parts, a particular integral and a complementary
integral. In problems involving bounded plasmas,
which are of interest here, both parts have physical
significance. The particular solution is the field which
arises directly from the interaction between the zero-
order wave and the static magnetic field. On the
other hand, complementary solutions, satisfying the
homogeneous equations,

1) iy 1)
V xE;" = WF'OH-’ ’
V xHY = —jweE!",

are superimposed in order to satisfy boundary con-
ditions and thus may be interpreted as fields which
are reflected from the boundary back into the plasma.
Although the complementary solutions required for
problems involving cylindrical or spherical plasmas
may be obtained by known methods, particular
integrals, denoted by Ep and Hp, present a more
formidable problem.

We partition the field E{” into two parts, one
accounting for the divergence and a remainder which
is solenoidal. The first is found by using the diver-
gence operator on the second equation of Eq. (21),
from which we find that

@n

(22)

V:E’ = {V-(ez xE”). (23)
We are thus led to write that
ES) = feB xE(O) + E:”, (24)

where E{” is solenoidal. Substituting Eq. (24) into
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Egs. (21) and eliminating HY”, we determine that
E satisfies

V'E® + FE® = —iZyfkies- V/k)H®,  (25)

where Z, is the impedance of vacuum. The use of
the normalized gradient operator, V7 /k,, is desirable
for maintaining dimensional consistency.

Assume now that the fields for the isotropic
problem are known and, in accordance with one
method for generating solutions to Maxwell’s equa-

tions,® H'” is given by
x |:u x (% §°’)]- (26)

In Eq. (26), u denotes one of the rectangular unit
vectors e, e, €,, or the (normalized) radius vector
kor, the particular choice depending on the geometry.
W and W must, of course, satisfy the scalar
wave equation

H(O) = Y-X(qum) + _Y_
ko kO

VW + E*'W = 0.

Let E{V be represented as

@7

E = zZoi'(ezz Z){_ xuV,; 1))

T

where V" and V" are scalar functions. It then
follows, from the fact that e, is a constant vector,
and from the commutative properties of the La-
placian,” that Eq. (28) will be a particular solution
to Eq. (25) provided that the scalar functions V("
and V" are related to the functions W{® and W{»
by the differential equations

2v(1) + k2v(l) — kow(o)
(l) + k2v(l) — _kg ;0).

Combim‘ng these results, we determine that a par-
ticular solution to Eq. (21) is

(29)

B = re, xE® + iZut{es LT x @)
ko ko

)],

where E‘® is the zero-order electric field and V¢V
and V" are derived from the generating functions
for the zero-order magnetic field as prescribed by
Eq. (29).

¢ W. R. Smythe, Static and Dynamic Electricity (McGraw-
Hill Book Company, Inc.,, New York, 1950), 2nd ed., Chaps.

14 and 15.
7 Reference 6, p. 265.

It is important to note that the function V"
generates a transverse electric wave (with respect
to the vector u) while Vi generates a transverse
magnetic wave, the opposite from their respective
zero-order counterparts, W and W:®. This shows
very clearly why TE and TM modes are not, in
general, solutions to Maxwell’s equations for a gyro-
electric plasma; a TE mode will “interact” with
B, to produce a TM mode, and vice versa. The
physical origin of this interaction is, of course, the
effect of the static magnetic field on the motion
of the electrons, but to examine the field structure
on the basis of the individual orbits would be
prohibitively complicated. The macroscopie, or
phenomenological, approach is a convenient al-
ternative.

An example worth mentioning at this point is the
case of a plane TE wave normally incident on a
longitudinally magnetized cylinder. Here ez+V = 0,
and e; xE® is in the transverse plane, so that the
TE character of the incident wave is retained
throughout. The case in which the cylinder has a
circular cross section was discussed by Platzman
and Ozaki.?

VL. APPLICATIONS TO CYLINDRICAL
AND SPHERICAL SYSTEMS

To determine the fields generated by the inter-
action between the zero-order wave and static
magnetic field, it is necessary to know the functions
V¥ and V. These shall now be determined for
cylindrical and spherical systems.

Cylindrical Coordinates

For boundary-value problems involving cylindrical
geometry, W and W are conveniently expanded
in a series of the form

W= 2 a.J.Bp)™% ™,

N=—

3D

where 8 = (* — ¥ Then V¥ and V¥ wil
have the expansion

+®

V= _Z_: aua(p, ¢, 2), (32)
where the u, satisfy
10 (,om) , 10w | fu g
po( ap +p2 62<p + F + ku,
= —kaJ.(Bp)e’ e’ ", (33)

We assume that the ¢ and z dependences of wu,
are the same as on the right, and represent the
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solution as

u(p, ¢, 2) = Ra(Bp)e™%e"™". (34)

Substituting Eq. (84) into Eq. (33), we determine
that R,(8p) must satisfy the ordinary differential
equation

»? dzR,.(v)
a’

dR,.(v)

+ (0 — n’)R.W)

- L1069

where v = Bpand v = 8/k,. This is an inhomogeneous
form of Bessel’s equation and may be solved using

the method of variation of parameters.® The solu-
tion is
R.(Bp) = (Bp/2v")J(Bp). (36)
It follows that, if W is given by
W = 20 aVJ.(Bpe"% ", @7
then, for V", we have
(l) — Z Q(D)Jn(ﬁ )e-nmp l'y: (38)

n=—c

with an analogous result for V{” corresponding
to W%,

Spherical Coordinates
Here W and W will have the form

©

W = 2 2 amkr)Pu(cos 0)e™?,

n=0 m=2—n

39)

in terms of the radial coordinate r, the azimuthal
angle ¢, and coaltitude angle 6. 3,(kr) denotes any
spherical Bessel function and P7 an associated
Legendre polynomial.

By analogy with the cylindrical case, we are led
to solve

1__6_( 6u> 3 ( *un
Por\" +rzsm060 - T 7sin® e d¢°

+ KUl = —k28,(kr)P7(cos 06", (40)

Assume now that the ¢ and 6 dependences are the
same as on the right so that

R,(kr)S7(6, @),

au’”) 1

wy(r, 0, 0) = (41

where
S7(8, ¢) = P7(cos 0)e™. (42)

8 K. R. Nagelberg, “Microwave Interaction with Bounded
Gyroelectric Plasmas ” Technical Report No. 31, Antenna
%‘abor)atory, California Institute of Technology, Appendm D
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Fia. 3. Orientation angle ¢ of the polarization ellipse; com-
parison between exact and first-order results.

Using the eigenvalue identity

1 3 < aS":,) 1 o°Se
| 2 2
sin 060 06 sin” 0 d¢

= —n(n + 1)S%,  43)

we determine that R, must satisfy the ordinary
differential equation

7 ) 40y oy 2 i+ D]RA)
= La0), 4
with v = kr and » = k/k,. If we make the sub-
stitutions
Rn(v) = (W/zv)*Gn(v)) (45)
3.0) = (1/20Z,.430),

we obtain the same equation for @,(v) as in the
previous section, except that the index is now half-
integral. We may still write, however, that

G.w) = (kr/2°)Z} y(r), (46)
and hence that
wilkr, 6, ¢) = (kr/2°)(w/2kr P Z} 4 (kr) S0, ¢).  (47)

Using Eq. (46) and the series for W{® and W%,
we may obtain the corresponding series for V(¥
and ViV,

As mentioned earlier, the final step is to super-
impose the usual vector wavefunctions inside and
outside the plasma in such a way that the compo-
nents of electric and magnetic fields tangent to the
interface are continuous. For the cylindrical case
this will be essentially straightforward, owing to
the simple dependence on ¢ and z. It will be found
that, when the static magnetic field is not aligned
with the 2 axis, the operators ey X and ez-V which
occur in Eq. (30) will cause a coupling between
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functions of the form e™¢ and ¢*"*V® and ¢**"V*,
This is analogous to problems in quantum mechanics,
where a perturbation which does not preserve eylin-
drical symmetry causes a coupling between states
with different z components of angular momentum.

The difficulty is compounded in the case of spheri-
cal coordinates because of the complicated depend-
ence on the angle #. However if, without loss of
generality, we align the coordinate system so that
the z axis is in the direction of the static magnetic
field, then there is coupling only between different
n values. The case where all quantities are in-
dependent of ¢ has been examined and it is found
that wavefunctions corresponding to a given n
value couple into functions of ordern — 1and n + 1.°

VII. A VERIFICATION OF THE THEORY

In order to verify the previous results, the per-
turbation theory was applied to the problem of
scattering of an obliquely incident plane wave by
an axially magnetized eylinder with circular cross
section.’® The incident wave was polarized with the
electric field perpendicular to the plane of incidence,
ie., the plane determined by the incident propaga-
tion vector and the axis of the cylinder.

The far-zone scattered field consists of TEM waves
propagating in the direction of specular reflection.
However, whereas in the isotropic case w,/w = 0
the scattered field in the plane of incidence is
polarized in the same direction as the incident
wave, as the static magnetic field increases the
scattered wave becomes elliptically polarized. Both
the orientation and eccentricity of the ellipse depend
on B,. Figures 3 and 4 illustrate the angle of orienta-
tion ¢ with respect to the incident electric vector,
and the magnitude of the eccentricity e as a function
of w,/w for w,/w = 0.67, kea = 2.0, and § = 20°%;

¢ Reference 8, Chap. VI.
10 Reference 8, Chaps. III and V.

a is the radius of the cylinder; and ¢ is the angle
between the incident propagation vector and the
normal to the axis. As anticipated, the perturbation
theory correctly predicts the behavior for small
values of magnetic field.

VIII. SUMMARY AND CONCLUSIONS

The purpose of this article is to present a theory
of microwave interaction with gyroelectric plasmas
in which the biasing magnetic field is regarded as
a perturbation. Accordingly, we represent the elec-
tromagnetic field as being made up of a sum of
partial fields arranged in order of increasing com-
plexity. The fields of lower order are presumed to
interact with the static magnetic field to produce
those of higher order. Such a formulation has the
advantage that, under suitable conditions, the more
complex fields may be neglected. These conditions
are that the ratio w,/w be less than unity and that
the operating frequency, plasma frequency, and
characteristic dimension L be such that the in-
equality,

ok L/’ — wp)] K 1,

be satisfied. This is equivalent to the physical re-
quirement that the static magnetic field have a
relatively small effect, i.e., that the additional fields
which result from the gyroelectric character of the
plasma be small compared to those which would
exist if the medium were isotropic.

By solving formally for the first-order fields we
find that TE and TM modes are not, in general,
solutions to Maxwell’s equations for a gyroelectric
medium. The physical reason for this is that the
effect of the static magnetic field on the electron
motion induced by a wave of one type is such as
to produce a wave of the other type.

The first-order theory is then applied to cylindrical
and spherical systems. The fields induced by the
first interaction are essentially determined in terms
of appropriate coordinates, thus permitting the first-
order solution of boundary-value problems. A com-
parison is made between the exact and perturbation
solutions for the problem of scattering by an axially
magnetized column. As anticipated, the approximate
solution is valid for small values of magnetic field.
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For high-energy potential scattering, when the partial wave expansion converges too slowly to
be directly useful, a technique is proposed for extracting the differential cross section more effectively
from the phase shifts by means of a weight function and orthogonal polynomial approach.

I. INTRODUCTION AND CONCEPT

HE exact solution of a potential scattering

problem normally involves separation of var-
iables followed by numerical solution of the equa-
tions for the partial waves (which may be coupled
for noncentral potentials). At high energies (i.e.,
when the ratio of range to wavelength is large),
many partial waves contribute significantly. This
gives rigse to the twin problems that a prohibitively
large number of partial waves (or at least their
asymptotic representation in terms of phase shifts)
must be computed, and that (especially for large
angles of scattering) heroic measures are required
to achieve sufficient precision to cope with near
cancellations.

A mathematically similar difficulty was en-
countered in the problem of diffusion of atomic
radiation in matter, and considerable success was
achieved by a technique involving & spatial weight
function and expansion of the distribution function
in terms of polynomials orthogonal relative to the
weight function.' A related approach is here proposed
for the scattering amplitude f. From the partial
wave expansion, f emerges as a Legendre poly-
nomial series. The Legendre polynomials are poly~
nomials in z = cos § which are orthogonal relative
to weight function unity. It seems reasonable to
rewrite f in terms of a weight function W(z) times
an expansion in polynomials orthogonal relative to
W. With a judicious choice of W, this would yield
a more rapidly convergent series for the angular
distribution. Clearly, if W happened to coincide with
f there would be maximum convergence (a single
term). The more nearly W is a good guess to the
exact f, the better the rate of convergence. The
choice of W then involves correlating the preliminary
available information (solutions of cognate problems,

* Work supported by the National Science Foundation
under Grant N gF—G 23169.

} Present_address: United Nuclear Corporation, White
Plains, New York.

1 L. V. Spencer and U. Fano, J. Res. Natl. Bur. Std. (U. 8.)
46, 446 (1951); and many following papers.

approximations to present one) for a best guess at f.
A bootstrap improvement can be achieved by putting
adjustable parameters in W and then varying them
to improve the tailing-off of the series. A blow-by-
blow run-through of the technique will be given for
a particular case, followed by a systematic exposition
of the procedure.

II. ILLUSTRATION: n-p POTENTIAL

Inasmuch as the technique involves the use of
intuition and exploration, the gist of it can best be
conveyed in a blow-by-blow solution of an illustrative
example. Of necessity, the illustration has to be
set up somewhat artificially, since an assessment of
success requires the exact solution to be known,
which in turn undercuts the need for the analysis.
An example simple enough for clarity (and hand
computation) yet nontrivial, can be constructed for
n—p scattering at about 100 MeV. Swan® quotes
several such central potentials (with parameters
adjusted to yield the experimental scattering length
and effective range) and quotes machine computa-
tions of the phase shifts at six energies. The case
chosen is the Gaussian potential

Ur) = —U, exp [—(/b)] ®

for the °S state (U, = 1.7399 X 10 ecm™, b =
1.4837 X 107" c¢m) at the highest energy given
(k 1.5 X 10" em™). Swan quotes the phase
shifts for I = 0 — 6, the last one being 0.19, of
the first; the differential cross section can be re-
constructed from these, yielding the curve labeled
“exact” in Fig. 1. The problem is now posed as
follows: Suppose that only the first three exact phase
shifts were known, i.e.,

8 = 0.6830, &, = 0.4941, &, = 0.2290. 2

From these (neglecting the higher ones) there re-
sults the curve labeled ‘““truncated” in Fig. 1, which
obviously completely fails at large angles of scatter-

: P. Swan, Nucl. Phys. 18, 245 (1960).
51
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Fra. 1. Differential cross section for ann—psecattering potential.

ing. Can this failure be rectified with the orthogonal
polynomial technique?

The Born approximation cross section for the
Gaussian is well known,® namely

o(8) = (r/16)U° exp [ — cos 0)].  (3)

It is also plotted in Fig. 1; characteristically, it is
pretty good at small angles, too small at large
angles. Incidentally, summing the Born-approxima-
tion phase shifts (also given by Swan) yields a quite
different cross-section curve; comparably in error in
the opposite directions for large angles. The prescrip-
tion of using the Born approximation with the first
few phase shifts corrected to their exact values* does
not work here.

The scattering amplitude f, is an expansion in
Legendre polynomials P;(x) (where x = cos 6),
i.e., in polynomials orthogonal relative to a weight
function unity. The object is now to switch to a
different weight funetion. An obvious first choice
is the Born approximation, i.e., (since a multiplica-
tive constant does not affect the result) to use

W(z) = exp 3k'b’2), @

3 1. D. Landau and E. M. Lifshitz, Quanium Mechanics:
Non-Relativistic Theory (Pergamon Press Ltd., London,
1958), p. 413. _

¢ N. F. Mott and H. 8. W. Massey, The Theory of Atomic
Collisions (Oxford University Press, London, 1949), pp.
191-193.
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with f (or more precisely with its real and imaginary
parts). When this is tried out, the expansion co-
efficients are found to increase rather than decrease
(the ¢,’s are of order unity), namely for the real
part of f ’

DI/DQ = "‘1‘453, DQ/DO == ‘-6-4:09; (5)
and for the imaginary part of f
D]/Do = “-3483’ DQ/DQ == '—'8-368. (6)

This behavior immediately signals that the weight
function is not adequate, that a more sophisticated
one will be required.

It is known that in general the Born approxima-
tion will be better at small angles, and will give
too small a cross section at large angles.* (To play
the present game fairly, such background informa-
tion can be used, but a peek at the exact curve is
not allowed.) Thus, the weight function should be
modified in that direction, i.e., the new weight func-
tion should differ little from the Born approxima-
tion at small angles and give a larger result at large
angles. This can be achieved with a minimum of
new computational effort by choosing
W(z) = exp 3F°b°z) + A exp (—3K°0° [z)). (P

The constant A is best used as an adjustable
parameter to be selected to make the sequence of
DJs drop off as fast as possible. The simplest
prescription is to choose A such that D, = 0; this
means using a different value of A4 for the real
part of f than for the imaginary part of f. (Formally,
better convergence criteria can be set up, but they
are more laborious.) In the present case, this con-
straint on A4 leads to a quadratic equation, and the
average of the results obtained with the two roots
has been used. Carrying through this caleulation,
the curve labeled “weighted” in Fig. 1 is obtained.
The agreement with the “exact’’ curve is respectable.

In the last round, the D, values obtained are still
of comparable magnitude to the D, values. This
serves as internal evidence that there is yet a
discrepancy. The next systematic step would be
to further refine the weight function, aiming to
achieve D, < D, as well as D, = 0; success in this
effort would provide confidence that results close
to the exact have been obtained.

III. SYSTEMATIC PROCEDURE

The illustrative example has illuminated. the
approach~—the sequence of steps and the relevant
considerations. The outline of the procedure can
now be systematized, with an eye to making the
variation of parameters amenable to machine
programming.
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The starting point is a given potential for which
there are available a finite number of phase shifts
which do not suffice to determine accurately the
differential cross section. At least a rough idea is
always attainable as to what the cross section should
look like, either from known solutions of cognate
problems or from an approximate solution of the
present one. The aim is to exploit this auxiliary
information plus the internal resources of a variation
of parameters technique in order to achieve optimum
use of the phase shifts.

The phase shifts yield the real and imaginary
parts of the seattering amplitude f as finite Legendre
polynomial expansions with real coefficients; these
two are handled as separate and distinet, though
parallel, problems. A weight function is written
down, consisting of the best preliminary guess as
to the form of f(real or imaginary part, respectively).
The weight function should incorporate one or more
adjustable parameters, which need not ocecur
linearly. The expansion in polynomials orthogonal
to the weight function is next calculated; on a
computer, this means a sequence of calculations with
each of a succession of values of the parameters.
What is desired is a particular choice of values of
the parameters for which the expansion coefficients
fall off successively at a reasonably fast rate. This
goal can be expressed as a sequence of inequalities
of inereasing stringency, the computer being pro-
grammed to keep varying the parameters until the
conditions are met (with obvious auxiliary instruc-
tions to narrow the range of the scanning as the
conditions start being satisfied). If the convergence
requirements fail to be met, the weight function
should be changed and the process repeated.

Work is in progress, in collaboration with C. R.
Fischer, on applying this technique to the scattering
of high-energy electrons by nuclei.

APPENDIX: ORTHOGONAL POLYNOMIALS

In this section, expansion of a function in terms
of polynomials orthogonal relative to a weight fune-
tion is considered, and the transformation from one
weight function to another outlined. To simplify the
exposition while retaining ample generality for the
present purpose, it will be assumed that all functions
are real functions of a real variable, the weight
functions are nonnegative, and all integrals exist
and are finite. These conditions can be considerably
relaxed; exhaustive discussions can be found in the
standard mathematical literature.®

8 G. Szegd, Orthogonal Polynomials (American Mathemati-
cal Society, New York, 1959).
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The scalar product of two functions f(z) and g(x)

relative to a weight function W(z) in the interval
a < ¢ < bis defined as
b

0,0 = [ W@y ds. ®)

A set of polynomials {¢,(z)} is orthogonal in this

system if

(¢ﬂ) ¢m) = 0) (9)

As a particular case, {P,(xr)} will denote the set
of orthogonal polynomials with weight function unity
in the same interval, and the corresponding scalar
product will be denoted by square brackets:

[Py Pa] = 0, (10)

Sinee a polynomial of order n is expressible in terms
of any complete set of polynomials of order up to n,

’; ().

Taking the scalar product with ¢, (for m < n),
Eq. (9) yields for the coefficient

a m = (Pﬂ! ¢m)/(¢m) ¢m)' (12)

If the P,(z) are known, the above relations suffice
to construct the ¢.(z), up to an arbitrary constant
factor. For computational ease, the latter will be
specified by the choice

n # m.

n # m.

Pyx) = 1)

13)

rather than by normalizing the polynomials. For
= n, Eq. (12) then yields

(@n) $n) = (P u). (14)

The ¢,(z) can now be obtained recursively from
Eq. (11) upon substituting Eqgs. (12)—(14) into it:

4o@) = Pufa) (15)
P ~ 3 te) )

Given an expansion of a function in terms of the
set {P,(z)}, its expansion in terms of the set {¢,(z)}
relative to the weight function W (z),

O = 1

éu(@) = (16)

g C.Py(z) = W(z) z; D,én(), (17)
can be directly deduced on applying the orthog-
onality relations. Upon multiplying Eq. (17) by
¢,(x) and integrating from a to b,

}: C.[P., 4,] = z D@ 62) = Daldw ¢, (18)
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The % sum cuts off at ¥ = n because the expansion
of ¢, in terms of the P, has no contribution for
k > n. Substituting Eq. (14),

- {z ClP., ¢.]}/(P,., 4. (19

A crucial point here is that D, depends only on the
first n of the C,, so a given number of terms in the

BRYSK

left-hand series of Eq. (17) completely determines
an equal number of terms in the right-hand series.

For the sake of illustration, the set {P.(z)} were
described as having weight function unity. Actually,
no essential use was made of this specialization.
The results above permit a direct transformation
from an expansion in terms of any weight function
to an expansion in terms of any other weight func-

tion (subject to the stated analytical limitations).
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Certain Hilbert spaces of generalized functions are examined. They contain the space of tempered
distributions, are invariant with respect to the Fourier transformation and contain functions that

increase rapidly at infinity.

1. INTRODUCTION

HIS paper is concerned with a family of Hilbert

spaces which are closely related to the topo-
logical vector spaces “of type S’ of Gel'fand and
Silov. (See Refs. 1 and 2). These Hilbert spaces share
with L®, and with the space of tempered distribu-
tions, the property of being invariant with respect
to the Fourier transformation. Their elements are
not restricted to polynomial growth at infinity, a
fact which makes them sometimes more suitable than
tempered distributions.

The definitions and results of Secs. 2, 3, and 4 can
be illustrated on a simple special case:

(A) The first—and decisive—stage of the game
is the construction of Hilbert spaces of testing
functions, denoted here by H,.

Let S be the vector space of infinitely differentiable
functions u(z)(— ® < r < «) such that

sup |&'D™u(z)] < © (k,m = 1,2, ---).
In 8, consider the sequence of operators

Mo=1

* This paper was sponsored by the Ford Foundation.

1I. M. Gel'fand and G. E. Silov, Generalized Functions
(Russian) (State Pubhsher of Physical & Math. Literature,
Moscow, 1958), Vol. 1

*S. Mandelbrojt, Ann Sci. Ec. Norm. Sup. (3e serie)
77, 41 (1960).

M, =9?2+p2

(1.1

]

M, =zM, .z + pM,_.p

Here p = ¢7'D, and D is the operator of differen-
tiation, The expression (u, v) means [ uw*(z)v(z)d.

For every v € 8, u £ 0, the numbers (u, M, u)
are positive,

Now let & be a positive number. Define H , as the
set of functions w & 8 for which

2 [Pen)] ™, Myw) < . 1.2
Here I is Euler’s gamma function.

With the obvious scalar product, H, becomes a
Hilbert space (Sec. 3B). If & < %, then H, consists
of the element v = O only; if @ > %, then H, is
infinite dimensional (Sec. 4A).

The Fourier transformation is a unitary operator
in H,.

The Hermite functions &, are eigenfunctions of the
operator of Fourier transformation. The Fourier
invariance of H , suggests that the condition « € H,
can be restated as a restriction on the absolute values
of the expansion coefficients (u, h:). This is indeed
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operator of Fourier transformation. The Fourier
invariance of H , suggests that the condition « € H,
can be restated as a restriction on the absolute values
of the expansion coefficients (u, h:). This is indeed
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the case (Sec. 3A); consequently the space H, has a
simple characterization in the representation due to
Bargmann.?

If u € H, then u(z) =
large |z] (Sec. 4B).

If @ < 1, then every u € H, can be analytically
continued to a function u(z 4+ 4y) = u(z) which is
entire analytic of order p < (1 — @)™ (Sec. 4E).

If @ = 1 then every u € H, is analytic in a strip
along the real axis (Sec. 4F).

If @ > 1, then H, contains functions of compact
support.

(B) To every Hilbert space H , of testing functions
there corresponds a Hilbert space H; of generalized
functions (Sec. 3F). Since every Hilbert space is
gelf-dual, it is possible to identify H, and H; by the
canonical correspondence between the element
u € H, and the functional v — (u, v),. It is con-
venient not to do this, but to identify a locally
integrable function f(z) to the functional » —
I f*(x)v(x)dz. Hilbert spaces of generalized functions
are discussed by Lax,* Gel’fand and Vilenkin,® and
Berezanskii® where further references can be found.

The properties of the elements of H, follow easily
from properties of H,. The space 8’ of tempered
distributions is contained in every H;(« > %). The
Fourier transformation is a unitary operator in H.
The space H ; contains all locally integrable functions
f(z) such that f(z) = O(exp (|z]'/*"°)) for some
¢ > 0. In particular, if £ < a < 1 then H; contains
all exponentials. By Fourier invariance, it also
contains all delta functions 8, with arbitrary complex
a; their definition is immediate since the testing
functions « € H.(3 < a < 1) are entire analytie.

(C) The family of Hilbert spaces H,, L®, H,
(3 < @ < =) forms a convenient framework in
various questions of mathematical physics (e.g,
in the study of nonnormalizable states and of the
propagators of field theory). Some of the applications
have been sketched in a previous paper’; others will
follow.

In actual calculations one mostly deals with
bounded operators between Hilbert spaces of the
family, and not with bounded operators in individual
spaces. Unbounded operators do not occur. Infor-
mation about norms of certain classes of operators
can be found in Secs. 3E, 4C, and 4D.

The families of Hilbert spaces considered in Sec. 4

O(jz|* exp (—|x["/*)) for

3 V Bar%na.nn Commun. Pure Apgl Math. 14, 187 (1961).
¢P. D. Lax: Commun. Pure Aj Math. 8, 615 (1955).
8 1. M. Gel’fand and N. Ya. Vi nkm Ref. 1, Vol. IV

(19:33 Sgu M. Berezanskii: Usp. Mat. Nauk 18 No.
* A. Grossmann: J. Math. Phys. 5, 1025 {1864).
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form what Gel’fand® calls an ‘osnashchennoe”
Hilbert space. A slight modification of this concept
is deseribed in Sec. 5.

This paper is self-contained in the sense that
the proofs are based on explicit calculations and on
the simplest properties of Hilbert space. There are
two exceptions: we use the concept of order of an
entire analytic function (see Ref. 8) and the ele-
mentary fact that the space S is complete.

2. THE NUMBERS (u, M.»)

To every function u & S one can associate an
increasing sequence of numbers (u, M,u). The
Hilbert spaces S(8) C 8—to be introduced in
Sec. 3A—are defined by restrictions on this sequence.
The study of the spaces S(3) is based on elementary
properties of the numbers (u, M,u), derived in this
section. The numbers (u, M u) are Fourier invariant
(Sec. 2B); they are related to the numbers

sup |z"D*ul

(Sec. 2C) and to the expansion coefficient of % in a
Hermite series (Sec. 2D).

A. Notations and Definitions

Let £ = {z,, --+ , z;} denote a point in R’, Write
D; = 8/3z; and p; = ¢ 'D;. As usual, 2" denotes a
monomial 23¢ and |m| stands for m, 4+ ---
+ my. The symbol (u, v) means [ w*(z)v(z)dz. The
space of infinitely differentiable functions u(z) such
that sup, |z"D"u(zx)] < « for all m, r, is denoted by
S. The Fourier transformation operator is defined,
in 8, by

P) = @0 [ & uz) da.

Forn =0,1,2, - -- define, in 8, an operator M, by

M,=1
M, = ,i_; @} + )
@.1)
M, = f_; @:Ma-s2: + DMa-ips)
Notice that, foru € S, u = 0,
(u, Mau) > 0. (2.2)

8 R. P. Boas, Entire Functions (Academic Press Inc., New

York, 1954), p. 8.
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If n = 0, this is obvious, If n > 0 it follows from
(u, M)

= dz [z, M, zu) + (pau, M, pu)] 2.3)

i=1

by complete induction. Actually this argument shows
that M, is the sum of (2d)" terms each of which is
positive definite.

B. Fourier Invariance
Theorem 2.1: For every u € S and every n
(u, M) = (Fu, M.Fu).

Proof: For n = 0, this is the Parseval equality.
For n > 0, use complete induction and the operator
equalities p.F = —Fz,, Fp, = z;F:

(FPu, M,Fu)

d
= E ((z:Fu, M, \z;,Fu) + (p.Fu, M,_.p.Fu)]

s=1

= E (Fpau, M, Fpu) + Fxu, M. Fzu)

i=1

a
= Z [(P.‘u, Mn—lpiu) + (ru, Mn—lx_-'u)] = (u; Mnu):

which proves the assertion.

C. Relationship between (u, M, u) and
sup |x™D*u|

Notice that here n denotes one integer while m
and k are d-tuples of integers.

The theorems below show that, for any given
u € 8, the sequence of numbers (u, M,u)! is not
drastically different from the (multiple) sequence
sup, |z"D*ul.

Theorem 2.2: Denote by s the integer s = [} d] + 1
and by C, the number

{ [ [1 + (ix)]—l dx}* @.4)

(s has been chosen so as to make C, finite). Then
sup |z"D*u(z)| < @) CL Wy M imya a1, w)
+ Wy Mimisizi4ay 'u,)]*

Cd =

2.5)
for every u € S.

Proof: For every u € S and for every z we have

@)l < @0 [ [ dy.

GROSSMANN

a 3
i=1 i

Furthermore, for every » & S and with r* =

[ 6@l dr = [ p@) @ + i+

< od{ [ b@F @+ dx}%

< Clle, Mo + M)} = C(Fy, (Mo + M)F)P.
So
sup lu(@)] < @r) ¥ Cillw, (M, + M.

From (2.3) and the positivity of (u, M,u) it follows
that (x.u, Mzu) < (u, M,.u) and (pu, Mpu) <
(u, M,.u). So

sup |zau)| < @r) ¥Cileu, (M, + M)z 4]
< @)Y 0w, M, + M, )w).

Repeated application of this inequality and of the
corresponding inequality for D.u gives (2.5).

Remark: It follows from (2.5) that
SuP }meku(x)l S 2}(2,"_)—}40‘1(“’ Mlml+lkl+n u)* (2'6)

since the numbers (v, M,u) increase with n (See
Sec. 2E).

An immediate consequence of Theorem 2.2 is

Theorem 2.3: Let u®’ (v = 1,2, -+ -) be a sequence
of elements of S such that, for every (fixed) n

lim (@, Mu) = 0.

)

Then the sequence 4’ converges to zero in the

topology of 8.
Estimates in the other direction are provided by

Theorem 2.4: Denote by |u],, the number
Julsa = 2 sup |2 DPu|
m,k

the sum being taken over all m, k such that |m| +
|k| < 2n. Let |ul, be the number

uls = [ o)) da.

Here u is any element of 8. Then: Given any ¢ > 0,
there exists a n, = n,(¢e) such that
(u, Mu) < n!' @2 + €)" [ulsa |ule

for all n > n,.

@.7)

Proof: One can commute in M, the operators z;
to the left and write

M, = 2 ci(m; k)z"D*.

m,k

2.8
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The coefficients c,(m; k) are different from zero
only if 0 < |m| + |k| < 2n and if |m| + |k| is even.
Because of (2.1), they satisfy the recursion relation

Crsa(m; k) = 21 {esm — 25 k) — ca(lm; kb — 2))

+ (ki + Dea(m — 155k 4 1)
— (m; + De(m + 15k — 1)} (2.9)

which start with ¢,(0; 0) = 1. Here 1, is the d-tuple
which has 1 at the 7th place and 0 elsewhere.

Denote by c, the largest of the numbers |c.(m; k)|
for given n. Then (2.9) gives

lc»+l(m; k)l S d;l {20,‘ + (k. + 1)0,. + (mi + l)cn}

= (4d + k| + |m|).
< (@4d + 2n), = 20(1 + 4d@n) Yo,

so that, for sufficiently large n, ¢, < (2 + €)™l
Then

(w, M) = Y cu(m; k)(u, z"Du)

m.k

< X lealm; )] sup 2" DAul} [ futa)] de

m,k
proves the assertion.

Corollary: If u” & S fory = 1,2, --- and if
u‘"—01in 8, then, for every n, lim (u‘"’, M, u‘"’)=0.

D. Expressing (u, M,u) in terms of (u, h,)

It will now be shown that the numbers (u, M,u)
can be readily expressed in terms of the Fourier
coefficients of u with respect to Hermite functions.

Let

- _‘% ry Y .
E’ 2 (xl + ’l’pl) (]’ =~ 1’ 2, .
n = 27z — p;)-
The definition (2.1) becomes

.. ,d)

M, = 21 EM poyn; + 0 M E). (2.10)

Denote by h, the Hermite functions
he = (k)7 R,

d
=77 T @) exp (—3eDH..(z)

t=1

d
hy = x ¥ €Xp (—é E 12%) ’
iml

where the H,,(x;) are Hermite polynomials.

Notice that
hyy MJR,) =0 i k # m. (2.11)

For n = 0, this is the orthogonality property of

Hermite functions. For arbitrary =, (2.11) follows

from (2.10) by the definition of k; and by induction.
Denote by a(n; k) the number

a(n; k) = (hy, M hy). (2.12)

Theorem 2.5: For every v & 8 and for every =,
(, M) = X an; k) ((he, w)]’. (2.13)

k

Proof: Notice that v =
Egs. (2.11) and (2.12).

Z), hk(hk, u) a:nd use

E. Estimates of a(n; &)
It follows from (2.12) and (2.10) that

a(0; k) =1 for every Kk, (2.14)
that a(n; k) depends only on |k| and that
aln; k) = @ + |kDa(n — 1; |k| + 1)
+ [kl a(n — 1; k] — 1), (2 D). (2.15)

The recursion relations (2.15) give the estimates
@+ |kDn L aln; k) < 2°Gd + [B])a.  (2.16)

Here

©n=clc+1--c+n—1)=T(+ n)/T().

3. THE HILBERT SPACES S(§) AND S(§)

To every sequence {8} = {8, Bs, + + -} of positive
numbers one can associate a Hilbert space S(8) C S
defined by (3.1). The elements of this space play
the role of testing functions. If the numbers 8, do
not decrease sufficiently fast, then the space S(8)
consists of the element v = 0 only. If the numbers
B. satisfy the condition (3.4), then S(8) is infinite-
dimensional. The natural embedding of S(8) into
into L® is an operator of trace class. The polar
decomposition of this operator allows a simple
construction of the space S(B) D 8 of generalized
functions (Sec. 3F); S(8) is also a Hilbert space.
The properties of elements of S(8) and S(8) are
studied in Secs. 3C, 3D, and 3F. The Fourier trans-
formation is a unitary operator in S(8) and in S(f).
The multiplication by certain entire analytic func-
tions defines bounded linear transformations between
spaces S(8) (Sec. 3E).

The spaces S(8) and S(B) may be called Hilbert
spaces by type S.
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A. Definitions
The space S(8) can be defined either by the

condition (3.1) on (uw, M,u) or by the condition
(3.3) on (R, u).

Definition: Let {8} = {Bo, B, *+* , B, -+ -} be a

sequence of positive numbers. Denote by S(8) the
set of all v & S which are such that

2 Balu, Myu) < .
n=0

Since (u, M, u) > 0foru € S, u = 0 (See Sec. 2A),
it is clear that S(8) is a pre-Hilbert space (i.e., a space
with scalar product but not necessarily complete).

Another characterization of S(8) is given by

3.1)

Theorem 8.1: Define a (multiple) sequence of
numbers A, (0 < M\ < «) by

AT = 2 Baaln; k),

n=0

(3.2)

where the a(n; k) are given by (2.12) [or, equiv-
alently, by (2.14) and (2.15)]. Then S(8) consists
exactly of the 4 & 8 for which

21 WP AT < o 3.3)

Proof: The assertion is an immediate consequence
of Theorem 2.5.

B. Nontriviality and Completeness

If the numbers B, decrease sufficiently rapidly,
then S(B) is an infinite-dimensional Hilbert space
(Theorem 3.2). If the numbers 8, decrease too slowly,
then S(B) consists of the element v = 0 only (Theo-
rem 3.3). S(B) is a Hilbert space.

Theorem 8.2: Assume that the sequence {8} is
such that, for every k,

NP= 2 Bans k) < w, 3.4)
i.e., that X\, ¢ 0 for all k. Then S(B) is a separable
infinite-dimensional Hilbert space with the scalar
product

@, 0 = 20 Bult, Mat) = 22 (w, NP (ha, ). (3.5)

The elements A form an orthonormal basis of

S().

Proof: The condition (3.4) insures that the scalar
product (he, h;) is defined and equal to A;*8:;. So
S(B) is infinite dimensional and the functions Ak,
are orthonormal in S(8). It remains to be shown that
S(8) is complete with respect to the norm || ||z de-
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fined by (3.5). If u € 8(8), then the sequence of
numbers ¢, = \;*(u, u) belongs to I’ (i.e., satisfies
2o leu* < @), and lulls = {le||**”. The complete-
ness of S(B) will be proved if we show that, for every
¢ € 1®, there exists a 4 & S(8) such that v =
2,, M@k This means: we have to prove that the
series Y : \ouhy converges in S(6).

Consider the partial sums
Z )\)A"hhh

1klsN

N
s =

They belong to S(8) and form a Cauchy sequence in
8(8), since

Ny __ R giay 2
[ls $ [lg = l;\, lee|*. (3.6)
Notice that
(ul u)ﬂ ..>_ ﬂu(u: Mnu)- (3.7)

By Theorem 2.3, then, the elements s form a
Cauchy sequence in S. Since S is complete, there
exists an element

u, = lim s{”

N-o

the limit being taken in the topology of 8. From the
construction of u, it follows that (h;, u,) = Mg for
every k. Consequently

(um up)ﬂ = ; (um hk)kzz(hh u¢) = Zk: "Pkl2

which shows that u, € 8(8) and completes the proof
of Theorem 3.2.

Theorem 3.3: Let B, be a sequence of positive
numbers such that, for every k,

Z 6,,0(71; k) = 4w

€8,

3.8)

Then S(8) consists of the single element w = 0.

Proof: If w € 8 and « # 0, then there exists at
least one k such that (h:, u) # 0. It follows then
from (2.13) that (u, M.u) > a(n; k) |(k, w)]* for
every n. Consequently

(u, u)s = z..: B.(u, M. u)
> [(hk, u)'z ;ﬁ,‘a(n; k) =

which shows that u does not belong to S(8).

Theorem 8.3a: If S(B) is infinite dimensional, then
(3.4) holds for all k. '

Proof: The numbers a(n; k) increase with |k|.
Consequently, if (3.4) fails to hold for some ¥, it

3.9)
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also fails to hold for all ¥’ such that |k'| > |k|, and
S(B) is finite dimensional.

From now on it will be assumed—unless the
contrary is stated—that S(g) is infinite dimensional,
8o that (3.4) holds for all k.

C. Behavior of sup, |x™D"u|
By the results of Sec. 2C, restrictions on the

sequence (u, M,u) entail restrictions on the sequence
sup |z"D*ul.

Theorem 3.4: If w & 8(B), then, for every m, k
sup |z"D'u] < 222r)¥C; |[ulls 8714 1n1ess  (3.10)

where s = [}d] 4+ 1 and C, is given by (2.4).
Proof: The assertion follows from (2.6) and (3.7).
Theorem 3.5: Let u & 8. Define |ul,, as

>

tml+|k|i<2n

[t)sn = sup |z"D*ul.

If the series

Zn! (2 + 5)” |u|2n ﬂn (3.11)

converges for some ¢ > 0, then u & S(B).

Proof: This theorem is an immediate consequence
of (2.7).

D. Condition for Analyticity of u € S(8)

Sufficiently stringent conditions on the sequence
sup |D*u| give analyticity of u.

Theorem 3.6: Assume that the sequence {g)}
defining S(8) is such that, for sufficiently large n,
and some ¢ > 0,

B > n 0", (3.12)

This means that

lim sup (2n logn)™* log 8;") = a < 1. (3.13)
Then every u(z) €& S(8) can be analytically con-
tinued to a function u(x + 4y) = wu(z) which is
entire analytic of order p < (1 — &)™ in every one
of its arguments.

Proof: Notice that, by (3.10)
|D*u(z)] < Cu8id .. (3.14)

for every z and every k. In order to show that u is
entire analytic, use (3.14) and the Taylor formula
with remainder. In order to estimate the order of %,
use the formula

p = limsup 10" log k (3.15)

g (1/|ax))

for the order of the entire function u(z) = 2, a:*.

Remark: It will be seen that (3.12) is compatible
with (3.4) so that there exist infinite-dimensional
spaces S(8) consisting of entire analytic functions.

Remark: If w € S(8) then the complex conjugate
u*(x) also belongs to S(8), since (u*, Mu*) =
(u, Mu). If 4 has the analytic continuation u(2),
then u* has the analytic continuation u*(z¥).

E. Entire Functions as Multipliers

In applications one often considers simultaneously
several Hilbert spaces of type S. It is then important
to know whether an operator (e.g., a differentiation
operator or the multiplication operator by a func-
tion) is a bounded transformation from one Hilbert
space into the other. A criterion for this will now be
given.

Let {8} and {8’} be two sequences that both
satisfy (3.4) so that the Hilbert spaces S(3) and
S(B’) are both infinite dimensional.

Let B(z) = B(x + iy) = >, B:2" be an entire
analytic function of z = {z,, -+ , z;}. Assume that
the numbers B, satisfy the condition

@

[z m (2

n=0 Bn+ 23

)i]z =N < ». (3.16)

Theorem 3.7: If the above conditions are satisfied
then

(a) For every u € S(8) the product B(x)u(x)
belongs to S(8").

(b) The bound norm of the mapping u(z) —
B(x)u(x) of S(8) into S(8") does not exceed the
number N defined by (3.16).

(¢) The order of the function B(z) (in any one of
its d complex arguments) does not exceed 2.

Remark: In the statement of Theorem 3.7, the
multiplication operator B(x) can be replaced by a
differentiation operator B(D). This follows from the
fact that D = ¢F '2F and that the Fourier trans-
formation F is a unitary operator in S(8). (See
Sec. 3G).

Proof: Lemma 1: The numbers B, satisfy
; lBkI (lk!l)i < @,

Proof of Lemma 1: The estimates (2.16) show
that n! < a(n; k) for all n and k. Consequently
Z,. B! < Y. B.aln; k) < . This means that

6 = v, with (v} € 6.

(3.17)

So
Bt > (Y)Y,



60 ALEXANDER

where v,.. is the largest of the numbers v,. Con-
sequently

Ek: Bel B2 1s1 2 (ranaa) ™" Zk: |B.| [(n + [k1. (3.18)

By the assumption (3.16), the series on the lhs of
(3.18) is convergent. So

;Bk (k1D < ‘k[,Bk[(n + k)P < »  qed.

The assertion (¢) follows from the lemmsa by
(3.15).

In order to prove (b) and (a), denote by s,(r =
1, 2, - --) the partial sums

r

s, = 2. Bua'u(x).
lkT=0

Introduce the notation

In;v) = (v, M)} v eES.
By the results of Sec. 2A, we have

Itn; W) = I\ I(n;v) (\ arbitrary)
In;v, + ;) < Inj0,) + Iln;v,)
I(n; 2%) < Itn + [k[; ).
Lemma 2: For every fixed n and for every fixed

u & 8(B), the functions I(n; s,) form a Cauchy
sequence with respect to the norm I(n; s,).

Proof of Lemma 2: Notice that v € S(8) means
I(n; u) = B ¥, with {5,} €1®. So
Z kaku>
{k|=me

r+aq

Z lBkl B;'?'Iklnn-i-lkl
lk|=r

Im;s,4q — 8,) = I(n;

r+q

2 1B I(n + [k|;0) =

[k|=r
r+q
< ez I; Bl Bt
-

By the assumption (3.16), the series »_; |Bi|8:2, is
convergent. So the rhs of (3.19) can be made arbi-
trarily small by the choice of sufficiently large r.
This proves the lemma.

IA

(3.19)

By Theorem 2.3, it follows that the partial sums
s, converge, in 8, to an element of S. This element
is B(x)u(x) since lim s,(z) = B(x)u(x) for every .

We have now to show that Bu &€ S(8’) and find a
bound on its norm. For every n,

I(n; Bu) = lim I(n;s,)

roo

< Zk: |Bil Itn + [k|;u) < ; 1Bul B2 i1t 121
L [ Dmas 5;7: Bl Bodini [ = B (n;w); {n} € I™1.
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So
(B:c)iI(n;Bu) S Inmaxl kE lBk[ (ﬂr’»)*(ﬂuﬁ-lkl)—*
and

[1Bully: = 22 6iI°(r; Bu) < lnmae” 22 (20 1Bl (B}
X (Bn-l-lkl)—i)z = N2 |77mn.x|2 g N2 Hu”:

since
[Mmasl® < 20 [mal® = 22 BIn;u) = |[[ulf5.
This completes the proof of the theorem.

A straightforward consequence of Theorem 3.7
concerns the inclusion relations between the various
spaces S(8) and is obtained by setting B(z) = 1
(i.e., Bg = 61,0). It is

Theorem 8.8: Let {8} and {8’} be such that
© Ao
E @'- = N? < o,

n=0 Mn

Then S(8) < 8(8’). The bound norm of the natural
embedding of S(8) into S(8") does not exceed N.

(3.20)

F. The Space S()

The Hilbert space S(B) is, roughly speaking, the
space of distributions corresponding to the space
S(B) of testing functions.

Since S(B) is a Hilbert space, it is dual to itself.
This means that there exists a ecanonical one-to-one
correspondence between the elements « € S(8) and
the continuous linear functionals

v & S(B). 3.21)
The element % can be identified with the functional
(3.21).

It is often more convenient to identify u with the
functional

v— (u’: 1)),9;

v — f u*(xw(x) de,

which involves the scalar product in the Hilbert
space L® D 8(8) If this is done, then arbitrary
continuous linear functionals on S({8) form a Hilbert
space S(B) DO L™ which will be studied in the
present section.

Denote by E, the natural embedding operator
of 8(8) into L'*, i.e., the operator which to every
u & S(B) associates the same u, considered as an
element of L®,

Let (E,5)3 be the adjoint of E 4, i.e., the mapping
from L into S(G) defined by

(u! (Eoﬁ)skof)ﬂ = (Eoﬁu, f)
for every u € S(8) and every f & L®.

(3.22)

(3.23)
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Denote by L the positive definite operator
L = [ExEB.t] (3.24)

Definition: Let S(8) denote the completion of L
with respect to the norm defined by the secalar
product

¢, 9s = L2F, Ldg). (3.25)

Denote by Ej, the natural embedding of L
into S(B).

Theorem 3.9: (a) The operator L (acting in
L®) is given by
L®g = 3 (b, 9), (3.26)
k

where the numbers ), are defined by (3.2) and where
the h, form the orthonormal basis of L*® defined in
Sec. 2D. (b) The polar decomposition (i.e., the
decomposition into an isometric factor and a positive
semidefinite factor) of E,s is

Ep = L&U 4, (3.27)

where the unitary operator U, transforms the
orthonormal basis {A\h:} of S(8) into the ortho-
normal basis {h:} of L®. (c) The polar decomposi-
tion of Ej, is

E;, = UsL?, (3.28)

where the unitary operator Uz, transforms the
orthonormal basis {h:} of L® into the orthonormal
basis A;'h: of S(B).

The assertions of Theorem 3.9 are special cases of
known elementary results and need not be proved
here.

Theorem 8.10: The natural embeddings F, and
Ej3, are of trace class.

Proof: It is sufficient to prove that Zk A < o,
By (2.16),

M2 > D B.d + [k > Baold + [K])ay > B K™

for every n,. Consequently
M < Bad [k (3.29)

The choice of a sufficiently large n, gives the asser-
tion.

Remark: The above proof shows that Z,, M< o
for every v > 0.

Remark: The fact that E,4 is of trace class allows
the application of known results®'®
eigenvalue expansions,

on generalized

The bilinear functional to be defined now cor-
responds to the value that a distribution takes on a
testing function.

Definition: Let f € S(8) and v & S(B8). Define
the number (f | w) = (u | f)* by

(f I u) = (U,,E f’ U,,pu), (330)

where U,z = (Uz)% = (Us)7; and the unitary
operators U,z and Uj, are described in Theorem 3.9.

Notice that the scalar product on the rhs of (3.30)
isin L®.

From the definition (3.30) it follows immediately
that |(f | w)| < [Iflls llulls, that {f | u) = O for all
u & S(B8) entails f = 0, and that {f | «) = 0 for all
f & S(B) entails u = 0.

The bilinear form (3.30) is in a sense an extension
of the scalar product in L. This is shown by

Theorem 3.11: If f € L C S(B) then for every

u e 88, .
1w = [ Feue) d. (3.31)
Proof: The assumption means that f € S(B) is in

the range of the natural embedding operator Ej,.
Write f = Ejz,fo. Then

(f I u) = (UoEEﬁofO) Uoﬁu) = (UﬂﬁUﬁoLg)fm Uoﬁu)
= (Lo, CDY Bo) = (o, Bo) = [ 1) do

which proves the theorem.

The element f & S(B) will be identified with the
linear functional 4 — {f | u) on S(B8). As usual, the
identification correspondence is antilinear.

Theorem 3.12: The space 8’ of tempered distri-
butions is contained in S(8).

Proof: Let u — l(u) be any element of §’. Con-
sider the restriction of I to S(8) C 8. Since S(8) is
dense in S (it contains all finite linear combinations
of h,), the restriction of ! to S(8) determines I
completely. Let {u,} be a sequence of elements of
8(B) such that ||u,||s — 0. Then, by (3.10), , — 0
in S and I(u,) — 0. This means that I(u) is a con-
tinuous linear functional over S(8). Consequently
there exists a v, & S(B8) such that I(u) = (v;, u)s.
Then the element f = U U,w, where f € S(B)
satisfies (f | w) = l(u) q.e.d.

Remark: It can be shown that the natural embed-
ding of S’ into S(B) is continuous.

Some locally integrable functions belong to S(B).
This is shown by
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Theorem 3.13: Let f(z) be locally integrable with
respect to the Lebesgue measure. Assume that there
exists a constant C, such that, for every v € S(8),

| f @) de

Then there exists one and only one f € S(ﬁ) such
that

<C il (3:32)

d1w = [ ren@ . 633

Proof: By the assumption (3.32), the corres-
pondence u — [ f*udx is a continuous linear func-
tional on S(B8). The proof proceeds as that of Theo-
rem 3.12.

G. Fourier Invariance

By Theorem 2.1 and the definition of S(B8), the
Fourier transformation F is a unitary operator in

S(8).

Definition: The Fourier transformation F is de-
fined in S(8) by

(Ff | Fuy = {f | w);
for every u & 8(8).

Theorem 3.14: The Fourier transformation is a
unitary operator in S(B).

Proof: It was seen above that Ughy = (Uog)plhs =
)\khk and that Uﬁ,hk = )\;lhk. Because Of Fh); = 'i-khk,
the unitary operators Uj, and U,s commute with F.
So

(Ff, Fg)s = (UpU.Ff, UpU.Fg)s
= (FUﬁoUnﬁfy FUﬂanﬁg)ﬁ
= (UsUosf, UpUopg)s = (f, 9)5 q.ed.

H. Estimates of the Numbers 2,

In the study of relationships between various
spaces of type S it is often useful to know the asymp-
totic behavior of the numbers A, as |k] — .

Notice that a(n; k) is a polynomial in « = |k|.
[See (2.15).] Consequently A;? is an entire function
of .

feES@ 639

Theorem 3.16: Assume that the sequence 8, is
such that the function Y., {"8, is entire analytic
(in ¢) of order p < 1.

Then the function

gix) = \* = ; Bualn; k);  « = k|  (3.35)

is entire analytic of the same order p.
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Proof: By (2.16),

3@+ 08 < 060 S X 2Gd + 0,

= Z_; Br3d + K)a
with g, = 2"8,. The assertion of the theorem follows
from the '

Lemma: Let v, be a sequence of positive numbers
such that D, v.{" = f(¢) is entire analytic of order
p < 1. Then f,() = 2. v.(¢). is also entire analytic
of order p.

Proof of the lemma: Denote by p, the order of f,.
Clearly p, > p (since f, = 2. v."and v, > 7.). In
order to prove that p; < p we shall show that f, is
majorized, on the positive real axis (which is the
direction of fastest growth of all the functions that
appear in this lemma) by a function of order p.
Namely

f1() = ; Ya(E)n < ; va(¢ + n)*
= i ivnr‘n""(?}) = i i: PR i o

n=0 s=0 n=0 s=0
By the assumption on f, the numbers 2%, satisfy
2. < n~™ for every n such that n < p~' and for
sufficiently large n. Chose # > 1. Then

£1(6) < const + 3o ¢ o n I

=0 n=g

= const + i at', (3.36)

where

©

a, = Z n—(v—l)un—c — s—fn(l + .. .) S 25"
for sufficiently large s. This shows that the series on
the rhs of (3.36) defines a function of order < p and
completes the proof of the theorem.

4. FAMILIES OF HILBERT SPACES H(a; 4)

A Hilbert space H(a; A) is a space S(8) cor-
responding to the special choice (4.1) of the sequence
{B.}. Results about H(a; A) are obtained by speciali-
zation or by sharpening of results about arbitrary
spaces S(8) (Secs. 4A-4D). The family of all spaces
H(e; A) and H(a; A) is totally ordered with respect
to inclusion. It decomposes naturally into three
subfamilies, denoted by 3¢*, 3, and 3¢, re-
spectively. The properties and applications of each
of these are shortly discussed in Secs. 4E and 4F.
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A. Definition and Dimension of H(«; A)

Let o and A be positive numbers. Denote by
H(o; A) the Hilbert space S(8) with

Bu = [A"T(em)]™ . “.1)

That is: H(a; A) consists of the functions u € 8§
such that

(u, Wa = Z (u, Mnu)A_%F—z(om)

= 3 0 BN, w) < ©  (4.2)

The numbers A;? are given by (3.2) which becomes
M= D ATT Ham)aln; k) 4.3)

where the numbers a(n; k) are defined by (2.12).

Theorem 3.8 shows that H(e’; A’) C H{(a'"; A")
o <a”orif o/ =a, A" < A”. This makes it
convenient to order lexicographically the set of
pairs {a; A}. So {a’; 4’} < {a’'; A"} means that
either &/ < o’ or e’ = o and 4’ < A".

Theorems 3.2 and 3.3 may be used to study the
dimension of the spaces H(«; A).

Theorem 4.1: If {a; A} < {%; 27} then H(a; A)
contains only the element v = 0. If {a; 4} >
{1; (8e)}} then H(a; A) is an infinite-dimensional
Hilbert space in which the functions 4. (x) form an
orthonormal basis.

Proof: By Theorems 3.2 and 3.3, one needs only to
investigate the convergence of the series (4.3). The
first inequality (2.16) shows that a(n; k) > n! for all
n and all k. The second inequality (2.16) gives
a(n; k) < (4n)" for n > 3d + |k| + 1. These esti-
mates and the Stirling formula allow a straight-
forward study of (4.3) which yields the assertion.

Remark: The above theorem does not say anything
about the case a = %, 27} < 4 < (8¢)}, which can
be studied with the help of sharper estimates.

B. Properties of u € H(a; 4)

Theorem® 4.2: There exists a constant Cla; A)
such that, for every « and for every u & H(a; A),

’u(x)! < Cla; 4) Hu”a (@ - -~ xd)léduz
d
X exp (._A—l/ad—l > ixil1/a>' @.4)
=1

Proof: Consider the inequality (3.10) with k = 0

andm = {m,;,0 --- 0}. It is
2™ u| < cTlam, + as)A™ ||ul]a
=0Gd+1. 5

The same letter ¢ will denote various constants. It is
convenient to replace m, by m, 4+ Am, where
|am,] £ % and where m, is no longer required to be
an integer. Write &, = |z,|/A¢¢ = 1, --- , d) and
u = a(m, + s+ 3). Then (4.5) becomes |27 **™yu| <
eA™ T(am, -+ as + %a) |lull. or

lu] < et () [ful]..
By Stirling’s formula,

log (7" “T'(w)) < const + x{u),

where x(u) = u (logp — o' log £ — 1). Now g will
be chosen so as to give x(u) its minimum value.
The condition x’(u) = 0 gives u, = £/* and x(go) =
— £/, Substitution into (4.6) gives

lu(@)] < ¢ laal* exp (= A7V i) lulle.  4.7)

The assertion (4.4) follows; replace z, by z;
(i =1, ---,d), take the product of the d inequalities
s0 obtained and extract the dth root.

The results of See. 3H can be used to display
functions that belong to certain of the spaces H (a; A)
and not to others. Notice that the function
Yo AT (an){" is of order (22)”. By Theorem
3.15 we have

A = O(exp ([k['***%) 4.8)

for every positive ¢ and no negative e. For any p
such that 0 < g < 1 let u,(z) be the function

u,(z) = }k: exp (— [k]")h(x).
Then (u,, )« = 2. exp (—2 |k[")A;% and so (4.8)
gives

Theorem 4.3: If « > (2p)™* then u, € H(a; A).
If o < (2u)”" then u, ¢ H(a; A). Here A is arbitrary.

(4.6)

4.9)

Another consequence of (4.8) is

Theorem 4.4: If &’ > «, then the natural embed-
ding of H(a; A) into H(a'; A”) is of trace class. Here
A and A’ are arbitrary.

Actually a stronger result holds: The eigenvalues
of (the positive definite part in the polar decomposi-
tion of) the natural embedding operator not only
have a finite sum but they behave, roughly speaking,
as

exp (— [k["** + [k]"**) ~ exp (—[k[**).
C. The Spaces H(a; 4) '

Denote by H(a; A) the space S(8) corresponding
to S(8) = H(a; A). It is a Hilbert space. An ortho-
normal basis of H(a; A) consists of the functions
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A 'k where N, = {D., AT *(an)a(n; k)} ™% The
Fourier transformation is a unitary operator in
H(z; A). If {o’; A’} > {a; A} (See Sec. 4A), then
H(@'; A" € H(a; A). It is convenient to write
then, by convention, {a'; A’} < {a; 4}.

The results of Secs. 4B and 3F show that functions
(respectively kernels) which are locally integrable
and which do not increase too fast at infinity, belong
to (Ha; A) [respectively define a bounded operator
from H(a; A) into H(&; 4)).

For typographical convenience, write

Ela; A;2) = (2, -+ z)*?

d
X ex_p (___A—l/ud-rl Z 'x‘ll/a>.

im]

(4.10)

Then (4.4) becomes
lu(@)| < Cla; A)E(e; A; 2) |ulla
for every u € H(a; A).

Theorem 4.6a: Let f(x) be measurable (with respect
to the Lebesgue measure) and such that

I, = f [fx)| E@; A;2) de < =,  (4.11)

Then f € H(&; A) and ||f||s < Cla; A)I,.

Theorem 4.6b: Let B(z; z’) be measurable and
such that

Ip =f E(a; 4; x)B(z; z")

X E@; A’;2')dzdr’ < . (4.12)

Then u(z) — [ B(z; 2")u (z")dz’ is a bounded operator
from H(o'; A’) into H(a; A). Its bound norm does
not exceed C(a; AYC(a'; AN 5.

Theorem 4.5c: Let G(z) be measurable and such
that G(z)E(a; A; z) belongs to L®. Then u(z) —
G(x)u(z) is a bounded operator from H(a; A) into
L®, Tts bound norm does not exceed C(a; A) times
the L® norm of G(2)E(x; A; z).

The proofs are straightforward and will be left
to the reader.

D. Entire Functions as Multipliers

The results of Secs. 3E and 3F can easily be
specialized to the case of the spaces H(a; A). An
additional result is given by Theorem 4.8.

Theorem 3.7 gives

Theorem 4.7: Let B(z) = 2 .B:2* be entire ana-
lytic of order p < 2. (Here z = z + ty). Let {a; A}
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and {a'; A’} be such that

z (§) ren

n

X [; IBJA™'Tem + o BN =N’ < . (4.9)

Then u(z) — B(x)u(z) is a bounded operator from
H(a; A) into H(a'; A’). Its bound norm does not
exceed the number N defined by (4.9).

The remark before Theorem 3.7 shows that B(z)
can be replaced by a differentiation operator B(D).

In particular:

If {a’; A’} > {a; A} then the bound norm of the
natural embedding of H(a; A) into H(a'; A") does
not exceed the number

N = {3 (4/A)[Ten)/T@n)]}}.  (4.10)
If B(z) is a polynomial then v — Bu is a bounded
operator from H(a; A) into any H(a’; A’) such
that {o’; A’} > {a; A}.
Let B(z) be such that « — Bu is a bounded opera-
tor from H({a; A) into H(a'; A’). For every { &
H(&'; A’) define Bf € H(z; 4) by

(Bf {w) = {f | B*u) 4.11)

for every u € H(a; A). Here B*(x) is the complex
conjugate of B(x). Then f — Bf is a bounded operator
from H(&'; A’) into H (&; A). The bound norm of this
operator is the same as that of 4 — Bu. Statements
about (4.11) can be easily deduced from the cor-
responding statements about 4« — Bu and will be
mostly omitted.

It will now be shown that every analytic function
of order p < 2 defines a bounded operator between
some of the spaces H(a; A).

Theorem 4.8: If B(z) is an entire function of
order p < 2 (in every one of its arguments) and if
a < p7', then 4 — Bu is a bounded operator from
H(a; A) into any H(o'; A’) such that o’ > a.

Proof: For all k except a finite number of them
and for some ¢ > 0 we have
d
IB[;! S Hki—(¢+e)k:' S lkl-—(a-ﬁ-e)lkl'
g1
Notice that, by the definition of Euler’s beta func-
tion
I'(am + a [k|) = T(@n)I'(x [k|)/Blan; « [k()
< Ien)T(a |k|)a’n (k]| 2" ' + [k])™
so that
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Z lBkI Alkil‘(Otn + a |k|) < const + aan‘(an)z"‘l
k
® Z (e Ikl)Alklk—(n+t) kgl
k

which shows that (4.9) converges. This proves the
theorem.

E. The Family 7¢*

The spaces H(a; A) fall naturally into three
families corresponding to o < 1, @ = 1, and a > 1.

Definition: Denote by 3¢ the family consisting
of the Hilbert spaces H(e; 1)(3 < @ < 1), the space
L®, and the spaces H(a; )3 < a < 1).

In this section, the space H(a; 1)(} < a < 1) will
be denoted by H., and H(a; 1) by H,. It will be
shown that elements of H, have entire analytic
continuations, that they decrease fast on parallels
to the real “axis” and that 5" admits complex
translations.

Theorem 4.9: If w & H, then u(x) can be analyt-
ically continued to a function u(z) = u(x + 7y)
which is entire analytic (in every one of its argu-
ments) of order p < (1 — )™

Proof: This theorem follows from Theorem 3.6.

Because of analyticity and Fourier invariance,
complex translations of u & H, are easily studied.
Let a = {a, --- as} be arbitrary complex. Define
T.u by

(Taw)@) = u@ — a) = (F'e"*"Fu)(x),

where F is the operator of Fourier transformation
and ¢*** is the operator of multiplication by e™***.
Since the exponential function is of order 1, Theorem
4.8 shows that T,u € H,- for every ¢’ > o. In
particular, ¢ can be pure imaginary. This gives

Theorem 4.10: If w & H,, then u(x + 7y), con-
sidered in its dependence on z belongs to H,  for
every o’ > a and for every y.

By Theorem 4.2 this means, in particular, that
the analytic continuation of u & H decreases as
exp (— 2%, |z:/’*) on parallels to the real “axis.”

These properties of u & H , are useful in the study
of integrals of the form

[1on@a  wer), @
where f depends on a complex parameter {. They
allow deformations of the path of integration in
(4.11) and so facilitate the study of holomorphic
families of elements of H ;. Simple examples may be

found in Ref. 7. A fuller discussion will be published
elsewhere.

F. The Family 3¢

If « = 1, then the elements of H(1; A) are ana-
lytic in Cartesian product of strips.

Definition: Denote by 3¢’ the family consisting
of the Hilbert spaces H(1; 4)(0 < 4 < =), the
space L® and the spaces H(1; A).

Theorem 4.10: If w € H(1; A), then u(zx) can be
analytically continued to a function u(z) = u(x 4 2y)
which is holomorphie in the domain

ly;] < 471 =1, --,d). (4.12)
Proof: It follows from (3.10) that
|D*u(z)| < const |ju]]l. T(EDA"™  (4.13)

for every z, every k and every u € H(1; A). The
assertion is then obtained by examination of the
Taylor series of u.

Entire functions of order 1 and finite type are
multipliers between spaces of 5¢'*’. Many of the ex-
pressions previously introduced can be evaluated
in closed form for @« = 1. The resulting expressions
are not given here,

Another topic which will be treated in a later paper
is the family 5¢““’ corresponding to 1 < a < «. The
main feature there is that a support can be defined
for every f € H,.

5. NESTED HILBERT SPACES

Many of the above constructions can be set into
a general context with the help of the notion of
nested Hilbert space (see Infroduction). This is,
technically speaking, a special kind of inductive
limit of a family of Hilbert spaces (see Sec. 5¢). It
keeps many Hilbert space properties. For example,
the adjoint of an operator A acts on the same space
as A (Sec. 5F).

The results of this section are not used in the
preceding sections. For this reason the proofs are
omitted. They are simple and will be given elsewhere.

A. Notation
H; ---,H; --- are Hilbert spaces.
fi -+, gi -+ are elements of H,.

A;; is a linear operator from H, into H;.
(A:;)X is the adjoint of A;;, defined by

(9:) (4;)%1) = (Aiigs, 11). 6.1)
On the Ihs of (5.1) the scalar product is in H;;
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on the rhs it is in H;. There is no need to indicate
this by (, ); or (, ); since the subscripts are carried
by the elements and the operators,

B. Nesting Operators

An operator E;; from H, into H; will be called
a nesting operator if

(a) E;; is continuous and defined for all elements
of H m

(b) E;, is one-to-one.

(¢) The range of E;; is dense in H;.

If the range of E;, is not the whole of H; then E;,
will be called a proper nesting operator.

Theorem 6.1: A continuous linear operator from
H; into H; is a nesting operator if and only if, in the
polar decomposition

E;; = L;;)Uii (Li(? = [Eii(EH)?i]*

the operator L{}’ is injective (i.e., 1-to-1 into) and
the operator U;; is unitary (rather than only iso-
metric).

Theorem 6.2: The product of two nesting operators
18 a nesting operator. The adjoint of a nesting
operator is a nesting operator.

C. Nested Hilbert Space

A nested Hilbert space consists, roughly speaking,
of a totally ordered family of Hilbert spaces together
with nesting operators that identify elements of
these spaces. In Secs. 3 and 4, these nesting operators
were the natural embeddings. One of the spaces, de-
noted by H,, has a distinguished role; in Secs. 3 and 4
this was L™®. The other spaces come in pairs that
are dual to each other in the sense of Sec. 3F.

Let I be a totally ordered set, with an order-
reversing involution ¢ < 7.

Assume that there exists an element o € I such
that & = o.

For every i & I, let H, be a Hilbert space. For all
pairs %, § € I such that 7 > j (in the sense of the
order in I), let E.; be a nesting operator from H,
into H;. Assume

Ei,‘Eik = E-’Ie ('L > j > k). (52)

For every ¢ € I, define E;; as the identity in H,.

Assume that, for every ¢ < o, the operators E,;
and E,, are related by

Eot’(Eol' Y= (E{O)flE{o- (53

In the union \U.er H, define an equivalence
relation = by:
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f: = f; means: There exists a k£ such that &k > 7,
k > jand that Eh'f,' = E}”'f,'.

Denote by H; the set of classes so obtained and by
f, 9, - elements of H,. If f; €& H; belongs to the
class f, then {, is called a representative of f.

Definition: H; is called a nested Hilbert space.
For every ¢ € I there exists the canonical embed-
ding E;; of H; into H;. If 7 > jthen E;.H; 2 E;H;.
If f € H; denote by J(f) & I the set of alls & T
such that f has a representative f, in H,. That is:

JO) = {i:f € E,H;}.

D. The Numbers (f | g)

For every i < o, define U ,; as the unitary operator
appearing in the polar decomposition of E,;:

Eoc’ = Lg:) Uoi
(L5 = (BB, (6.4)

For every ¢ > o, define U,; as the unitary operator
appearing in the polar decomposition of (E.,)X:

(E.'o :‘.' = [(E.’o)::.'E;o]*Uoi = Li:)Uoi' (5-5)

The last equality follows from the assumption (5.3).
Given any ¢ € I, define U,, as U;, = (U,;) * and
Write U(.‘ = U“U,,'n

Definition: Let f and g be two elements of H,
such that J(f) N J(g) is nonempty. [Here J(g) is the
set of all 7 with j &€ J(g).] Chose an arbitrary €
J(f) N J(g) and define

{f ' 9) = (Usifi, Uaego).

Theorem 6.3: The number {f | g) does not depend
on the choice of ¢ € J(f) M J(g). It is linear in g,
antilinear in f. It satisfies {f | ) = {g | H*.

E. Operators in H,

An operator in H; is defined so that its domain is
not arbitrary but is a union of the Hilbert spaces
H,; that determine H,. Furthermore, the image of
every H; must be contained in some H;. These
conditions are always satisfied in the applications.

Preliminary remark: Since the subspaces E;.H,
increase with 4, an arbitrary unjon U EpH, ("€
I, C I)is equal to a union \J E ,H; (¢t € D, D an
initial subset of I, i.e, a subset such that ¢ € D,
i < 7 entails § € D).

Definition: An operator A in H; is a linear trans-
formation such that
(a) Its domain D(A) C H; is of the form
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&(A) = UE“H( 3 (5.6)
where ¢ € D(4) and D(A) is a nonempty initial
subset of I.

(b) For every ¢ & D(A) there exists a j = j(7)
such that

AEH;, CE,H;. 5.7

The set J(¢; A) of § € I such that (5.7) holds is a
final subset of I. If ¢ € D(4) and if j € J(z; 4)
then A defines the linear transformation 4;; from
H; into H; by A;f; = (4f);. The operator 4;; is
called a representative of A. Notice that 4;; is de-
fined on the whole Hilbert space H;. In order to
avoid pathology, assume

(c) A;; is closed for every 1 €& D(A) and for
every j € J(1; A).

It follows then that A;; is bounded.

The study of A is equivalent to the study of the
collection A4;,(: € D(A), j € J(i; A)) of bounded
operators between Hilbert spaces.

Denote by R(4) C I the final subset

RA) = U JG; 4).

1ED(4)

F. The Adjoint

It is easy to verify that the operators in H; form a
vector space (i.e., that the sum of two operators and
the scalar multiples of an operator are, again,
operators in the sense of Sec. 5E). It will be shown
elsewhere that every operator in H; has an adjoint
which is also an operator in H;. This is to be con-
trasted with the case of continuous operators in more

general spaces (where the adjoint acts on the dual
space) and with the case of arbitrary operators
in Hilbert space (where the adjoint need not be
defined).

G. The Algebra @

The set of all operators in H; is not an algebra
since the product of two operators need not be
an operator in the sense of Sec. 5E.

Definition: An operator A in H; is said to belong
to @ if D(4) = R(4) = I.

Theorem: @ is an algebra with involution. If
A € @ and if C is any operator in H;, then AC and
CA are operators in H;; they need not belong to G.

Remark: Another algebra of operators consists of
all the operators in H; such that both D(4) and
R(4) contain the element o. This algebra is iso-
morhpic to the algebra of all bounded operators in
H,. It neither contains nor is contained in the alge-
bra @.

The reader may find it worth while to examine the
operators of Sec. 4 and to determine the sets D(4)
and R(4).
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A large class of continuous representations of separable Hilbert spaces is constructed with the
aid of representations of the canonical commutation relations (CCR) for a scalar boson field o(f)
and its canonical conjugate x(g). A representation of the CCR for a scalar boson field consists of
two operator-valued functions V[g] and W{f], defined for all f, g in Schwartz’s space § of real test
functions, where V[g] and W[f] are unitary operators defined on some separable Hilbert space 9,
and which satisfy the commutation relations V[g]W[f] = e~ *¢2)W[f]V[g]. These unitary operators
are related to the field and its momenta by Vgl = e~i=@, W[f] = e, We explicitly construct a
family of such representations with the help of von Neumann's theory of infinite direct products of
Hilbert spaces, the pertinent parts of which are reviewed. A continuous representation € of the
Hilbert space $ is composed of a linear vector space of complex, bounded, continuous functionals
defined on § X 8. These functionals are defined for all ¥ & © by ¥(f, 9) = (VIg)W[fl®o, ¥). In this
definition, &, is a fixed unit vector in §. The properties of the functions in € depend on the choice
of the representation of the CCR and on the choice of ®. When € is constructed with the aid of an
irreducible representation of the CCR, an inner product can be defined for all pairs of functionals
in € by an intuitively meaningful, rigorously defined integral in the sense of Friedrichs and Shapiro.
With this inner product, € is a complete Hilbert space congruent with $. As in all continuous repre-
sentations, a reproducing kernel exists and determines the functions in the continuous representation.
One such space is closely related to a space of analytic functionals introduced by Segal and Bargmann.
The representation of various operators as kernels and as functional derivatives is discussed. Finally,
the construction of a vast number of unitary invariants for a representation of the CCR is used to
establish the unitary inequivalence of uncountably many of the representations that we construct.
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1. INTRODUCTION

N the present paper we initiate a study of con-

tinuous representations of Hilbert space'™ for
scalar boson fields,* extending our previous analysis
of phase-space continuous representations for finitely
many degrees of freedom.® It is well known that a
field theory is in part more complicated than a
many-particle problem for two reasons, namely,
that a field has an infinite number of degrees of
freedom, and that in many actual applications the
representation of the operator algebra must be chosen
reducible.’** The first complication has as a con-
sequence the existence of infinitely many, inequiva-

1 J.I R. Klauder, J. Math. Phys. 4, 1055 (1963), referred
to as I.

2 J. R. Klauder, J. Math. Phys. 4, 1058 (1963).

3 J. R. Klauder, J. Math. Phys. 5, 177 (1964).

4 A preliminary account of this work appeared in J.
%\i[géiejnna and J. R. Klauder, Bull. Am. Phys. Soc. 9, 85

5 J. McKenna and J. R. Klauder, J. Math. Phys. 5, 878
( 192;1{)11{‘;%““ to as IV. References to this paper carry the
pre .

¢ K. O. Friedrichs, Mathematical Aspects of the Quantum
Theg;y of Fields (Interscience Publishers, Inc., New York,
1953).

7 R. Haag, Kgl. Danske Videnskab. Selskab, Mat. Fys.
Medd. 29, 12 (1955).

8 Analogous results hold for fermions as well: R. Haag,
Nuovo Cimento 25, 287 (1962); H. Ezawa, J. Math. Phys. 5,
1078 (1964).

9 H, Araki, J. Math. Phys, 1, 492 (1960).

10 H, Araki and E. J. Woods, J. Math. Phys. 4, 637 (1963).
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lent, irreducible representations of the canonical
commutation relations (CCR),*"°~'* which is in
striking contrast to the existence of only a single
irreducible representation for finitely many degrees
of freedom."® The second complication of fields makes
it mandatory that we analyze and be prepared to
employ representations other than just the standard
Fock representations. To this end this paper is
largely devoted to a rigorous construction of myriads
of inequivalent, irreducible representations of the
CCR together with their intimately associated
Hilbert spaces of bounded, continuous functions—
the continuous representations—on which the par-
ticular representation of the CCR is the natural,
regular representation. Vast numbers of reducible
representations of the CCR may, of course, be ob-
tained by direct sums or direct integrals of various
irreducible representations, but we do not primarily
concern ourselves with these questions here.

Operator properties for a scalar field are sum-
marized in the CCR, a proper statement of which is
mding and A. 8. Wightman, Proc. Nat. Acad. Sei.
40, 617 (1954); A. S. Wightman and 8. S. Schweber Phys.
Rev. 98, 812 (1955).

2T, E. Segal, Trans. Am. Math. Soc. 88, 12 (1958).

13 J. M. Cook, J. Math. Phys. 2, 33 (1961).

4 J. 8. Lew, thesis, Princeton University, 1960 (unpub-

lished).
15 J. von Neumann, Math. Ann. 104, 570 (1931).
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given in “Weyl form’’ in terms of unitary operators,
and which is defined as follows:'*'**

Definition 1.1. Let U be a countably infinite-
dimensional real linear vector space, called the
“test function space,” andlet f X g — (f, ¢),f, €V
be a nondegenerate, bilinear map of VU X U into R,
the field of real numbers. Let $ be a complex
Hilbert space, and G the group of all unitary trans-
formations of § onto itself, where the unit operator
is denoted by I. Then two maps, U % G, and 0 -5 g
are said to be a representation of the canonical
commutation relations if they satisfy:

Q) Wwll = wif + 1, wlol=1; 1.1
@) Viglvlgl = Vig+ ¢'1, V[0l =1; (1.2)
@) Vigwl] = e WIfIVigl; (1.3)

(4) For each fixed f, ¢ € U, the operators W][if]
and V[tg] are weakly continuous functions of ¢,
—o << @,

We later indicate that Condition (4) is sufficient to
guarantee the existence of self-adjoint, smeared
field operators ¢(f) and their canonical momenta
x(g) such that Vig] = ¢**, W[f] = ¢'*’. In a
sense to be made precise later, ¢(f) and 7 (g) satisfy
the familiar commutation relations [o(f), 7(g)] =
i(f, g)I. It should be noted that U[f, g] = V[g|WI[f]
gives a representation up to a factor of the additive
group of U X 0.

While the preceding definition is not the most
general, it is more than adequate for our purposes.
Indeed, we limit ourselves at the outset only to
representations defined on separable Hilbert spaces.
Furthermore, since it is conventionally assumed that
a scalar boson field describes a dynamical system
with countably many degrees of freedom, we shall
employ a countably-infinite direct product space as a
natural setting for rigorously defining representations
of such a field. Superficially these two goals appear
to be incompatible for if {$, : n & A}, where A is
some index set, is a set of separable, infinite-dimen-
sional, complex Hilbert spaces, the complete direct
product space (CDPS) [.ca ® 9. as defined by
von Neumann,' is not a separable space when A
has a countable infinity of elements. However,
as von Neumann has shown, the CDPS J,ex ® 9.
can be decomposed into an uncountable number of
separable, mutually orthogonal, closed subspaces.
These spaces are called incomplete direct product
spaces (IDPS), and the representations of the CCR

16 J. von Neumann, Composito Math. 6, 1 (1938).

we explicitly and rigorously construct in Sec. 2 are
defined on incomplete direct product spaces. Our
construction of the CCR on an IDPS is aided con-
siderably by the extensive investigation of such
Hilbert spaces by von Neumann. However, we are
under no illusion that such constructions provide an
adequate means to discuss all representations of
the CCR.

As a further specialization of the conditions of
Definition 1.1, we take our test function space U to
be the space of all real-valued functions of three real
variables f(x,, ., ;) = f(X), which are infinitely dif-
ferentiable and which decrease at infinity faster than
any inverse power of |x|. The mathematical proper-
ties of this space, usually denoted by 8, have been
studied by Schwartz,'” and the physical motives
involved in the choice of § as a test function space
for field theory have been discussed recently by
Wightman."®

The simultaneous study of large classes of repre-
sentations of the CCR’s and the Hilbert spaces in
which they operate is particularly convenient in the
continuous-representation formalism. It is our
purpose in Sec. 3 to rigorously define such spaces,
and to establish the intuitive and natural representa-
tion of the CCR that scalar-field continuous repre-
sentations provide, for the representations defined
in Sec. 2. A continuous representation € of the
IDPS $ is composed of a linear vector space of
complex-valued, bounded functionals defined on
§ X 8, which are defined for all ¥ & $ by

¥, 9) = (2lf, 9], ), (1.4)

wherein the vectors of the overcomplete family of
states (OFS) & which ‘“‘generates” the representa-
tion® are defined by

®[f, 9] = VigIWlfl® = Ul, g]®.  (1.5)

In (1.5), the ‘“fiducial vector” &, may be chosen as
one of a generally large class of unit vectors in §,
and the particular choice will have a certain influence
on the properties of €. For each such choice of &,,
every ¥(f, g) € € will be a continuous function on
§ X 8, if § is supplied with the usual locally convex
topology and 8 X § is supplied with the product
topology.

The particular representation of the CCR enters,
essentially, in two ways. Firstly, it is necessary that
the family of operators Ulf, ¢] be eyclic, i.e., that a
vector ®, exists such that the closed space spanned

17 L. Schwartz, Theorie des distributions (Hermann & Cie.,
Paris, 1957), Vol. II.

18 A, 8. Wightman, Theoretical Physics (International
Atomic Energy Agency, Vienna, 1963), pp. 11-58.
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by Ulf, g)®, for all f, g € 8, is O itself. This is a
relatively weak restriction, and is in fact realized in
all physical applications analyzed to date.®™® Sec-
ondly, the representation of V[g] and WIf] influences
the form of the inner product in €. Since $ X §,
considered as an additive group is not locally com-
pact, no Haar measure is known to exist. Thus one
cannot talk of the square integrability of the func-
tionals ¥(f, g) over the group in the conventional
sense. However, when an irreducible representation
is used, it is true that an integral and measure in the
sense of Friedrichs and Shapiro'® exist, i.e., an inte-
gral defined as the limit of a sequence of integrals.
It is in this extended sense that we employ the
terminology integral and measure. However, the
relevant limits by which they are defined will always
be carefully stated.

In particular, we shall establish that € is a separa-
ble, complete Hilbert space for which the inner
product (, ), is explicitly given by

W, N, = limf V¥, g Gy gan)
Now»

X du(fny, gan) = (¥, A), (1.6)
if € is defined with the aid of an irreducible repre-
sentation and if ¥(f, g) = (@[, ], ¥) and A(f, g) =
(®lf, g}, A) are arbitrary elements in €. In this

expression
du (.f(N); g(N)) = |]l:<IN (dpn dQn/ZW): (17)
f(N)(x> = I»IZ<N p,.h,,(X),' Pu = (hm f)’ (18)
g(N)(x) = lﬁgN qnhn(x); = (hm g); (19)
n = (n17n2;n3)1 n; 2 0,
t=1, 2, 3; ,n, =7y + 1, + 0, (1-10)
and
h,.(X) = hm(xl)hu.(x2)hm(x8) (1°11)

is a basis for § composed of Hermite functions. The
plausibility and intuitive meaning of (1.6) is straight-
forward. Since we are dealing only with continuous
functions ¢(f, ¢), it is clear that each function is com-
pletely determined by its values on a dense set. The
integral (1.6) is defined simply as the limit of a
sequence of integrals whose integrands are evaluated
on a dense set as NV becomes arbitrarily large, since
test functions of the form (1.8) and (1.9), for all
finite V, are dense in 8. Consequently, € is a com-
plete, separable Hilbert space composed of bounded,
continuous functionals of test functions ¥(f, g)
(and not of equivalence classes of functionals) with

¥ K. O. Friedrichs and H. N. Shapiro, Infegration of

Functionals,” Lecture Notes, New York University Institute
of Mathematieal Sciences, 1957, Chap. 1.

an inner product given by (1.6). We call € a con-
tinuous representation since it is also congruent,”
ie., isomorphic and isometric, with the original
Hilbert space.

A single space € by no means contains all bounded,
continuous functionals that are square integrable in
the sense of (1.6); in fact, uncountably many mu-
tually orthogonal continuous representations €
exist. As an example of one such space, we briefly
discuss in Sec. 3 the special continuous representa-
tion that is closely connected with the space of
analytic functionals studied by Segal®® and Barg-
mann,*

In every space € there exists a natural, canonical
representation of the operators Vig] and W1{j] satisfy-
ing Definition 1.1. In particular, the transformations
defined by

(Viglv{', 9) = ¥(f', 9" — 9), (1.12a)
WIAWY', ¢ =" — 1,9  (1.12b)

are unitary in the inner product (1.6) and fulfill the
Weyl relations (1.1)-(1.3). In fact U[f, ¢g] constructed
from (1.12) is just the regular representation up to a
factor of the additive group of § X 8. From this
point of view, different representations are not
distinguished by kow they act on a common set of
functions, but rather on which set of functions they
act, which in turn depends on the choice of the
fiducial vector ®,. Of course, a congruent map of one
space G’ onto a different space € always exists;
but under this map the image of the regular represen-
tation would no longer be given by (1.12). Thus the
two views of ‘“how” or “which” are completely
complementary, although there is some advantage
to be gained by a consistent use of the simple,
canonical form (1.12), particularly with a view
toward constructing reducible representations of the
CCR by direct sums or direct integrals.

While this paper is devoted to continuous repre-
sentations for a single scalar field, brief mention is
made of analogous representations pertaining to K
independent scalar fields. Not only do such multi-
field representations have their own intrinsic interest,
but they provide a rapid and simple method to
generate reducible representations of the single
field CCR by a process akin to that of Lie group
contraction.*

A, E. Taylor, Introduction to Functional Analysis
(John Wiley & Sons, Inc., New York, 1958). .

# I, E. Segal, Illinois J. Math. 6, 500 (1962); Mathematical
Problems of Relativistic Physics (American Mathematical
Society, Providence, Rhode Island, 1963), Chap. VI.

2 \; Bargmann, Proc. Nat. Acad. Sci. 48, 199 (1962).

2 B, Inénl and E. P. Wigner, Proc. Nat. Acad. Sci. 39,
510 (1953); E. J. Saletan, J. Math. Phys. 2, 1 (1961).
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The smeared field operators ¢(f) and =(g), whose
existence is ensured by Condition 4 of Definition 1.1,
are a common starting point for physical applica-
tions. Their representations, which Eq. (1.12) cor-
rectly implies may be expressed with the help of
smeared functional derivatives, are taken up in
Sec. 4.

Finally we discuss an important set of unitary
invariant ‘“tags” for a representation of the CCR
that frequently enables the inequivalence of two
representations of the CCR’s to be ascertained.
Furthermore, these tags may be completely derived
from the functions in the continuous representation.
In particular, we prove that the class of spaces and
their canonical transformations of the form (1.12)
which we rigorously define corresponds to uncount-
ably-many inequivalent representations of the CCR.
It is ultimately to be hoped that the simple func-
tional methods we advocate can be used to study
the inequivalence of representations of the CCR
by a generalization of the classical group orthogo-
nality relations.** Support for this hope is suggested
by the proof by Bargmann® of the von Neumann
uniqueness theorem for representations of the CCR
for finitely many degrees of freedom based simply
on the square integrability of the functions in €
for any fiducial vector, which we proved in Part IV.

Applications of a special continuous representation
have been made by Glauber®® and by Sudarshan®
in the analysis of the coherence properties of light.
Segal®* has used his closely associated space of
analytic functionals to study properties of free,
relativistic scalar boson fields. A broader applica-
tion of continuous representations to model field
theories with nontrivial interactions is currently
under study® extending the first named author’s
earlier dynamical studies for finitely many degrees
of freedom.*"®

2. DEFINITION OF IRREDUCIBLE SCALAR
FIELD REPRESENTATIONS

A. Discussion of Incomplete Direct Product Spaces

Since we have to make use of some of the detailed
properties of the IDPS, we outline its construction
and list a few of its properties here. For further
information we refer the reader to the cited paper of
von Neumann.'®

# L. Pontrjagin, Topological Groups (Princeton University
Press, Princeton, 1946), Chag. 1vV.

% V., Bargmann (to be published).

26 R. J. Glauber, Phys. Rev. Letters 10, 84 (1963); Phys.
Rev. 131, 2766 (1963).

7K, O G. Sudarshan, Phys. Rev. Letters 10, 277 (1963).

28 A preliminary report on part of this work appeared in
J. R. Klauder, Bull. Am. Phys. Soc. 9, 85 (1964).

Let A be an arbitrary index set, and to each
n & A assign the separable Hilbert space 9,.

Definition 2.1. A sequence of vectors {x,}, x» € D,
n € A, is called a ¢, sequence if and only if

Tl = 11 < o

To each ¢, sequence is assigned an element
Il.ca ® x., called a ¢, vector, with the norm

HH»EA ® XnH = HﬂEA ”Xu“‘

Definition 2.2. Two ¢, vectors are said to be equiv-
alent H,.EA R x, = HnEA X N, if and only if

El(Xn))\n)—ll < o,
nE€A
The inner product of two equivalent ¢, vectors is
(H ® Xn» II ® A) = II Otay M), 2.2)
n€A n€A nEA

while the inner product of two inequivalent ¢,
vectors is zero. (We use the convention that inner
products are linear in the second variable and con-
jugate linear in the first variable.)

2.1)

The set of all finite linear combinations of ¢,
vectors with complex coefficients forms a linear
vector space. The inner product defined for ¢, vectors
is extended by linearity so that this space becomes an
inner-product space. The closure of this space yields
the complete direct-product space, [[.ea ® $a.

The relation &~ is an equivalence relation which
decomposes the set of all ¢, vectors into mutually
disjoint equivalence classes. The equivalence class
of a given ¢, vector, [[.cs @ xa., is denoted by

E(HnEA ® Xn) .

Definition 2.3. The closed linear subspace of
I1.c2 ® $.which is spanned by all the ¢, sequences
in a given equivalence class E is called an incomplete
direct-product space and is denoted by

Hé@n.

n€A

If the power of the index set A is countably infinite,
II.c2a ® 9. is not a separable Hilbert space, but
each IDPS 4s a separable, infinite-dimensional
Hilbert space.

The following lemma provides a very useful,
alternative construction of a given IDPS.

Lemma 2.1. From a given equivalence class E
pick a ¢, vector, X = [J.ca @ xm |Ixal] = 1 for all
n & A. Then

E
II ® &.

nEA
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is the closed linear subspace of [[.ca ® ©,. which
is the closure of the set ®x of all finite linear combina-
tions of vectors, with complex coefficients, of the
form A = Jl.ca @ My, An € $., n € A, where
A = x. for all but a finite number of indices =.

Definition 2.4. We call the ¢, vector X = ILe 2
x» Of Lemma 2.1 the product reference vector, and the
corresponding x, & 9., n € A, are called the product
components of X. The dense set of vectors ®x of
Lemma 2.1 is called the reference set.

Lemma 2.2. Let 2,, »n © A be a sequence of com-
plex numbers, and let [[.cx & x. be a ¢, sequence.
Then [[.ca ® 2.x. is again a ¢, sequence satisfying

HneA ® Xn ~ HnEA ®ann
if and only if Z,,eA |z — 1| < . If this condition
holds, then [J.es ® z.x» = (I]nes 2.) (I Lnes ® x.).

B. The Space § of Test Functions

In our construction of the CCR, an alternate
characterization of the test function space § is
needed, and we include a discussion of it here. First
we introduce the following standard notation: We
set n = (m,, Ny, ny), where the n,, 7 = 1, 2, 3, are
nonnegative integers, and |n| = n, + n, + ng. If
X = (X, T, ;) is any real three-vector, then
d’x = dz, dx, dzs,

= iy ey’
and
D = 3" /ax} 9x3* oxy'.

Definition 2.5. The space 8 is the real, linear
topological space whose elements consist of all those
real valued, C* functions f(x), which in addition
satisfy the condition that 2"D™f(x) is bounded for all
n and m. A locally convex topology is defined in 8 by
the family of seminorms

pii(f) = sup |2"D"f(®)], In| £, 2.3)
where sup is taken over x, |n] < j, and |m| < F,
forj, k = 0,1,2, --- . The pairing of fand g & §
is given by

Im| < &,

G o) = | 109 d's. 2.4)

The space $ is a nonlocally compact, complete,
Hausdorff space with a countable basis."” Since $ has
a countable basis, it is only necessary to consider
sequences (and not directed nets) when proving the
convergence of functionals on 8.*°

Let Abethesetof all possible triples, n = (ny, 74, 13),
of nonnegative integers, and let A,(x),r = 0,1, 2,- - -

29 J. L. Kelley, General Topology (D. Van Nostrand Com-
pany, Inc., Princeton, New Jersey, 1955), Chap. 2.

be the set of Hermite functions. Then the set of
functions h,(x) = h,, (X)h,, (@)h..(x3), n € A, is a
basis for 8, and every f(x) & 8 possesses the expansion

fx) = 2—:' Paha(x), 2.5)
where
Pn = (b, ), (2.6)

and the series (2.5) converges uniformly and ab-
solutely.*

Lemma 2.3. A sequence of real numbers {p.},
n & A, is related to a function f(x) € 8 by the rela-
tions (2.5) and (2.6) if and only if

2.7)

lim nynyng'p, = 0

In|-e

for every set of nonnegative integers r,, r,, and r;.""
Corresponding to each sequence satisfying (2.7) there
is exactly one function in 8.

If f(x) = e Puhn(x) and g(x) = Poea guhalx)
are two elements of 8, then it is easily shown that

¢, g) = n; Dnln. (28)

The following lemma relates convergence criteria
in the two characterizations of 8.

Lemma 2.4. Let f;(x) = 2nea P ha(®), j=1,2,- - -
be a sequence of functions in 8.
Let

E(,.’,z. = SUPy Ix”Dmfi(x)‘:

and

i1, T

8" = sup, ni'nyn;’ [ps?|.

lps

Then the statement lim;... f;(x) = 0 in the topology
of 8 is given equivalently by either

(1) lim €%

P Rad-]

=0 forevery n,m & A,

or

(2) lim 87 = 0 for every r & A.

j—o

In the remainder of this paper, we occasionally
refer to a sequence {p,} as an element of 8§, meaning
thereby the function f(x) & $ which has {p.} as its
“coordinates.’’

C. Construction of the Operators V[g] and W[ f]

Let L?(E) denote the separable Hilbert space
whose elements are (equivalence classes of) complex

. % G. Sansone, Orthogonal Functions (Interscience Pub-
lishers, Inc., New York, 1959).
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valued, Lebesgue square-integrable functions de-
fined on the real line R.*® Let f(z) € L*(R); then a
canonical, irreducible representation of the Weyl
form of the single-particle commutation relations
is defined by*®

(VolgN@) = fz — @), (WelplN) = e™*f(z). (2.9)

The two continuous, one-parameter groups of
unitary operators V[g] and W [p] satisfy the com-
mutation relation

Uslp, 4] = Vi [qlW,lp] = e Wop]Vilgl.
In addition, we can write

Vilg] = e, Wlp] = ¢”°,

where P and @ are self-adjoint operators whose
existence is ensured by Stone’s theorem.*' It is well
known that P and Q are defined by

PHE) = —idf@@)/dz, @QN@) = zf(z);

the domain of P, Dj is the set of all f(z) € L*(R)
such that f(z) is absolutely continuous on every
bounded interval, and df(x)/dz & L*(R), and Dq,
the domain of Q, is the set of all f(x) &€ L*(R) such
that zf(x) € L*(R). It was proved in Sec. IV.3 of
Ref. 5 that every vector in L’(R) is cyclic with
respect to Up, ql.

Let A be the countable set of all triples of non-
negative integers, and assign to each n € A the
Hilbert space 9, = L*(R). According to Lemma 2.1,
an IDPS is characterized by the choice of a product
reference vector. Among all such vectors we confine
our attention to a distinguished subset defined as
follows:

Definition 2.6. Denote by R the set of all ¢,
vectors X = ][.ca ® x. whose product components
satisfy the following conditions:

M) {xall = 1, n € 4

(2) XnE@Pr\@Q,neA;

@) [I1Pxll + 1@xll < A(n)), n € A, where
A(|nl]) is some polynomial depending on X.

(2.10)

‘We now begin our construction of a representation
of the CCR on $x for X &€ R as follows. For each

M
A= Z (x,-(IEIA ®>\f.n) € O,

i=1
the reference set, put

M

Vigla = 2 a,-("g ® Viola.IN"),

i=1

(2.11a)

u P, Riesz and B. Sz.-Nagy, Functional Analysis (Fred-
erick Ungar Publishing Company, New York, 1955).

M

WA = 3 a,~<"I;IA ® WolpN"),

i=1

(2.11b)

where f € 8, g € 8, and {p,} and {g,} are the coordi-
nates of f and g, respectively.

We next establish that Conditions 1-3 on X &€ R
imply that the vectors on the right-hand sides of
(2.11a) and (2.11b) are indeed elements of Hx. It is
clearly sufficient to show that each term in the sum
is an element of Hx. Consider, for example A® =
I.cx ® Volg A, a term in the sum (2.11a). This
a ¢, vector, for

T IVe ) = 1 = TN - 1, @12

and the series on the right of (2.12) is a convergent
series because A\{"? ¥ x, for at most a finite number of
values of n, and H,,GA ® x. = X is by definition a
¢, vector. Furthermore, we can show that A‘? &~ X;
by Definition 2.2, this is true if and only if

ZnGA l(VO[qn])‘:&”7 Xn) — ll < @, (213)

but again because A\'” 5 x, for at most finitely-many
n values, Eq. (2.13) is true if and only if

2 (Volgdx x0) = 1] < .

In Sec. IV 4 we showed that the function F,(¢.) =
(Volgnlxay x») is a continuous, bounded function,

possessing a continuous bounded derivative, and for
which

(2.14)

F:»(qn) = i(VO[qn]PXm Xn)' (215)

The mean-value theorem, coupled with the fact
F.(0) = 1, yields

F‘n(Qﬂ) —-1= ?‘.Qn(VO[BQn]PXm Xﬂ)) (2-16)

where 0 < 8 < 1. Schwartz’s inequality and Proper-
ties 1 and 3 of Definition 2.6 then lead, in view of the
unitarity of V,[g], to

1Falg] — 1] < lgul [1Pxall < gl A(ln]).  (2.17)
Therefore
%; I(VO[Qn]Xm Xﬂ) - ll
< Tlalalh <=, @19

convergence following because {g,} satisfies (2.7)
and A(|n|) is a polynomial. Thus A" ~ X, and
hence by Definition 2.3, A’ € $x. The proof that
each term in the sum (2.11b) is an element of Hx is
the same, and we omit it.

Equations (2.11a) and (2.11b) thus define two
obviously linear transformations of the dense set @z
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into $x. From the unitarity of V,[g] and W,[p] and
the form of the inner product in Hx, it is simply
shown that |[V[glAl| = [|WIflAll = ||A]| for all
A € ®x. In standard fashion V[g] and W[f] can be
uniquely extended by continuity to isometric map-
pings defined on all of $x.** It is obvious that
Vio] = WI[0] = I, where I is the unit operator.

We now show that if ® = J[J.ca ® ¢n € Hx is an
arbitrary ¢, vector (we now allow ¢, # x, for infi-
nitely many n values), then we can make the defini-
tion of V{[g] and W[f] more explicit than above;
namely that

Vigle = I ® Vilg.le., (2.19)

n€A
and

Wifle = 11 ® WolpJen. (2.20)

n€EA

Again we prove only one case, that of (2.19), the
proof of (2.20) being just the same. Consider the
sequence $y = II,.EA Q% N =1,2, -, where
& = o, In| €N, ¢% = xa, In] > N. It is clear that
&, & Ox, N = 1,2, - -, and it is readily shown that
H,.eA ® Vo[qn]sf’n ~ nEA ® Vo[{l»]xﬁ & Ox, that
lim ye. ||® — ®x|| = 0, and that

lim | JT ® Viladen — Vighenl] = 0.

N=eo

Since V[g]l® = limy-. Vigl®n, this completes the
proof.

We can immediately apply this fact to deduce
several important properties of V{g] and WI[f]. For
any vector A € @y, and g, ¢’ € 8, we can apply
Vig'] to both sides of (2.11a), and make use of line-
arity and (2.19) to obtain

M

Vig1Vigla = X e L1 @ VolaVolaIN™). (2.21)
However, VolgZlVolg.] = Volgs + g, » € 4, and
{g. + q.} is just the coordinate sequence of ¢’ 4+ g.
Therefore, for all A & &x we have V[g'lV[glA =
Vlg" + glA. Again, since @x is dense in Hx, this
relation must hold by continuity for all A & Hx.
Therefore

Vig’'lVigl = Vg’ + g]. (2.22)
In just the same fashion we can prove that
Wiwi = Wiy + 1. (2.23)

In particular, for every @ & $x, we have
& = V[gl(V[—g]®), and & = W[IW[-f]P),

8, Bochner and K. Chandrasekharan, Fourier Trans-
forms (Princeton University Press, Princeton, New Jersey,
1949), pp. 92-93.

which proves that the ranges of the isometric opera-
tors V{g] and WTf] are both equal to the whole gpace
Dx. In other words, Vig] and W[f] are unitary opera-
tors for every f, g € 8.

The fulfillment of the Weyl form of the CCR is
also a consequence of Egs. (2.19) and (2.20). If
A € Oy, then

VigIWflA = ; cv,'("IeIA ® Volg.IWolpN"), (2.24)

and

M

WAViglA = 2 a;(”IEIA @ Wolp]Volg]\"). (2.25)

i=1

Next notice that the easily proved inequality
le7*"* — 1| < |pa|-|g.] implies that

e — 1] < ; (Ipa] - [ga]) < =,

nEA
where the series on the right of (2.26) converges
because {p.} and {¢.} satisfy (2.7). Then, according
to Eq. (2.10) and Lemma 2.2, each term in the sum
on the right-hand side of (2.24) is just
H e—l'rnﬂn — e-i ZnGA Padn

nE€A

(2.26)

=$(f,9)

=e 2.27)
times the corresponding term in the sum on the
right-hand side of (2.25). In other words, we have

VIgIWIA = e "WIfIVIglA.  (2.28)

We have proved (2.28) for all A € ®%, but by
continuity it holds for all A € $x. We collect the
results so far proved into

Theorem 2.1. Let X &€ R be a product reference
vector satisfying Conditions 1-3 of Definition 2.6.
Then X determines an IDPS $x and, by means of
Egs. (2.11a) and (2.11b), two functions, V[g] and
Wifl, are defined each of which map all of § into
the group @ of all unitary operators on $x. These
two operator-valued functions on 8 satisfy Conditions
1, 2, and 3 of Definition 1.1.

In what follows we shall refer to the V[g] and W{f]
of Theorem 2.1 as the unitary maps determined by X.

Continuity of Operators

We next show that V[g] and WIf] are strongly
continuous functions on $. Again we give the proof
only for V[gl; the proof that WI[f] is continuous is
just the same. Because V[g] is unitary and

Vig + ¢’ = ViglVig'],

it is sufficient to prove continuity at the origin.
Let {¢’},i = 1,2, --- be any sequence of functions
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converging to zero in the topology of 8. We show
first that

lm X~ VK| =0, (229)
where X = JJ.es ® x. is the product reference
vector. Using the definition of ¥[g’], and noting
that X is a unit vector we immediately find that

X — VigX|[*

=2 Re [l — IEIA (Volgilxn, )1, (2.30)

where {¢/} are the coordinates of g'. Since {¢’} are
the coordinates of a null sequence, given an arbitrary
triple of positive integers, r = (ry, 75, 73), according
to Lemma 2.4 there exists a constant c¢,, which is
independent of j, and which satisfies

M + D@ + D + 1) |gh] <e, nE A (2.31)

The infinite product in (2.30) converges absolutely
and uniformly with respect to {¢i} if and only if the
series Y nes |(Volgilxs Xx.) — 1| converges uni-
formly.?® However, according to (2.18), this series
is majorized by > .ca |gi| A(|n]), which in turn,
according to (2.31), is majorized by

¢ é A(ln))/@ + D' + Dng® + 1)

for a suitable choice of r. This last series is conver-
gent independently of j which proves the uniform
convergence.

Because of this uniform convergence, given any
e > 0, there exists an integer N, which is independ-
ent of j, such that

I (Velgllxw %) = 1 + &,

Ini>Ne

16| <e  (2.32)

Each of the functions (V,(gi]x., x.) is continuous,
and since ¢/ — 0 as j — « for each n, we can pick
an integer J. such that

H (VO[qﬂx'u Xn) = 1 + Pi,

In1N.
lpil < e forall j> J.. (2.33)
From (2.30), (2.32), and (2.33), it follows that for
allj > J,,
X — VigX|[®
< 2(18;] + los| + 18:] os]) < 4e + 2¢°.

Since ¢ was arbitrary, this proves (2.29).
If A € %, then A consists of a finite sum of
product vectors, each of whose products components

88 K, Knopp, Theory and Application of Infinite Series
(Blackie & Son Ltd., London, 1928), p. 381.

(2.34)

differ from the product components of X for only a
finite number of n values. Therefore it is readily
seen that

lim || ~ V[gAll = 0

j—w

(2.35)

holds for all A & ®x. Since Yy is dense in Hx, and
Vigl is unitary, it follows that (2.35) holds for all
A € Dx. We summarize these results as

Theorem 2.2. If X € R is an arbitrary product
reference vector, then the unitary maps V[g] and
WIf] determined by X are strongly continuous in
the topology of 8.

We now state two immediate corollaries:

Corollary 1. For each fixed ¢ € §, and f € §,
V{tg] and Wtf] are strongly continuous functions of
t, —o <t < o, in the usual topology for R.

Proof. Let t € R, and let ¢; be any sequence of real
numbers such that lim;_. {; = {. Then for any f € 8,
t;f — tf in the topology of 8, because
lim sup [z"D"[t,f(x) — tf(x)]|

joo X

= lim [¢; — t|sup [«"D™f(x)| = 0
Pl x

for all n, m. Then by Theorem 2.2 it follows that
Vitg] and W[tf] are the strong limits of V[t;g] and
Witfl, respectively, which completes the proof.

Corollary 2. The unitary map of § X 8§ — ® defined
by {f, g} — VIglWlf] = Ul[f, g] is strongly continuous
on 8§ X § supplied with the product topology.

Proof. The proof is almost identical to the simple
proof of Lemma IV 3.2, a similar result for finitely
many degrees of freedom, and is omitted.

Irreducibility

We now show that if V{g] and W{f] are defined by
(2.11), then the self-adjoint set of operators i =
{Vlg], WIfl} (for all , g in 8) is irreducible. We show
this by proving the equivalent result that 9", the
bicommutator of 9%, is equal to &, the ring of all
bounded operators in $x. Let n be a fixed element
of A, and let 5N, = {Vig.h.]l, Wip.h.]}, where g,
and p, take on all real values and h,(x) is a fixed
basis element of §. Then 51, is a self-adjoint set of
operators, and since S, C SN, then SN C .
If we set 9, = {Vlg.], Wo[p.]} for all real p, and g,,
then 91, is a self-adjoint set of unitary operators in
9.= L*(R)], and there exists a straightforward
isomorphism between the rings 57" and om/’.'®
However, the set 911, is irreducible by assumption,
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so I’ = @®,, the ring of all bounded operators in
O.. Thus 7 is the image, &,, of the ring of opera-
tors ®, under this isomorphism for each n & A.
However, von Neumann has shown that the ring
generated by all the ®,, » € A, is just the ring & of
all bounded operators in $x.'® Since &, C I for
each n & A, this implies that 9"’ = ®, and the
proof is completed.

Since 97 is irreducible, it follows that every ¥ & $x
is a cyclic vector for 9. Furthermore, if we let
N = {Ulf, g]} (all {f, g} € 8 X §) then clearly
M C |, so N is also an irreducible set of unitary
operators. We sum up these results on irreducibility
in

Theorem 2.3. If X & N is an arbitrary product
reference vector, and Vig] and W[f] are the unitary
maps determined by X, then the self-adjoint set
of operators 9% = {Vlg], W]} is irreducible. Further-
more, the set of operators 9t = {U[f, g]} is also
irreducible. As a consequence every ¥ & 9x is a
cyclic vector for both 97 and 91.

This completes our construction of the Weyl form
of the CCR and we state this result as

Theorem 2.4. The strongly continuous unitary
maps V[g] and WI[f] determined by any product
reference vector X € R, f, g € 8, form an irreducible
representation of the CCR.

It is clear from our construction, that if X; &€ R
and X, € R are equivalent (Definition 2.2), then
they determine identical representations of the CCR.
For in that case $x, = Px,, and then Egs. (2.19)
and (2.20) show that both representations are identi-
cal when confined to product vectors (whose finite
linear sums are dense in x). It would thus be more
appropriate to say that each equivalence class in &
determines a distinet representation of the CCR,
and in the future, when we speak of the representa-
tion determined by X, we shall mean the representa-
tion determined by the equivalence class of which
X is a representative.

Discussion

We should like to emphasize the essential simplic-
ity of the representations of the CCR which we have
constructed and the close conceptual relationship of
them to the Fock representation. Indeed, if the
product reference vector is chosen so that x. = ¢,
where ¢, is the ground state of an harmonic oscil-
lator, then the resulting representation of the CCR
determined by X is just a Fock representation.'
However, the representations constructed here are

not all unitarily equivalent to Fock representations;
this important fact is proved in Sec. 4.

It might be thought that a more general repre-
sentation of the CCR could be constructed if in-
stead of requiring that 9, = L’(R) for all n € A,
we let ©, be an arbitrary, separable Hilbert space,
and if furthermore in each £, we pick an #rreducible
but otherwise arbitrary representation of the single-
particle commutation relations, V, and W,. The
construction of V[g] and W[f] could then be carried
through just as before. However, a theorem of
von Neumann'® guarantees the existence of a uni-
tary map T, of 9, onto L*(R), with the property that
TnVn[qn]T; = Vo[qn] a,nd Tan[ n]T; ' = Vo[pn] fOI‘
each n & A, It is then easy to show that the “more
general” representation is in fact unitarily equiv-
alent to one of our canonical representations.

D. Field Operators

We turn now to a discussion of the infinitesimal
generators of the operators W{f] and V[g] determined
by a product reference vector X € R, that is, to the
field operators ¢(f) and 7(g). Since W[f] and Vg]
satisfly Conditions 1, 2, and 4 of Definition 1.1,
it follows that for any fixed f and g € 8, W[tf] and
Vtg] form two continuous, one-parameter groups of
unitary operators.”’ Then a theorem of Stone®
asserts the existence of two self-adjoint (generally
unbounded) operators ¢(f) and =(g) such that

W[tf] — eitfp(f)' V[tg] — e—itt(u). (236)

We denote by D, and D, (,, the domains of the
respective operators ¢(f) and =(g). From Stone’s
theorem

o(f) = ltl_rj’l 1)W1 — D), (2.37)
where the limit is taken in the strong sense, and
¥ € D, if and only if im (1/4) (W] — DY
exists. The same statements are true of V[tg] and
w(g), except that it must be replaced by —%¢ in the
denominators of the corresponding expressions.

It has been shown by Lew'* that given any repre-
sentation of the CCR, Vlg] and W{f], which satisfies
the conditions of Definition 1.1, then the field
operators ¢(f) and w(g), defined with the aid of
Stone’s theorem, are “linear functionals on $” in
the following restricted sense: Let § be the Hilbert
space in which the given representation is defined.
Let (f,, -+, f.) be any finite set of functions in 8.
Then there exists a dense linear manifold  C 9,
invariant under V[#f;] and W{tf.] on which all finite
linear combinations and finite products of ¢(f;) and
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w(f;) are defined. Furthermore, on this linear mani-
fold, ¢ and = satisfy

elaf; + Bfi) = ae(f;) + Belfy);
wlef; + Bf) = ax(f;) + Bn(fs),
le(t), e(f0] = [=(F)), =(f)] = 0;
[e(f:), 7(f0] = i(f;, f,

where a and g arereal numbersand j, k = 1,2,-- -, n.

An additional fact, which is of use later in this
paper, is the following. Let ¥ € D, (,.); then for all
f, 9 € 8, Ulf, gI¥ € D, ;.. For from the commuta-
tion relations satisfied by V[g] and WT[f], and from the
definition of U[f, g], it can easily be shown that

A/ {Wltf) — IYULS, g1¥
= Ulf, gle™* """ (1/i){WItfo] — I}¥

(2.38)

(2.39

+ Ulf, g)(1/it)e™* " — 1]w. (2.40)
Therefore
1‘1_13 /i) {Wltfe] — IVUIf, gl¥

= Ulf, gle(f)¥ + (fo, 9UIf, g1¥.  (2.41)

This implies that U[f, g}¥ € D, (,.,, and that further

e(f)Ulf, 91 = Ulf, glle(fo) + (fo, 9I1.  (2.42)

In the same way, it can be shown that if ¥ € D, (,.,,
then U[f, g]¥ € D, (,.), and also

#(ga)U[f, g1 = Ulf, gllx(go) + (f, g)I].  (2.43)

We discuss now, without proof, several additional
properties of the field operators for a representation
determined by a product reference vector X. We
omit the proofs, for while not difficult, they are a
little lengthy, and the results proved are not essential
for the purposes of this paper. They do, however,
shed some light on the nature and structure of the
representations we have constructed.

Let ¢(f) and 7(g) be the field operators in a repre-
sentation determined by the product reference vector
X = [].es ® xa. Let Ax be the set of unit product
vectors A = H,,eA & A, such that A, € D, N Dy,
all n € A, [[Q\] + [[PA]| < A(|n]) for some fixed
polynomial A(|n|), and N\, # x, for only a finite
number of values of #. Then A(|n|) can be chosen so
that X & Ux, so that the set of all finite linear
combinations of elements in Ux is dense in Hx, and
so that

e C (N Detn) N (N D).
jes o€S

Furthermore, if A € Yk, then

ehh = Zp@.® II ®N), (@49
@A = 2 ePMn® II @M.  (249)

Assume now that the product reference vector X
satisfies, in addition to Conditions 1, 2, and 3 of
Definition 2.7, the two conditions:

(4) Xn € Dps N @gn N Der N Dro, n & A,
G) 1P|l + [1@%I] + [1P@xl]
+ |1@Px|| < B(n)), n € A4,

where B(|n]) is a fixed polynomial. Let 8x C Ux be
the set of all A & Ax that also satisfy Conditions 4
and 5 above. Then B(|n|) can be chosen so that the
set of all finite linear combinations of elements in
Bx is also dense in Px, and each A € By is in the
domain of all operators of the form o(fi)e(fs),
7(g)7(g2), ¢(f)w(g1), and 7(gi)e(f1). The CCR are
naturally satisfied in Bx. One can clearly continue
in this fashion and construct representations of
the CCR determined by a product reference vector
X so that a dense set containing X is in the domain
of all polynomials in ¢(f) and w(g) of some fixed
degree.

E. A Generalization to Multifield Representations

We sketch now in briefest outline a construction
parallel to the foregoing development that yields
additional representations of the CCR. We are
motivated in part by a possible formulation pertinent
to a finite number, K, of independent scalar fields
for which some special invariance is desired, such as a
rotational invariance for an isovector field. Also
several examples of von Neumann'® and of Araki
and Woods'® suggest this generalization as well.

The generalization we wish to consider is the
following. Instead of assuming that in each $, there
is defined an irreducible representation of the single-
particle commutation relations, we assume that there
is defined in each , an irreducible representation of
the commutation relations for K degrees of freedom,
and that the test function space § will be replaced
by 8x, the K-fold direct product of 8§ with itself
supplied with the product topology.

The elements f of $x are now ordered K-tuples of
test functionsin 8§, f = (f,, - - - , fx), and a pairing is
introduced into $x by

K
f;8) = ; (fir 94)- (2.46)

It is not difficult to show that Sy is isomorphic to a
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space of infinite sequences of K-tuples of real num-
bers, the isomorphism being given by f &~ {p.},
n € A, where p, = (Din, Pow, *** , Pxa), 80d Pj, is
the nth coordinate of f; in an expansion in Hermite
functions. We shall call p, the nth coordinate of f.
Let
K
PriGe = X Pindins  IBal* = Pari;

then {p,} is the coordinate sequence of some element
in 8¢ if and only if

xlinm ninyng [p.] = 0
for every set of nonnegative integers ry, r,, rs. If
£~ {p.}, 8~ {q.}, then (f;8) = > .cs Purq.. Fur-
thermore, if £7 = {p’}, j = 1, 2, --- , then
lim;... £ = 0 in the topology of $x if and only if

lim sup n{’ny'ng’

j—eo

p."] =0

for every set of nonnegative integers r,, r,, and r.

We now set ©, = L*(R;) for each n € A, where
L?(Rg) is the Hilbert space of square integrable
functions of K real variables. We adopt the canonical,
irreducible representation of the K-particle com-
mutation relations given by

(VolalN®) = fx — @; (WolplN(®) = e®™f(x),
for which Eq. (2.9) is replaced by
Uslp, q] = Volq]Wolp] = e—iquo[P]VO[Q]j (2.47)

Recourse to Stone’s theorem®' shows the existence of
2K self-adjoint operators P; and Q;, j = 1,2,--+, K
such that

Velal = e (~i 3 oP),

Wolp] = exp (i iil piQi)'

Now replace Definition 2.6 by

Definition 2.7. Denote by Rx the set of all ¢
vectors, X = JJ.ea ® x» € 9, whose produet
components satisfy the following conditions:

O Ikl =1 n&a;

K
@ %E€MN®,NDo), nCAa;

3) Zl (11Qixall + 1Pixal) < A(In]), = € 4,

where A(|n|) is some polynomial depending on X.

McKENNA

If now everywhere in the construction of V[g] and
Wifl, p. and ¢, are replaced by p, and q., Volg.]
and W[p,] are replaced by V,[q,] and W,[p,], and it
is always assumed that X € Rk, then it will be seen
that new representations, V[g], WIf], of the CCR are
defined. The unitary operators V[g] and WIf] are
strongly continuous in the topology of $g, the set
{Vigl, WIf]} is irreducible, and

VigIWif] = ¢ “““WIf]V[g], (2.48)

which is the generalization of the CCR to K inde-
pendent scalar fields.

The representations (2.48) for K scalar fields also
can be used to generate representations of the CCR
for a single field, which in general are reducible. For
this purpose, we introduce two linear homomor-
phisms

Fifof, (2.492)

of 8x into itself whose image spaces we denote by
Stand 8, i.e., F :8x = 87, G : 8x = 8¢, respectively.
We next require two linear, invertible isomorphisms

G:g—og

L:f —f, M:g°—>yg (2.49Db)
of 87 and 82 onto 8, respectively, such that
;80 =09 (2.50)

for each pair £°, g°. The transformations (2.49) are
analogues of singular transformations of Lie group
parameters,”® and we call such a mapping, as re-
stricted by (2.50), a contraction. If we put Vig] = V{g‘]
and WI[f] = WIf‘], then it is clear from (2.48) and
(2.50) that these operators obey the CCR for a
stngle field. An example of one of the simplest con-
tractions is obtained if we set F = G, L = M, and
for which, if f = (f,, f,, -+ , fx), we put F(f) =
f = (fly 0,---,0) and L : (f.(x), 0, --- :O) =
fi(x) € 8. It is quite possible that contracted single
field CCR can be catalogued as to algebraic type in
terms of the product components x, & L*(Rx),
n € A, of the product reference vector, along lines
similar to those used by Bures®® to analyze the
classic example of von Neumann.'®

3. CONSTRUCTION OF IRREDUCIBLE SCALAR
FIELD CONTINUOUS REPRESENTATIONS

A. Structure of the Continuous Representation

A continuous representation of Hilbert space as
defined in Part I is a realization of a given Hilbert
space by a space of bounded, continuous functions
defined on a topological space called the label space.

# D. J. C. Bures, Composito Math. 15, 169 (1963).
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The construction is carried out with the aid of a
family of unit vectors, called an overcomplete family
of states (OFS), which satisfies the three postulates
listed in I. We construct in Sec. 3 continuous repre-
gentations of Px, the IDPS determined by the
product reference vector X & R. The label space
i8 £ = § X §, the direct product of test function
space with itself, when supplied with the product
topology. We shall adopt for our OFS the collection
& of unit vectors

®lf, g] = Ulf, gl®, @.1)

for all {f, g} € £, where®, € Hx is an arbitrary (but
fixed) unit vector in Px, |[®ol| = 1, called the fiducial
vector, and U[f, g] = V[g]WI[f] is defined by the
representation of the CCR determined by X.

For each ¥ & $Hx we define the functional

¥(f, 9) = (2lf, g1, V), 3-2)

which in view of Schwartz’s inequality is bounded,

W, 9l < [hell, 3.3)

and which is continuous on £ by Corollary 2 of
Theorem 2.2. We denote by € the set of functionals
¥(f, g) determined by all ¥ € 9. Equation (3.2) may
be viewed as a map C of €x onto €, C: ¥ — ¢(f, g).
This map is clearly linear, so that € forms a complex,
linear vector space composed of bounded, continuous
functionals. It should be remarked that while €
appears to depend on both X and &,, actually &,
alone determines €. This is because ®, uniquely
determines $x, and Ox in turn uniquely determines
the representation of the CCR. When we wish to
emphasize the dependence of € on ®,, we refer to
the set € corresponding to the fiducial vector ®,,
or add to € distinguishing decorations.

We now introduce an inner product into € which
will turn € into a complete Hilbert space. When this
is done, we shall be able to show that € is congruent
to $x (i.e., the map C is one-to-one and isometric)
and so € is indeed a continuous representation of Oy
as defined in Part I.

B. Introduction of Inner Product

A Sequence of Projections
We introduce into $x a sequence of projection
operators Ay, M = 1,2, --- . These projections are
defined for each ¢, vector A = [J.ca @ A\, € Hx by
AMA = II ® )\n ® II'IM ® (Xru )‘n)Xn' (3'3)

Inl<M

The definition is then extended by linearity and
continuity to all of Ox. It is readily proved that Ay

is a projection operator, that A, < 4, < ---, and

that limy—. A » = I (strong convergence). Further-

more, the equation
BuAuyd = ]

Inl>M

(Xm )\n) ¢ IHM ® Xn (3 '4)

defines a one-to-one, isometric mapping, By, of the
closed subspace A 9x onto [ acx @ a

Projection Functionals

Our steps now roughly resemble the methods
described by Friedrichs and Shapiro.”® For every
¥ & 9x, we consider the sequence of vectors
Ty = AyV € Hx, M = 1,2, ... , and the cor-
responding functions

\b.ll(fr g) = (q)[ff g]l AM‘I’) E @I

for all M. In addition, we introduce for each
{f, g} € £ the truncated test functions

Z thny N=1)21 )
Inl <N (3'5)

Where Dn = (f; hn)) Qn = (g, hn): a‘nd f(m) = j) J=r = 4.
Let us then consider the set of functions

Yulfn, ga) = (Ulfan, 90 )80, Ax®)

for all M and N.
Assume first that N > M. Then since Aydy =
Ay, (3.6) becomes

Yulfans gan) = (AxUlfan, ganl®o, 42¥)
= (Ulfans gan]An®o, Ax¥). 3.7)

The last result holds in view of the commutation of
the operators A and Ulfu,, g ] whenever N’ > N,
as is clear from (3.3), (2.19), and (2.20). By assump-
tion, the set of operators Vo[q.]Wo[p.] is irreducible;
thus in the closed subspace Ay 9x C Dx, the family
of operators induced by Ulfw), 9] is irreducible.
Consequently, each function ¥x(fv), gan) in (3.7),
N > M, is (apart from a uniform scale factor
||4 ¥®||) of the form of those functions in a continu-
ous representation based on an ¢rreducible representa-
tion of the canonical commutation relations for
finitely many, w(N), degrees of freedom, where
7(N) = (N + 1)(N + 2)(¥V + 3)/6, the number of
triples n such that [n| < N. Such continuous repre-
sentations have been studied exhaustively in Part IV.
Theorem IV 3.1 then states that such functions are
square integrable, and that moreover

1
f'ﬁﬁ(f(m, goo)Au(fany s gan) H (2—> dp. dq,
|ni <N N&T.
= |[Ax®ol|’ (Au¥, Axd),

fan = Z y O R
Inl<N

(3.6)

(3.8)
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whenever N > M, ¥, A & 9x. If we adopt the
convention,

)
I'EN <27r dpﬂ dQn!

then from the properties of the projection operators
A i, we find that

dp (fary, gan) = (3.9)

(¥, A) = lim lim

Moo Noo

ViEfa, gan)

X Mlfans gan) du Fewvyy ganr)- (3.10)

This formula is characteristic of Friedrichs-
Shapiro-type integrals. However, due to our restricted
class of “cylinderlike” functionals—for instance,
Yufan, ) does not even run over all continuous
L*(R . X R.u) functions—we can say considera-
bly more.

Interchangeability of Limats

We next show that the order of taking limits in
(3.10) can be interchanged. We recall the standard
criterion®® for interchanging the order of limits in a
double sequence: If azy and limy .o liMy o Gyw = 1
exist, then limy.. lim, .. axy exists and has the
value [ if limy.. ayy = by exists uniformly in N
and limy.. by exists.

In the application of this criterion to (3.10) we
must first examine

aun[¥, Al f VG, gan)

X Mc(fanrs gan) du (Fans gan) (3.11)
when M > N. From (3.6) it follows that
Yulan, gan) = Ullan, gn]Au®e, Ax¥), (3.12)

and a similar expression holds for Ay (fv), gn). In
this case the family of operators induced by
Ulfan, gl In AxDx is reducible since M > N.
Theorem IV 3.1 cannot be used to evaluate the inte-
gral (3.11), but we can appeal to the theorem of
von Neumann *® on the representation of the com-
mutation relations for finitely many degrees of free-
dom to get a bound on (3.11). This theorem states
that any representation for #(N) degrees of freedom
may be decomposed into a direct sum of irreducible
representations for w(V) degrees of freedom, which
may contain a countable infinity of terms. Thus we
can introduce the following decomposition:

Yulfon, gan) = ; Uy g 1®or, ¥, (3.132)

% R. Courant, Differential and Integral Calculus (Blackie
& Son Ltd., London, 1949), p. 105.

L
Mefnr, gany) = ; (U, g(m]cbgf, A;u)- (3.13b)

where, for all ® & Dx,

At == T @, (e = 3 fla¥P,
(3.14a)

and
Ulfan, gl = Z @ Ulfw, 9] (3.14b)

r=l

wherein L is a positive integer or infinity, and each
U.lfay, gan] corresponds to an irreducible repre-
sentation for = () degrees of freedom. From our
earlier work,”® it follows that

Yaurfan, gan) = (U lfan, g(m]@g, ‘I’fl), (3.15)

as well as Ay, (fny, gov)), 18 & continuous and square-
integrable function on R, , X E. for each r.
Then

f I\l’fh(ﬂz\r)y g asFon s g(m)] du (Fans gany)
< {f [aefarrs gon)* du Fan s gan)

]
X f AacslFeys !](N))|2 dp (fowy, g(m)}

= {[@a || [} [1@ael| 1A][-
Whence

(3.16)

Z f (Wi-GFons gaohaelFany gan)| du Fany gan)

r,a=1

<{ 3 w35 e 1}
<{ 3 el {5 e
{5 nmef {5 nasef

= [[®"[|* [e™]] []A¥]],
which shows that

(3.17)

Vi, ganNulfan, gan)
?:4: ; Vi(Fans gar)hacs(Fan,s gan)

is an integrable function, and that the series may
be integrated term by term.* In particular, we find

3¢ P. R. Halmos, Measure Theory (Van Nostrand, Prince-
ton, New Jersey, 1950), p. 114.
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the interesting result when M > N that

f [¥&F s gen)Melfan, gan)| du Fany gan)
< [[Awu®o|* || Aw¥]] [|AsAll
< HAx¥|| ||AxAll < |1¥]] [|A]l. (3.18)

As a special case of this formula, consider its applica-
tion to the norm of A = ¥ — A,¥, P < M. Then
gince AxA = Ay¥ — A7, (3.12) and (3.18) lead to

f [Wal s gan) — Yelfan, gan) P di Gans gan)

< |Aw¥ — A7|P.  (3.19)

Equation (3.8) shows that the inequalities (3.18)
and (3.19) also hold if M < N. Now, making use of
(3.18) and (3.19) we easily get the inequality

'aMN[‘I,a A} - aPN[\‘Pi A” ..<.. ”‘I’H ”AmA bl APA” .
+ [|A]] ||Ax® — A5¥|[.  (3.20)

This shows that auxy is 2 Cauchy sequence in M
and that the convergence is uniform with respect to
N. Thus the existence of a unique limit by =
lim .. @uy is established, and the convergence is
uniform in N. Furthermore, |by| < [|¥]| {|A]| since
ayy satisfies the same inequality for all M and N
[apply Schwartz’s inequality to (3.11) and employ
(3.18)]. Since every bounded sequence of complex
numbers has at least one convergent subsequence,
there always exists a set {N;} such that lim; . by,
exists. Since
lim lim aMN,.[‘I’, A} = (\I’, A)
Moo je—o

for any subsequence such that N; — « agj— =, an
application of the eriterion for interchanging the
order of taking limits shows that for any subsequence
such that lim;.. by, exists, the limit is the same.
However, any bounded sequence, all of whose con-
vergent subsequences have the same limit, con-
verges.”” Consequently, we have proved that

lim lim [ &, gad)Nalfan, gan)

N Moo

X dulfan s gan) = (¥, A). (3.21)

We now notice from (3.19) that any projection
functional ¢, (fv;, gw;) converges in the mean
in Lz(R,(N) X R,(N)) to a function

Y, gan) € L'Rran X Rean),
and in addition, a subsequence {M;} exists such that
3 K. Knopp, Ref. 33, p. 394.

l_im Ya,(fans o) = ¥ans gan)
almost everywhere. However, Schwartz’s inequality

applied to (3.6) gives [ (fn, gan) — ¥(Fan, gan)l <
{|4 »¥% — ¥||, which shows that

i}_{g Yaulfan, gan) = G, gun)

everywhere in R, X R,u). Therefore, we can
identify ¥(fu, gan) and ¥(fan, gan), and in (3.21)
we can then take the limit with respect to M under
the integral sign. Hence for all ¢, A € €, and not
merely for projection functionals,

Ilvl_fg V¥ s g )M, gan)

X dulfan, gan) = (¥, A). (3.22)

If ¢(f, 9), A(f, g) € G, we define their inner product
to be

(W’ x)G =

lim f Y*F s g, gan) do Gans gan)-
N (3.23)

{We have appended a ‘““c” to the inner product in €
to differentiate it from the inner product in $Hx.)
Now by definition ¢(f, g) and A(f, g) are the images
respectively of ¥, A € 9x under the mapping C
defined by (3.2), and from (3.22) we have (¥, A), =
(¥, A). With this equality it is a simple matter to
show that ( , ). has all the properties required of an
inner product. Furthermore, the map C of all of $x
onto € is an isometry, so C is one-one, and € being
the isometric image of a complete inner product
space is itself a complete inner product space, ie, a
Hilbert space. We summarize these results as

Theorem 3.1, Every ¢(f, ¢) defined by (3.2) is a
bounded, continuous function defined on the label
space £ = § X 8. The set € of all such functions
forms a Hilbert space whose inner product is de-
fined by (3.23). The space € is congruent to $x and
is called the continuous representation of $x.

For the sake of brevity in what follows, we in-
troduce

Definition 3.1. Let

[ w46, 900, 9) du 6, 0

= 21"1_1‘2 VG gao)NFany gan) o Gany gan).
(3.24)
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C. Inverse Map

Let ¥(f, g) = @[f, g], ¥) for some fixed ¥ & Dx.
Consider the sequence of linear functionals defined
for all A € 9x and each positive integer N by

Yy(A) = f V*Fany gan)

X (@[fan, ganls A) du (Faryr gn)- (3.25)

If in inequality (3.18) we let M — o, the resulting
inequality implies that |¥x(A)| < ||A]] |} ¥®]]. Then
by the Riesz representation theorem®' there exists
a unique vector ¥y such that ¥y(A) = (Ty, A).
Therefore, we can write

Yy = f YV ans gan)®lfany gand do (s gan),

where this integral is a Pettis integral.®® We have
already proved that limy.. (¥y, A) = (¥, A) for all
A [see (3.22)]. Therefore, ¥ is the weak limit of ¥y.
We list this result as

Theorem 3.2. Let ¥ & Px, then

¥ = lim | (®[fw), gn], ®)

N—vo

X ®fan, ganl du Fanys ganr)s (3.26)

where each integral is defined in the sense of Pettis,
and the limit is taken in the weak sense.

This result enables us to give the inverse of the
map C of Hx onto €:

C:¥—y(f, 9 = (2lf, 9, D),
C™ :y(f, g) > ¥ = lim Ty,

Just as in Part IV, we can define for each positive
integer IV the operator on Hx

L= [ @lfun, g1l g dis Gowr, gv) - (3:20)

which maps each ¥ € Hx onto

Iy% = f (@ s g, D2 s gl du Fans gan)-
(3.28)
We have proved in Theorem 3.2 that
lim (Iy¥, A) = (¥, A)
for all ¥, A € Hx. We list this result as

Lemma 3.1. The unit operator I in Dx is the weak

8 1. Hille and R. 8. Phillips, Functional Analysis and
Semi-Groups (American Mathematical Society, Providence,
1957), pp. 76-78.

limit of the sequence of operators Iy defined by
(3.27) and (3.28).

We can now assert that the set & of unit vectors
®lf, g] = Ul{, gl®, satisfies the three postulates (given
in Part I) which define an overcomplete family of
states. Postulates 1 and 2 simply assert that & is
arcwise connected (obvious) and that ®[f, g] is a
weakly continuous function on £ (Theorem 2.2,
Corollary 2). The third postulate states that the
set & must span Px and that a resolution of the
identity into an integral over projection operators
exists. The set & does span x, for if (@[f, g], ¥) =
0, {f, g} € &£, then by (3.22), ¥ = 0. The resolution
into projection operators is given in Lemma 3.1.
We list this result as

Lemma 3.1. The family & of unit vectors, ®[f, g] =
Ulf, g]®., where {f, g} € £ = § X 8, and Ulf, g] =
Vig] WIfl is constructed from the irreducible repre-
sentation of the CCR determined by the product
reference vector X € R, forms an OFS for any
fiducial vector &, & Hx.

D. Reproducing Kernels and Aronszajn Spaces

Reproducing Kernel

Let € be a continuous representation of Hx cor-
responding to the fiducial vector ®,. We associate
with € a functional X(f, ¢'; 1, 9), called the reproduc-
ing kernel, and defined by

(', 951, 9 = (Ulf, ¢'1%, Ulf, g]®s). (3.29)

For fixed {f, g} € £, K({f, ¢'; ], g) is an element of €
when considered as a function of {f/, g}, as follows
directly from (3.29). If

v(i', ) = (Ulf, ¢'1%, 1) € €,

then for every {f, g} € &, it follows from Theorem
3.1 and Eq. (3.22) that

R 0’51, 000 9T 0
= [ &G, 0: 7. W ) d (', )

= (Ulf, 912, %) = ¥(, 9), (3.30)

a relation which gives to & its name. The same rela-
tion yields the idempotent property

[ w6, 17, g%, o310 de (7, )

=x(" 9559 @331
In addition, the reproducing kernel has a number
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of special properties and we list several of the more
important.

1) Yap, b =1,2, ---, M, is an arbitrary, finite
set of M complex numbers and {f, g.} are M arbi-
trary points in § X §, then

> 2 etk (f, 9:3 fur ) 2 0.

i=1 k=1

The sum in (3.32) is just

(3.32)

2

¥

I,Zl o;Ulf;, 9:1%o

which is obviously nonnegative.
(2) From the definition of X we obtain

X 9;f,9) = 1. (3.33)

(8) The kernel X(f’, ¢'; 1, ¢) is a continuous func-
tion of its variables. It is continuous in {f, g} uni-
formly with respect to {f, ¢’'}, and vice versa. This
is & consequence of the strong continuity of the
vector-valued function ®[f, g], proved in Theorem 2.2,
Corollary 2.

(4) As a consequence of the definition (3.29) and
the CCR, X satisfies the relation

SO )
= e-‘(f.a'—a)ac(f/ — ,' gr —g; 0, 0)

Continuous Representations and Aronszajn Spaces

(3.34)

The reproducing kernel is important because it
very possibly completely determines the corre-
sponding continuous representation. A general theory
of Hilbert spaces of functions which possess a repro-
ducing kernel has been developed by Aronszajn,*
and this theory can be applied to our spaces € of
functionals on 8§ X 8.

Let us assume that we are given a function
X(f,9':1, 9, 9, f, ¢ € 8) which satisfies Eq. (3.31)
and Conditions 1 to 4. We proceed to show how
far we can go in reconstructing € from &. Aronszajn
has shown that starting with a function X that
satisfies only Condition 1 [Eq. (3.32)], it is possible to
construct a Hilbert space of functionson £ = § X §
for which X is the reproducing kernel. We denote this
space by . This construction, which is independent
of the nature of the topological space on which the
functions are defined, has been outlined in Sec. IV 5,
and is not repeated here. Aronszajn’s construction,
starting with a kernel function X which is known
only to the extent of satisfying Condition 1, does
yield a Hilbert space of functions, but specific proper-

8 N. Aronszajn, Proc. Cambridge Phil. Soc. 39, 133
(1943); Trans. Am. Math. Soc. 68, 337 (1950).

ties of the functions comprising this space as well
as a more explicit form for its inner product cannot
be determined unless further properties of the kernel
function are known.

In our case, the fact that X satisfies Conditions 2
and 3 implies that all the functions of € are con-
tinuous and bounded. Because X satisfies Condition 4
in addition, we can very readily construct a repre-
sentation of the CCR in ¥, for which the operators
Vlg) and W1f] are defined by

(Vigle)(", ¢) = ¥(", 0" — @), (3.35)
WG, ¢) =€ "vf —f,9).  (3.36)

Furthermore, if we set ¢o(f, g) = X(f, g; 0, 0) then
we have

(', 9';1, 9
= (U, ¢'lecf”’, g'"), Ulf, gloo(”’ s ¢’ Ve (3.37)

where, as usual, U[f, g] = V[g]W[f], and (, ). denotes
the inner product in A. The irreducibility of this
representation has not been established.

The proofs of the foregoing statements are almost
identical with the proofs of the corresponding state-
ments made about Aronszajn spaces in Sec. IV 5,
and are not given again here. It can further be
shown, since X satisfies Eq. (3.31), that the inner
product in ¥ is also given by

W N = }vl_l.gf V(s gan)

X M, gan) du Fans gan),

where ¥(f, g), A(f, g) € U. The proof of this fact is
relatively straightforward, but it will not be given
here because it depends on the details of Aronszajn’s
construction.

The final step in reconstructing € from a kernel
function X, satisfying Eq. (3.31) and Condition 1
to 4 is to show that the representation of the CCR
defined in (3.35), (3.36) is irreducible. In analogy
with the results of Part IV, we conjecture that be-
cause X satisfies Eq. (3.31) the representation
(3.35), (3.36) is irreducible, but we have not yet
proved this.

E. A Space of ‘‘Analytic” Functionals

In order to show the connection between our
work and that of Bargmann®® and Segal®' we consider
the following example of a continuous representation.
Set ., = L*(R) for each n € A, and for each n € A,
choose the basis set ¥, v, = hy,(z), N, =0, 1, -+,
where hy, () is the N,th Hermite function. Let the
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product reference vector X which determines the
representation of the CCR be X = J].ca ® ..,
and set ® = X, where &, is the fiducial vector
determining the continuous representation of 9x.
Furthermore, let T' be the countable collection of all
sequences, N = {N, :n € A}, of nonnegative integers
such that N, # 0 for at most a finite number of
values of n. Then the countable set of vectors
¥y = [l.ea ® ¥, 5., N € T forms an orthonormal
basis for ©x,'® and hence their images ¥»(f, g) =
(Ulf, g]®o, ¥y) form an orthonormal basis for the
continuous representation €, of Hx. The explicit
expression for ¥x(f, g) can be easily computed:

¢N(f: g) = {nIeI (Niy); <9n _\—/‘gpn) }
X exp [~ é (¢ + ipn — %ip.g)]. (3.38)

It should be noted that the product in (3.38) is a
finite product, since N, = 0 for all but a finite
number of values of n, and the exponential factor
is the same for each yx(f, g). It is also clear from
(3.38) that the domain of definition of each ¥y (f, ¢)
can be extended from 8§ X 8 to L*(Rs) X L*(Rs).
If we write z, = (1/V/2){(g. — p.) and
u[N](z) = H (Nn!)_%zrlyny

ncA

then an arbitrary ¢(f, g) & €, has the expansion
W, g = {)é‘azvuwl(z)}

X exp [— g Ggh + ipn — ¥paga)],  (3.39)

where D yer |an|’ < «. However, the functions
> wer ayu(2) = f(2) are precisely the “analytic”
functions comprising the space which Bargmann
denotes §..” Thus each ¥(f, g) € &, is equal to a
function f(2) € §. multiplied by the common factor
exp {— Dnea (3¢ + ip2 — 3ip.g.)}, and the
absolute square of this latter function can be identi-
fied with the Gaussian weighting factor used by
Bargmann and Segal in forming the inner product.
The relationship (3.39) defines a one-to-one, iso-
metric mapping of €, onto Fo.

F. Generalizations to Several Fields

The generalization of the CCR discussed in Sec.
2E can also be used to construct continuous repre-
sentations. Let X & $x be a product reference
vector, let ©x be the IDPS determined by X, and
let V[g] and WIf] be the representation of the CCR
determined by X, where {f, g} & 8x X 8 If
& & 9Ox, |[®|| = 1, is the fiducial vector, and

olf, g] = Vig]Wifle,, then the elements of € are
the bounded, continuous functionals

v, g = (2If, g], V), (3.40)

for all ¥ & Px. An inner product ean be introduced
into @K by

W, N. = limf V*Ew, 8an)
N—ow©

X My, 8a) di Ey, Ban), (3.41a)
where
=S 1
de €y, gan) = II I1 (5—) APin AGra- (3.41b)
k=1 [n{SN .

With respect to this inner product, €k is a complete
Hilbert space. The family of unitary operators

Vigly)', g) = v, 8 — 8, (3.42a)
(WY, g) =%y — £, 8)  (3.42b)

form an irreducible set of transformations on €z
which fulfill the CCR Eq. (2.48).

4. KERNEL AND FUNCTIONAL DERIVATIVE
REPRESENTATIONS FOR OPERATORS;
INEQUIVALENCE OF CCR REPRESENTATIONS

A. Kernel Representation of Bounded
Linear Operators on €

Just as in the case of a finite number of degrees
of freedom (cf. Sec. IV 6), each bounded linear
operator on € can be represented by a kernel.
Since € is the isometric image of $x, each operator
®, on @ is the image of an operator ® on Px. Given
the bounded, linear operator ® on Px, define

(B(f') g,: fr g) = (U[fly gI]QOr (BUU, g]‘io) (41)

For each fixed {f, g} € 8 X 8, &(f, ¢';f, 9) € €.
Then if ¥(f, g) = (U[f, g}®,, ¥) is the image in € of
¥ € Px, we can use Eq. (3.22) to show that

I

tim [ &(, ; fowr, 9l

N-ow

X Y(flrs gin) du (Fy, glxy)
= (U[f) g]q’oy CB\I’) (42)

Thus (®y)(f, ¢g) is the image in € of the vector
®¥ in Dx, 50 Eq. (4.2) correctly describes the action
of ®, in €. We omit any further discussion of kernel
functions describing bounded operators on €, since
the corresponding discussion given in Part IV for
the case of a finite number of degrees of freedom
applies here with few changes.

@, 9)
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B. Representation of Field Operators by
Functional Derivatives

We now discuss functional derivatives and their
relationship to representation of the field operators
¢(f) and 7(g). We assume for the rest of the discus-
sion in Sec. 4B that the fiducial vector ®, which
determines € is in the domain of all ¢(f) and #(g), i.e.,

®, & (Q Do) N (@ Drar). (4.3)

We indicated in Sec. 2D that in fact such vectors
®, exist. We now define two directional derivatives
for each ¥(f, g) € €. Let ¢ € §, then

(er 6/) \007 g)

= 1‘1_{101 A/ + te, 9) — ¥(, 9], (44

(e, 3)¥(f, 9)
= 1‘1_1'101 /0¥, g + te) — ¥, 9)].

The limits on the right of (4.3) and (4.4) exist for all
¢ € € if the fiducial vector ®, defining € satisfies
(4.3). Using the definition of ¥(f, g), we can write

/D + te, ) — ¥(f, 9}
= (VIgIW {11/ )(Wite] — 1)@, V).
In Sec. 2D we showed that 7¢(e) is the strong limit
of (1/t)(W(te] — I), and by hypothesis &, € D, (.).
Therefore, we can rewrite (4.4) as
(3, 6/)',’(f1 g) = —2(U[f, g]‘P(e)cI)O) \I’)' (46)

The limit on the right of (4.5) can be evaluated in
the same fashion, using the fact that ®, © D, ) =
Ulf, 91®, €D, (., for all {f, g}, as shown in Sec. 2D.
The result is

(e, 8.)¥(f, 9) = W=@UIf, 9120, ¥).  (4.7)

Equations (4.6) and (4.7) can both be written in a
slightly different form by commuting ¢(e) or =(g)
with Uff, ¢g] with the aid of (2.42) and (2.43). In
particular, we note the two formulas

e.(f, ;1. ¢") = (Ulf, 9120, e@UIf", 9'1%0)
= [ile, 8) + (e, IX(f, 951", 9",

*(f, g; ', 9") = (Ulf, 912, 7(QUIf", 9'1%0)
= —ie, )X, 9; 1, 9). 4.9

Since U[f; g]@o E Qv(a) N @r(a) for all {f; g}: it
is not difficult to show that for all ¥ € D,

@ONG. 9 = lim [ 0.0, g3 T, glw)

X Y(fan, gan) du (Fln, 9im),

4.5)

“.8)

(4.10)

and for all ¥ € D, (,,

«@Nd, 0 = lin [ .0, 6; flr, gl

X ¥fn, gn) du Flans gin). (4.11)

The proof of (4.10) and (4.11) is a straightforward
adaption of the discussion given in Sec. IV 6 of the
equivalent equations for a finite number of degrees
of freedom, and is omitted here.

An alternative characterization of (4.10) and
(4.11) may also be won out of (4.6) and (4.7). In
particular, for ¥ € D, (., we have

(), g) = [ile, 89 + (e, PIY(f, 9) (4.12)
and for ¥ € D, (,, we have
(W(e)‘p)(fy g) = —2.(6, 80)'P(fr g) (413)

Thus the kernels for ¢(¢) and =(e), as well as their
representation on any vector in their domain can be
determined by functional differentiation. It should
be noted that Eqs. (4.12) and (4.13) have the same
functional form independent of .

C. Some Criteria for the Unitary Equivalence and
Inequivalence of Irreducible Representations
of the CCR

As a final application of continuous-representation
theory, we employ it as a tool in a discussion of the
unitary equivalence and inequivalence of our repre-
sentations.

We have already seen that all the product reference
vectors in R can be grouped into equivalence classes,
(Definition 2.2) and that the representations deter-
mined by two equivalent vectors are identical. It is
useful to introduce another equivalence relation
into & (and hence into R) as follows."®

Definition 4.1. Two ¢, vectors are said to be
weakly equivalent, JJ.ea @ xa = Ileea ® A, if
and only if there is a set of real numbers {6, : n & A}

so that [[.ca @ xo = [Loca ® €.

A necessary and sufficient condition for weak equiva-
lence is that D .ca ||(xa, M) — 1] < . A weak
equivalence class is the union of a collection of
complete equivalence classes.

We now show that two representations determined
by weakly equivalent product reference vectors are
unitarily equivalent. Let X = [[.ca @ xu A =
JI.ca ® A,, and assume X, A € ® and X =, A.
Then there exists a set of real numbers {6, : n € A}
such that if A’ = JJ.ea ® €'\, then X & A’. It is
easy to see that A’ € ®, and therefore, the repre-
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sentations determined by X and A’ are identical.
Thus we need only demonstrate that the representa-
tions determined by A and A’ are unitarily equiva-
lent. However, von Neumann has shown that there
exists a unitary map, T(6), of D, onto .. which
maps each product vector® = [[.ca ® ¢, € $, onto
TO)® = Jl.es ® €. If V,[g] and W,[f], and
Va-{g] and W,.[f] are the representations determined
by A and A’ respectively, then with the aid of the
defining equations (2.11), it is easy to see that

Vi-lgl = T(O)V.lglT(6)™",
W lfl = T(OW.IAIT(6)™.

Unitary Invariant Tags

Although we have not yet been able to determine
all those among our representations which are
unitarily equivalent, we now discuss a technique
which is frequently useful in showing the unitary
inequivalence of two representations of the CCR.

Note added in proof: In collaboration with E. J.
Woods, we have succeeded in proving, with the aid
of the tag philosophy, that any two representations
of this CCR defined in the canonical fashion of this
paper on two IDPS’s with weakly inequivalent
fiducial vectors are unitarily inequivalent repre-
sentations. A report on this work is in preparation.

Let a representation determined by X € R be given
and form the family of unitary operators Ulf, g] =
VIglW[f]. Then using the commutation relations, we
can write

Ulfw, 91U, gl
= WO EDG g1TTf, gl (@14)
Now suppose it is possible to pick a sequence
{f, a} €8 X 8,k = 1,2, --- , which satisfies the
two conditions:
ey lkim (v 9) = lkim (g, ) = 0,
for all
@ lkim ¥, Ulfs, g:19) = (¥, A9),
forall ¥, & € 9x,

where A is a bounded, linear operator on $x. Then
taking the limit of both sides of (4.14), we see that

AU[f, g1 = Ulf, glA. (4.15)

Since (4.15) holds for all {f, g} € 8 X 8, and U[f, ¢g]
is an irreducible set of operators, we can conclude
from Schur’s theorem*® that A = al, where a is a

4 M. A. Naimark, Normed Rings (P. Noordhoff Ltd.,
Groningen, The Netherlands, 1959), p. 255.

f,g €5,
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complex number depending on the sequence {f:, g}
and I is the unit operator. It is clear for the repre-
sentation U'[f, g] = VU, g]V™*, which is unitarily
equivalent to U[f, ¢g], that the weak limit of U’[f,, g:]
is VaIV™' = al. In other words, a is a unstary in-
variant of the representation of the CCR.

We can now draw the following conclusion: Let
U[f, g] and U®[f, g] be determined by X &€ ®
and X € R respectively. Let {fi, .} € 8 X 8,
k = 1,2, --- be any sequence satisfying condition 1
above, and suppose further that A = oI is
the weak limit of U™[f,, gi]. Then either if the
weak limit of U®[f,, g.] does not exist, or if it does
exist and A = a'”I where a” # ¢®, then the
two representations must be tnequivalent.

As an elementary application of this procedure,
consider the special case where X = J,ea ®
x? € R, ¢ = 1, 2, have the property that there
exist unit vectors x{’ &€ L*(R), such that

lim [ — x| =0, <=1,2.

In|—o

Let us adopt fi = Pl g2 = Qs k=1, 2, -+,
where p and ¢ are arbitrary real numbers, n,, k =
1, 2, is any subsequence of A such that
lim;.. [1:] = o, and h,, n € A are the usual Hermite
function basis elements of 8. It is obvious that the
sequence {fx, g.} satisfies condition 1 above, and it is
a straightforward matter to show that U“[f,, g.]
converges weakly and that a'“’(p, ¢) = (&,
VolglWolplxs?), ¢ = 1, 2. Thus in order that the
two respresentations be unitarily equivalent, it is
necessary that a(p, q) = a® (p, q) for all p, q.
With the aid of Eq. (2.9) we can write this last
equality as

‘/‘— x;l)(y)*eip(v—a)x;l)(y _ q) dy

= f. X< @)™ %Py — q) dy.

In Sec. IV 3 we showed that both sides of (4.16)
possess Fourier transforms, which yields the equality

(4.16)

xo"W*x W — @ = xX W@ — 9)-

This equality can hold for almost all ¥ and ¢ if and
only if x(y) = ¢*’x? (y) for some real 8. Therefore
we can conclude that if x’ # ¢’x® for any real 6,
then the representations of the CCR determined by
X and X® are unitarily inequivalent.

In particular, consider the very special class of
product reference vectors of the form X = JJ,ea ®
Xny Xn = Xe, ® & A, In this case we can speak of the

representation of the CCR determined by x., and
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we have just shown that as long as x. and x/ are
not colinear (x. # e‘’x.) then the representations
they determine are unitarily inequivalent. Clearly,
there are an uncountable infinity of unit vectors
X»- € L? po two of which are colinear, from which
product reference vectors can be formed. Thus the
product reference vectors in this restricted class
alone determine an uncountable infinity of in-
equivalent, irreducible representations of the CCR.

It is clear that all the unitary invariant ‘“tags”
discussed here can be obtained within the continuous
representation € by taking appropriate limits of the
reproducing kernel. If f,, g, are two weakly con-
vergent test function sequences, then it may be
shown that condition 2 above for the existence of 4

is satisfied if and only if
l,ﬂf X, g5 Fes 90

exists for all {f, g} &€ 8 X 8. It then follows that the
unitary invariant

a = lkim (@0, Ulfs, g:1%0) = lbi_‘m (0, 0; fe, gu)-
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The structure of a Euclidean space can be approached, with an unlimited accuracy, by a part of a
maximally ordered finite linear space. Accordingly, all the physical theories based on the space~time
continuum can also be considered in such a finite space-time. The finiteness of the underlying space
makes also some new kinds of theories possible. Among them is a purely group theoretical formalism
of relativistic quantum theory, including a free-particle theory as well as a group formalism of inter-
action of particles. The free-particle formalism of a finite space—time is considered here (Part I).
An essential difference in comparison with the formalism of continuous space—time is that there is,
as a consequence of the relations of Euclidicity to be imposed on observable 4-vectors, a nontrivial
spectrum of momentum, mass, and energy in a finite geometry.

I. INTRODUCTORY REMARKS

HERE are reasons’ to believe that distances
larger than about 4 X 10*" ecm from the earth
are inobservable in principle. One can refer, for
instance, to the fact that the red shift in the spectra
of the galaxies at that distance already equals the
Doppler effect of the velocity of light. On the other
hand, one has considered in atomic physics the
possibility of the existence of an elementary length
d, the smallest observable length. Different orders of
magnitude of d have been suggested, all of them
obeying d < 107*2 em. If a smallest observable length
exists, the observable points of space (and time)
form a finite set.
Irrespective of the fact whether there are any

! For instance, G. Jirnefelt, Ann. Acad. Sci, Fennicae Ser.
A I, No. 96 (1951).

largest or smallest observable lengths, one can con-
sider the problem whether the physical space-time
can be mathematically described by a finite space.
The solution of the problem depends on the solution
of another problem, viz. the following: Is it possible
to approach the structure of a Euclidean space,
with an unlimited accuracy, by a finite space? The
answer to the latter question is in the affirmative’
even though the results in question are little known
outside the circle of the mathematicians studying
finite geometries. These results are reported in
Sec. II below.

The significance of the results concerning the
approximation of a Euclidean geometry by a finite
geometry is in the fact that it makes of finite geom-

2 P. Kustaanheimo, Soc. Sci. Fennica 15, No. 19 (1950).
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etry a “realistic model” in physics. All the existing
physical theory can be now approximated, with
an unlimited accuracy, by theory in a finite space.
More interesting than just a reformulation of old
theories is, of course, to study whether the use of
finite space can open new possibilities for physical
theory.

A purely group theoretical formalism of rela-
tivistic quantum theory, possible in a finite space—
time, will be studied in this and two subsequent
papers (to be called Part I, Part II, and Part III,
respectively). “Purely group theoretical”’ means that
also the interactions of particles are described in this
formalism by means of an invariance and transforma-
tion theory, based on geometry and covariance only.
A well-known earlier formalism of this type is the
formalism of general relativity where the gravita-
tional interactions are described by equations based
on geometry and covariance only. As in general
relativity, the laws of interaction (there the equa-
tions for the gravitational field, here the S operators
predicting the interactions and composed of the
creation and the annihilation operators of the parti-
cles in question) are constructed by means of ten-
sorial contractions. The covariance of the laws of
interaction with respect to the relativity group is,
together with the geometry of space-time, the only
assumption used for the construction of the S
matrices in this formalism (see Part II for details
of construction).

Such a formalism may or may not have use in
physical theory. Here the formalism is investigated
as a mathematical model, as a logical possibility
connected with a finite space—time. The existence of
this formalism was predicted in an earlier paper.’

The group formalism of interaction will be con-
sidered in Part II. An essential point of the inter-
action formalism is based, however, on the existence
of nontrivial spectrum of observable momentum,
mass, and energy in finite geometry; the existence of
this spectrum is obtained as a result of the con-
sideration of the free-particle formalism of finite
space~time which is given in the present paper
(Part I).

IIl. THE FINE STRUCTURE OF SPACE-TIME

Irrespective of the fact whether any largest or
smallest observable lengths exist, one can approxi-
mate the observable points of space—time, with an
unlimited accuracy, by the points of a cubic lattice E
contained in a four-dimensional Euclidean space R*.

3Y. Ahmavaara, Ann. Acad. Sci. Fennicae Ser. A VI Nos.
85, 95, and 106 (1961)-(1962).

Y. AHMAVAARA

The side length of an elementary cube must af least
be smaller than 107*? cm in the spatial dimensions,
and smaller than (10™*% em)/c = 107* sec in the
dimension of time, but it can of course be made also
much smaller than these upper limits. The total
number of successive points in both spatial and
time dimensions must thus exceed 8 10°7/10™**=10*
at least. The finite lattice so characterized may be
called the Euclidean lattice of the observable points.

The finiteness of E arises the question whether a
finite four-dimensional linear space EG(q, 4) over a
finite Galois field GF(q) exists, such that EG(g, 4)
contains a subset isomorphic with the lattice E.
Obviously, the problem is equivalent to the problem
whether a number (>10*) of successive integers
of GF(q) can be transitively ordered, and thus put
into an isomorphic correspondence with a sequence
of equal-distanced real numbers.

Consider a Galois field GF(g). It contains ¢ ele-
ments (g is a prime), viz. the ¢ rest classes of the
ordinary integers modulo ¢. Let us denote these rest
classes by 0, 1, 2 (q - l)a: where a, =
{n;n = a (mod ¢); n = integer}. There are always
in a field GF(q) primitive elements p for which the
integer » = ¢ — 1 is the lowest exponent for which
" = 1, holds true. Every nonzero element @, of
GF (q) is either an even or an odd potence of a given
primitive element: a, = p** or @, = g, with an
integer h. The even potences will be called “squares”,
the odd potences “not-squares.” There are exactly
(¢ — 1)/2 squares and (¢ — 1)/2 not-squares in a
field GF(g). Since the product of two squares, and
of two not-squares is always a square, and the
product of a square and a not-square is always a not-
square, one can consider the squares as the positive
numbers, and the not-squares as the negative num-
bers of the field GF(q): a, > 0, if a, = p**, and
a, < 0, if @, = p™***. The relation p*™' = 1, guar-
antees the positiveness of the unit element.

The relations “greater than” and “smaller than”
can be defined for any two elements a, € GF(g)
and b, € GF(g), a, # by, by

if a,,'—b‘,>0q,
a, < b, if a, — b, <0,

provided that the condition —1, < 0, holds true.
In terms of a symbol of Legendre this condition

( )
q

It guarantees that the cases a, > b, and a, < b,
exclude one another.

a, > bu (2)

—1. 3
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The sum of two squares is obviously not neces-
sarily a square and, accordingly, the relation of
order defined by (2) is not transitive in general.
Therefore the elements of GF(g) do not in general
form ordered sequences of more than two elements.
The sequence 0, < 1, < 2,, for instance, is transi-
tively ordered only if, in addition to the trivial
relations 2, — 1, = 1, — 0, = 1, > 0, (which are
always true), also the condition 2, — 0, = 2, > 0,
holds true. Obviously, any sequence a, < (a + 1), <
(@4 2) < -+ < (a4 gre1 — 1) Of gs1 SUccessive
integers of GF(q) is transitively ordered by (2) if,
and only if all the nontrivial relations 2, > 0,
3, >0, -+, (qess — 1), > 0, hold true simulta-
neously. This implies that all the elements (g;), of
GF(q), corresponding to the first &k primes ¢;, are
squares. Using the symbol of Legendre this condition
can be written as

(Zi)=1r q-’=213v5v71"')q1c

(successive primes). (4)

It was shown by Kustaanheimo® that the condi-
tions (3) and (4) are simultaneously satisfied if one
chooses the fundamental prime ¢ of the field GF(g)
to be of the general form

g = 8q1q.- -qi — 1 (the ¢, the k first primes). (5)

The existence of an infinite set of solutions ¢ of (5)
is guaranteed by the theorem of Dirichlet (cf. Kus-
taanheimo, Ref. 2). If the element (g;.,), is not-
square, then the greatest possible length of “Euclidean
chains”* of GF(q) satisfying (5) is exactly ¢us:
elements. For instance, ¢ = 47 satisfies the condition
(5), there being ¢ = 3, qz+1 = 5, and 547 < 0.
Accordingly, any sequence of five successive integers
of GF(47) is transitively ordered, and no sequence of
six successive integers can be ordered in this field.

A four-dimensional linear space EG(g, 4) over
GF(q), where q is of the form (5), and where g, is of
the magnitude of 10** at least, thus contains a subset
isomorphic with the lattice E. The fine structure of
space—time is thus expressed by a space EG(q,4) D E.

IOI. THE RELATIVITY GROUP OF A FINITE
SPACE-TIME

Let us now consider a linear model W of space-
time, that is, a four-dimensional linear space W over
a field K of numbers, such that the Euclidean lattice
E is contained in W. It is evident from the Sec. II

4 This term for the transitively ordered sequences of

GF(q) was introduced by F. Levi, Zentr. Math. 39, 156
(1951) [A review of Ref. 2].

that one can choose for K either the field R of the real
numbers, or a Galois field GF(q) satisfying the
condition of Kustaanheimo [Eq. (5)], or a field of
rational numbers, for instance. Let us introduce the
following notations:

A :a 4 X 4 matrix with elements in K,

z : a point of W indicated by a column vector
containing the time coordinate z, and the
spatial coordinates z,, z,, and zs.

a : another 4-vector of W,

A, 2, etc.: the transposes of A, z, etc., (6)
-1 0 0 O
010 0 the metric matrix of W,
g = :  with elements 0, 1, and —1
0 0 1 0| inthefieldK,
0 0 01

Ty = &gy = TuY1 + ToYe + Tals — ToYo; T, Yy E W,
2 =zz, zEW.
The transformations (A, a) of W onto itself, de-

fined by
(A,a) 12— Az + a, (7

form a group where the unit is 1 = (Z, 0), I = the
4 X 4 unit matrix. The group multiplication and
the inverse are given, respectively, by

(A1, @)+ (Az, b) = (AsAq, ALD + @),
A, @) = (A7, —A7"a).

In particular, we are interested in the translation
group 3, the Lorentz group £, the Coish group €,
the Poincaré group (or the inhomogeneous Lorentz
group) @, and the Dieudonné group D defined by

©)

3= {, a;a € W},

£ = {(4,0); XgA = g},

e = {(4,0); &gA = =g}, 9)
® = {(A, a); AgA = g, a € W},

D = {(4, a); AgA = +g,a € W}.

By neglecting the elements containing P or T,
the inversions of space or time, one obtains the
corresponding restricted groups £,, Co, ®, and D,.
The relations between the full and the restricted
groups are indicated by semidirect products:

£=£o><5, e=eoxgn
® =@ X4, D=9 X 4.

(10)

Here ¢ is the inversion group composed of the ele-
ments 1, P, T, and PT.
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For K = R (the field of the real numbers) one has,
of course, £ = @, and ® = D. For K = GF(g) it
follows from a theorem of Dieudonné® that £ = ¢,
and @ 7 D. The A matrices obeying AgA = —g
can all be generated by the Lorentz matrices together
with a particular class of the non-Lorentz matrices,
for instance, with the following class given by
Coish®:

Oa Oa Oq _1a

A= |O T B 0o e e —1,. (11)
0, B. a, 0,
lv 0« Oa Ou '

Since the (A, 0) transform z* — —z* they may be
called reflections in the light cone. Since the light cone
itself is invariant in these reflections, it seems conse-
quent to count the elements (A,, 0) to the relativity
group of the linear space~time W over GF(g), this
group being thus defined by the Dieudonné group D
rather than by the Poincaré group.

IV. THE UNITARY REPRESENTATIONS OF
THE DIEUDONNE GROUP

To consider the consequences of the fine structure
of space-time in relativistic quantum theory one
must first construct the unitary representations
of the Dieudonné group © over GF(q) in a linear
space over the ordinary complex numbers. The
general method of Wigner and Mackey’ can be
applied.

By (8) one has

UA, 0) = Ul, 0):(4,0)] = U, 9U(A, 0). (12)

Since 3 is a commutative finite group one has by
well-known theorems

Ud, o) ~ @ U,

U,,(a) = e(eﬁ/u)rn,

(13)
p € EG(q, 4.

Introducing the little groups €(p) and their left
cosets K,.(p) by

e = {(4,0); Ap = p},

K, (p) = {(Av 0); Ap = P'},

one obtains from the elements (A, 0) of the Coish
group € in a unique way elements (A(p), 0) of the
little Coish group €(p) by the construction

s Dieudonné, Mem. Amer. Math, Soc. No. 2, p. 51 (1949).

s Coish, Phys. Rev. 114, 383 (1959).

TE, Wigner, Ann. Math. 40, 149 (1939); G. Mackey,
Acta Math. 99, 265 (1958); for a similar application see
H. Joos, J. Math. Phys. 5, 155 (1964).

(14)

(A®@), 0) = (A,(4p), 0)-(4, 0)-(A,:(p), 0).  (15)

Here (A,(Ap’), 0) and (&, (p), 0) are freely chosen
but once for all fixed elements of the respective
cosets K, (Ap") and K, (p). Solving (15) for (4, 0),
using the evident rule (A, (p), 0)™' = (A,(p"), 0),
and exchanging the indices p and p’ for convenience,
one has the following composition of the unitary
representation U(A, 0):

U(A,0) = U(A4,(p), 0U(AR), OU(R, (), 0). (16)

Consider a linear space H over the ordinary
complex numbers,

H = G‘) Hp, p € EG(Q: 4)1 (17)

spanned by a basis system

{q)v-v;p €EG(Qr4);U =12, 0(17)}y

so that®,,, € H,. One can always choose this system
so that one has

vd, ), =
U(I\'D’(p)! O)q)n,w =
U(A(p)r O)cbp.v =

U)d,..,
q>p’,n
;amwm%w

Here (A(p), 0) — D(A(p), 0) is an ordinary complex-
number matrix representation of the little group
€(p). Combining (12), (13), (16), and (18) one has
the standard form of the operator U(4, a) defined by

UA, @), = ¢ /24" 3 D,,(A(AD), 0) B4y, (19)

(18)

In a Galois field GF(q) satisfying the condition
(5) of Kustaanheimo, the element —1, is not-square
and, accordingly, for every element M > 0, one
has —M < 0,. Let us now decompose the general
space (17) as follows:

H=H@HM, HM =®H,
M P (20)
pPP=xM, M>0, p#O0.

From U(4A, a)®,,, € H,, and from Ap-Ap = =+p’
one concludes that each of the spaces H(M) carries
a separate representation of the Dieudonné group .
Of course, the same holds for the space H, cor-
responding to the case p = 0.

From (14) it follows that €(0) = € so that H,
carries a representation of the Coish group €. This
space is now less interesting in comparison with the
spaces H(M). Each subspace H, of H(M) evidently
carries a representation (A(p), 0) — D(A(p), 0) of
the little group €(p). An element (A,(p’), 0) of the
coset K, (p’) conducts, by
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4@, 0) = (4,07 -(A), 0)- (A,(@"), 0) € e@"),

an isomorphism from €(p) to €(p’) for every pair
(p, p") such that p’* = 4p® (notice that in the case
p”® = —p° this result has no counterpart in the
theory of continuous Lorentz group). This implies
that all the representations of the little groups €(p)
in the respective spaces H, are equivalent with one
another and, accordingly, the little groups them-
selves are isomorphic to one another. One can thus
introduce an abstract little group @(M), depending
only on the constant M, and isomorphic to all the
little groups €(p) with p*> = +M.

If an index S is introduced to label the irreducible
unitary representations of the abstract little group
C(M), one obtains the decomposition

D(A(P), 0) ~ (S-BfD‘S’(A(p), 0) 1)
of the D matrices of Eq. (19), and the corresponding
decomposition

HM) = (;BH(M, S) (22)
of the spaces H(M).

Each of the spaces H(M, S) now obviously carries
an irreducible unitary representation of the Dieu-
donné group D. In particular, this applies to the
spaces H(0,, S) under the condition that the vectors
&, , corresponding to p = 0 are not included in
H(,, S) (but in H,).

If one decomposes an irreducible manifold
HM, 8), for M > 0, of the Dieudonné group so
that

HM,S) = H+M,S) @ H(—M, S), (23

where H(+M, S) is spanned by those vectors
®,,, € H(M, S) for which p* = +M, and H(—M, S)
by those &, , € H(M, S) for which p* = —M, then
each of the spaces H(4+M, S) and H(—M, S) car-
ries an irreducible unitary representation of the
Poincaré group (the inhomogeneous Lorentz group)
®. In particular, the inversions P and T are repre-
sented by the unitary operators

U(P)q:'p.w = (I)Pp.u U(T)‘I’,,,, = q:‘Tp.v- (24)

Here Pp is the space-inverted vector p, and T'p the
time-inverted p. In a reflection in the light cone,
(11), the two spaces H(+M, S) and H(—M, 8) are
exchanged with one another.

An open problem so far is the construction of the
ordinary complex-number matrices D(A(p), 0). Evi-
dently, this task presupposes the construction of the
irreducible representations of the finite Coish group
¢ in terms of ordinary complex-number matrices.

The present situation in this problem is the following.
The non-Lorentz Coish transformations (A, 0) of
(11) are outer automorphisms of the Lorentz group
£. The representations of the whole Coish group €
could be therefore determined if just the ordinary
complex-number matrix representations of the finite
Lorentz group £ were known. The latter group
belongs to a class of “orthogonal groups” investi-
gated indeed since the work of Dickson,® but the
interest has been so far restricted to modular repre-
sentations only. Fortunately, the situation will
perhaps change soon.’

So far only some properties of the © matrices are
known. There is a result of Coish® which can be
formulated as follows.

Theorem: The irreducible modular representa-
tions of the restricted Coish group €, over GF(q) are
multivalued, every element (A, 0) of @, being repre-
sented by several matrices in the following way:

(4, 0) — ®*M(4, 0);
k=0,1,2,--,¢; « & GF(g);
o™ = 1,; (4, 0) — M(A, 0) is a function;

The integer @ determining the multivaluedness is
different for different nonequivalent representations,
and it has the values @ = 0, +1, &2, --- .

The theorem implies that one can define a ““‘cover-
ing group” €} of @, in order to make the representa-
tions (25) univalued, and that it is the covering
Coish group @’ rather than @ which is relevant in
quantum theory. The unitary irreducible representa-
tions of the extended little groups €'(p) in terms of
ordinary complex-number matrices will obviously
be of the form

(Ap), 0) — 'V 95 (Ap), 0);
k=0,1,2-,q (2

Here the matrices °’(A(p, 0)) give a univalued
irreducible unitary representation of the little Coish
group C(p) for every value of S.

When the right member of (26), with the obvious
change p — Ap, is substituted for the D matrix
appearing in (19), the unitary operator U(A, a) de-
fined by (19) gives an irreducible unitary representa-
tion of the covering Dieudonné group D’. Such a
representation is characterized by the three labels
M, 8, and Q.

It is shown in the next section that the label M
is connected with the notion of rest mass. On the

(25)

8 L. Dickson, Linear Groups (Dover Publications, Inc.,
New York, 1958) (first printing in 1901).
9 A private communieation from Professor R. Brauer.
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other hand, since the abstract little groups €(M)
are rotation groups, one must expect the label S to
be connected with the notion of spin. What is then
the physical interpretation of the label Q?

To consider this question, consider the @ trans-
formations of the Hilbert space which are given by

q’n.v.o—>32”Qk/(q+l)q>v.v.0y k= 0, 1, 2, Tty q. (27)

Since these are finite analogies to the continuous
gauge transformations the label @ could be interpre-
ted to represent a charge quantum number like,
for instance, the electric charge number (this is the
interpretation of Coish®).

V. THE SPECTRAL FUNCTIONS OF REST
MASS, ENERGY, AND MOMENTUM

Following the conventional physical interpretation
of the formalism of relativistic quantum theory one
must consider an irreducible manifold H(M, S, @)
of the covering Dieudonné group O’ as the Hilbert
space composed of the single-particle states of the
particle of the species A = (M, S, Q).

The label M has the range of values composed of
the 3(¢ + 1) nonnegative elements of a Galois field
GF(g). Such an element is either zero or a square
and, accordingly, can always be written as

M =4 € GF(g. (28)

A vector ®,,, € H(M, S, Q) must be considered
as a state of an exact 4-momentum p (and of the
variable o) of the particle (M, 8, Q). In particular,
the component p, of p must be considered as repre-
senting the energy of the particle (M, 8, Q) in the
state ®,,,. The components p,, p,, and p; together
form the 3-vector momentum of this particle in
this state. When doing these interpretations one
must, however, remind that one is giving the names
of “energy’” and “momentum’” to Galois numbers:
all the components of p are now elements of GF(g).

In particular, it follows from (28) that the rest
mass of the particle (M, S, Q) can be defined as the
Galois number g but only for the states &,, €
H(—M, 8, Q) [cf. (23)]): only these states have the
correct relation

—u’. (29)

Let us now decompose the space H(—M, S, Q)
so that

H(—My S’ Q) = Hl(—My S; Q) @Hz(’—M: Sv Q)v
(30)

where H,(— M, S, Q) is the space spanned by those
vectors ®, , € H(—M, S, Q) for which the element

p’=pi+ps+pi—ps=

P} + p; + pj is either zero or a square of GF(g). To
every state ®,,, € H,(—M, S, @) one can thus
associate a scalar momentum « defined by

k € GF(g). (31)

Let the particular field GF(q) now under considera-
tion be so chosen that the condition (5) of Kustaan-
heimo is satisfied. There are then Euclidean chains
in GF(q), that is, there are sequences

g, <@+ 1D, < -+ <(a+ qeer — 1)

of g.+1 successive integers of GF(g) which can be
mapped isomorphically to the ¢;., ordinary integers
a<a+1< . <a+ g — 1. Of course, the
“physical domain’’ of each of the variables pi, ps, ps,
Do, k, and u must be represented by the respective
Euclidean chains E,, B,, E;, E,, E., and E, of GF(g).

From the nonnegativeness of the physical domains
of p,, k, and g, and from the symmetry of the physical
domains of p,, p,, and p, with respect to the origin
(of the observers reference frame) it follows that
the FEuclidean chains representing the physical
domains must be chosen as follows:

P+ pi +pi =4,

E; = {pi;ps = (k) ki = 0, %1, - -+, £3(gevs — D},
Eo = {po;po = (ko)ar ko =0,1,2, - -+, goss — 1}, (32)
E,={;k=Fkyk=0,1,2 -, g — 1},
E,={uy;p=mym=20,1,2, -+, gasy — 1}.

The states ®,,, € H,(—M, 8, Q), for which each
of the variables pi, p,, ps, Do, k, and p belongs to the
respective physical domain, may be called the
observable states of momentum,

The relations (29) and (31) are valid for any states
®,., € H(—M, 8, Q). In particular, when applied
to the observable states of momentum, they give
the fundamental conditions

m® = ky — K, K = ki + k5 + ki. (33)

For every solution (ki, ks, ks, ko, k, m) of (33) by the
integers allowed by (32) there is an observable 4-
momentum p.

If the results of measurement are indicated by
using a natural unit of measurement, viz. the smallest
difference € of energy, then the observable values
of the variables p,, s, Ds, Do, &, and u corresponding
to a given solution (ki, ks, ks, ko, k, m) of (33) are
given by
Povs = ke, (Da)ovs = kze, (Ds)ors = ke,

(po)ob. = ke,
The conditions (33) determine the distribution of

(34)

Kobs = kel Hobs = ME.
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the observable states of momentum. This distribu-
tion can be expressed by the spectral function F
from E, X E, X E3 X Ey X E, X E,to the numbers
1 and 0, defined to have the value 1 for every solution
(k1, ks, ks, ko, k, m) of (33) by the numbers (32), and
otherwise the value 0. The spectral functions F,,
and D of energy and rest mass, respectively, are
then given by

Fm(ko) = E E Z F(kl, k21 kay kO) ky m)t

E, Ey; Es

=(m) = EZ F,(ko).

35)

The number F,(k,) gives the number of observable
4-momenta for the fixed values me and k.e of the
observable rest mass and energy. The number =(m)
gives the total number of observable 4-momenta for
the fixed value me of observed rest mass. The exist-
ence such nontrivial spectral functions of geometrical
origin is obviously a fundamental consequence of
the fine structure of space~time.

Examples: For m = 0 one has Fo(k,) > 0 for
every value kb, = 1,2, 3, -+, g4+1 — 1. Since the
number ¢, is larger than 10*, the value of Z(0)
is very large, indicating the existence of particle(s)
having the rest mass zero. Evidently, the peak of the
2 function at m = 0 is of the maximal possible
magnitude. The energy spectrum of the particle
m = 0 begins with the values F (1) = F,(2) =

Fo(38) = Fo(4) = 6, Fo(5) = 30. The mass spectrum
Z(m) has, in the immediate vicinity of m = 0, the
following course: Z(1) = 2(2) = 1, Z(3) = Z4) = 7,
2(5) = 31. The values of Z(m) for m # 0 are thus
in this domain vanishing in comparison with the
value =(0) > 10*', which shows that there is practi-
cally no observable rest mass in the nearest vicinity
of m = 0.

Taking into account the smallness of the mass unit
here employed, it is the behavior of the function
2 for very large m which is interesting in the connec-
tion with the problem of the mass spectrum of
elementary particles. About this problem a pre-
liminary remark can be made here.

Since (33) can be rewritten as (ko+k) (ko—k) =m’,
k* = k* + k2 + k2, there is a solution (k, k) for each
integer divisor of m. Indeed, if m* = ab, where a and b
are positive integers such that ¢ > b, then there is
one and only one solution (k,, k) of (33) for each pair
(a, b), viz., that one given by k, = 3(a + b), k =
1(a — b). Accordingly, the number of the dif-
ferent observable energies of a particle having the
rest mass me is given by the number of the major
divisors of . Thus the problem of the mass spectrum
is closely connected with the well-known number-
theoretical problem concerning the distribution d(m)
of the divisibility of integer m. One can easily see
that the functions d(m) and Z(m) have, for large
values of m, discrete peaks having irregular mutual
intervals.
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A procedure is described for obtaining a complete, invariant classification of the local, analytic
geometries and matter fields in general relativity by a finite number of algebraic steps. The approach
is based on an extension of the classification scheme to include differential invariants of all orders and
to provide maximally determined standard frames of vectors at each point. It is further shown that

the resultant invariant functions can be replaced,

in a finite number of algebraic steps, by special

invariant functions which, while still uniquely representative of the geometry, can be assigned
arbitrarily to produce all possible local, analytic solutions to the Einstein equations, in this repre-
sentation. It is suggested that this type and special function scheme, obtainable from ideal geo-
metric measurements in a finite number of steps, could be useful in general relativity. Unfortunately,
due to the extensive algebra involved, this scheme has not yet been explicitly calculated, even for

empty spaces.

I. INTRODUCTION

HE usual approach to the study of the dif-

ferential geometric properties of a manifold is
through the metrie, which is effectively described
by the functions representing the components of the
metric tensor in each coordinate system. Another
procedure is to use the structure of the infinitesimal
parallel displacement as deseribed by the connection.
In standard general relativity, where the connection
is required to be torsion free and metric, these
descriptions are equivalent. Of the two it is perhaps
the meftric approach which seems to be more natural
and intuitive and more closely related to ideal
physical measurements. Further, the approach
through the connection form has the disadvantage
that it is not effectively productive of a geometry
in the sense that the functions that are to represent
the components of the connection in a particular
coordinate system cannot be assigned arbitrarily but
must satisfy differential equations expressing the
condition that the connection be metric. The direct
metric approach, on the other hand, does not give
rise to this difficulty and geometries can be produced
at will merely by assigning the functions to represent
the components of the metric tensor in a particular
coordinate system, subject only to qualitative con-
ditions such as differentiability, signature, and the
nonvanishing of the determinant.

However, both the metric and connection form
approaches do have some drawbacks, particularly
in applications in general relativity. In the first
place, the description of the geometry in terms of

* Supported by a grant from the National Science Founda-
tion.

94

the functions representing the components of the
metric tensor or connection form is clearly coordinate
dependent. This fact leads to many theoretical and
practical difficulties, for example, the practical prob-
lem of an effective test for whether or not two such
sets of functions represent geometries that are equiv-
alent, at least locally. Secondly, the structure of the
Einstein equations, even in empty space, is of such
complexity that the study of their properties has
been very difficult and slow.

The purpose of this paper is to demonstrate
explicitly the existence of an alternate approach to
the geometry of spaces satisfying the Einstein equa-
tions. In this approach the local geometry of such
a space is described by first placing it in one of a
finite number of discrete types and then assigning
to it a finite set of scalar functions, the special
invariant functions, which can be chosen arbitrarily,
but which are uniquely representative of the local
geometry. It should be emphasized that these are
not merely the usual second-order invariant func-
tions such as the Petrov scalars. These latter are
not effectively productive of a geometry since they
can only be chosen subject to differential conditions,
and thus are not entirely suitable to represent the
geometry. Further, they are complete only in cer-
tain cases.

This approach has several advantages. First, it
provides an invariant, one-to-one representation of
the local geometry. That is, two spaces satisfying
the Einstein equations are locally equivalent geo-
metrically if, and only if, they are of the same type
and their special invariant functions agree in form,
not just in value, providing an effective test of the
local equivalence of such spaces. Further, for a
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given matter tensor, all geometries solving the
Einstein equations can be locally represented by
such a type and set of special invariant functions.
Finally, within each type the functions can be
prescribed arbitrarily, subject only to qualitative
conditions, as the components of the metric tensor
as discussed above. Thus all local solutions to the
Einstein equations can be produced at will within
this representation, which of course, leads to many
advantages, e.g., a combination law for solutions,
such as the addition of special invariant functions,
and other possibilities discussed in the conclusion
below.

Of course, this type and special function scheme
is admittedly further removed from ordinary geo-
metric measurements than either the metric or
connection approach. However, the type and special
invariant functions can be obtained from local
metric or parallel displacement measurements by
a finite number of algebraic steps and a finite
number of differentiations. Thus, in principle, follow-
ing the prescription outlined below, a device could
be constructed which would directly read off the
type and special invariant functions from local
measurements. Conversely, given a type and set
of special invariant functions, the analytic expression
for the components of the metric tensor can be
obtained from the analytic expression for the special
invariant functions by algebraic steps (possibly in-
finite in number).

Thus, this type and special function scheme is
as legitimate a representation for local geometry
as the assignment of functions to represent the
components of the metric tensor. Further, it has
the added advantages of providing this representa-
tion invariantly, with a “built-in”’ test for the local
equivalence of geometries, and of giving a complete
clagsification of the local solutions to Einstein
equations.

Unfortunately, because of the extensive amount
of algebraic manipulation required, this scheme has
not been explicitly carried through in closed form,
even for empty spaces. Thus, this paper is essentially
in the form of a proof of an existence theorem
stating that such a scheme can be obtained by a
finite number of algebraic steps and providing a
definite prescription for doing so. It should be
noted that since these are essentially algebraic steps,
a computer might conceivably be useful in complet-
ing the task.

The central theorem used in this paper, that the
geometry is characterized by the Riemann tensor
and its covariant derivatives, is well known. For a

statement and proof of it see Cartan.' A canonical
form for the Riemann tensor in Einstein spaces was
first obtained by Petrov,’ using the special algebraic
properties of such a tensor. Komar® showed how
the Petrov functions could be used to establish
canonical coordinates when they are independent.
For a further discussion of these problems and a
guide to the associated literature see Bergmann,*
or Petrov.’ .

The main features of this paper are as follows.
First, (Sec. II), it presents an explicit procedure
for obtaining a canonical or standard form for any
Riemann tensor and its sequence of covariant de-
rivatives. This procedure does not depend on special
algebraic properties, such as Petrov’s for the Weyl
tensor, giving it more generality for use with higher-
order invariants, but causing it to be more complex
in practical applications. This makes possible the
effective, general application of the equivalence
theorem mentioned above. Secondly, (See. III),
from an analysis of the resulting algebraic differential
equations, it gives a definite prescription for replac-
ing the resulting invariant functions, which cannot
be chosen arbitrarily by the nonredundant and
independent special invariant functions which are
arbitrary, but which still provide an invariant one-
to-one representation of the local geometry, within
each type. Section IV mentions briefly some further
problems and possible applications. The Appendix
contains a proof of a theorem on product representa-
tions needed in Sec. II.

Before proceeding, we should explicitly state the
more important restrictions which we are assuming
throughout this paper. First, we are only concerned
with local and analytic solutions. Second, the matter
theories and tensors must be algebraic in the matter
fields and their derivatives. Finally, we are only
concerned with points in the manifold having the
property that the rank and other discrete algebraic
structures of analytic matrices are constant over
some neighborhood of the point. Since such discrete
properties can change only discontinuously, and
thus across boundaries of dimensions less than 4,
it is felt that these jumps can be dealt with later
as limiting cases of situations studied here. They will
naturally play a central role in possible global

1 E. Cartan, Legons sur la geometrie des espaces de Riemann
(Gauthier-Villars, Paris, 1951), 2nd ed.

2 A, Petrov, Sci. Not. Kazan State Univ. 114, 55 (1954).

3 A. Komar, Phys. Rev. 111, 1182 (1958).

*P. G. Bergmann, in Handbuch der Physik, edited by S.
Fliigge (Springer-Verlag, Berlin, 1962), Vol. IV, pp. 203-272.

5A. S. Petrow (Petrov), Einstein-Raume, (Akademie-
Verlag, Berlin, 1964).
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extensions involving the matching of metric and
matter fields of different type.

II. CANONICAL FORM FOR RIEMANN TENSOR
AND ITS DERIVATIVES

We now sketch an effective procedure for de-
termining whether two metric and matter fields are
coordinate equivalent by giving an invariant de-
scription of them. The approach is based on the
well-known fact that the Riemann tensor and its
covariant derivatives provide a complete set of
invariants for the metric field. The problem, how-
ever, is that the components of these tensors must
be expressed in some standard frame and the re-
sulting functions in some standard coordinate system
before this test is effective. In this section, we solve
this problem by studying the direct sum of product
(tensor) representations of the Lorentz group and
by showing how to obtain a canonical form for a
vector (i.e., a sequence of tensors of increasing rank)
under such a representation.

The geometric formalism used here is that due
to Cartan.' The metric is expressed in terms of
differential forms, o® = w2dz*;a,7 = 0, 1, 2, 3,
ds’ = nuw’e’; 1. = diag (—1, +1, +1, +1) ()
satisfying the structure equations

do’ = " A w53 oy + e = 0 (2)
dog — wg A w, = FRSca® N o, ®3)

In the following we will refer to such a set of
forms as a frame, although, strictly speaking, it is
the isomorphie, dual set of tangent vectors which
should be so denoted. Other terms which have been
used for such frames are tetrad and vierbein.

In addition, we consider matter variables, p,,

which may include scalars, vectors, tensors, satisfy-
ing covariant equations

F(PA; P4 a "‘) =0 (4)

and yielding a matter tensor 7,,(ps). We assume
further that the p, themselves are directly observ-
able (once the frame is determined) and do not
include gauge-dependent quantities.

Consider now the sequence consisting of the com-
ponents of the Riemann tensor and its first N
covariant derivatives relative to the frame °.

Rabcd; Ut ;Rabcd;an-"aw- (5)

A convenient method for ordering quantities with
such multiple sets of indices is to order the indices
lexicographically. Thus if « represents the set
(a; +++ a,) and B represents the set (b, - b,)

then we will say that « precedes g if the first nonzero
term in the sequence a, — b, --- a, — b, is less
than zero. This is of course just the procedure used
for ordering words in a dictionary. Hence, using
Greek indices to denote such sequences so ordered,
the expressions in (5) could be denoted by »{"
where the superscript N denotes the number of
covariant derivatives represented and « runs from
1tor = D ¥ 4'° Similarly, let w* represent the
corresponding base forms associated with the tensor
products of the appropriate number of w®. Lorentz
transformations of the »® then result in transforma-
tions of the w”, yielding a (reducible) representation
of the Lorentz group, R¥(L), over the vector space
V™ spanned by the w®. Note that the dimension
of V' is not N but is ».

The next step is to choose frames obtainable from
the w® by transformations of RY(L) in such a way
that v takes some standard form. Of course, if
R"(L) were the full group of linear transformations
over V", we could choose a transformation g with
@ = gw” so that v = 3”& is along the first
axis, that is, so that 5 s 0 while the other compo-
nents are zero. This would then determine a natural
standard form for »{"’ and the corresponding frames
would be standard. Since RY(L) is not so large,
however, we cannot expect this to be possible for
a general »?*’ and must thus obtain a weakened
substitute.

In order to obtain such a generally applicable
procedure for standardizing v we will proceed as
follows. First, for each admissible frame »® (i.e., one
obtained from the appropriate products of members
of a Lorentz 4-frame) consider the sequence

=V, V,, Voo Vauorajy =+ Viod  (6)

consisting of the distinet vector subspaces of V™
generated by all possible combinations of subsets
of the basic set {w®}. The ordering of the subspaces
is important and for each = is defined as follows:
If Varooous, € Z and Vy,...5, € Z then V,,...,, will
precede Vg5 if § < korif j = kand o, -+ ¢
precedes B3, - - - B; lexicographically.

Clearly, for each Z, there is a first V,,,....; with
V™ € Vg,oa;. After a transformation of R"(L)
to another base w® with corresponding = we will
obtain another set of indices 8, - -+ B with Vi, ...4,
the first element of T for which v € V,,...5..
Further, we can compare o, --+ «; to 8, - B
by the same ordering as was used for the sequence

¢ These components clearly will not all be independent
for actual Riemann tensors because of the Bianchi identities,
etc., However, these restrictions will be automatically im-
posed by the differential equations (2) and (3) themselves.
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in =. Using this ordering we will now let o; -+ a,
represent the first such set of indices for all possible
2. Thus we have, for some w*,

™ = N A o A N #= 0 (7)
while, for any ¢ € R*(L), if &° = gw” and
v = -ﬂx + - 4 }\k'ﬁ"’ N # 0, &)

then we must have either £ > n or else £ =
in which case we must have that the sequence
8, - - - B does not precede ¢, - - - «, lexicographically.
Any such set »” satisfying this condition will be
called a frame adapted to v™.

Note that this set of indices «; -+ «, and thus
the set of frames adapted to v, is well defined
and independent of the original choice of the Lorentz
frame w”. It might. perhaps be thought that this
is not true and that the ordering of the w® might
be relevant, because of the dependence of the defini-
tions on ordering. That this is not the case is easily
seen from the fact that a change of ordering of the
w® can be brought about by a transformation of
RY(L) since we have not restricted ourselves to the
proper Lorentz group. Thus, since o, --+ «, i
obtained by a minimization procedure over a set
including such changes, the result is independent
of the original choice of w*, or w®.

We next define HY to be. the set of transforma-
tions ¢ & RY(L) which take the adapted frame
w® into another such. Thus, ¢ & HY if and only if

-+ Na X %0, 9)

where @ = gw®. Of course, HY so defined could
conceivably depend on the choice of original adapted
frame . However, if HY is the resulting set defined
by a different choice, @* = g,w”, of adapted frame,
then clearly

AY = HY%s*, with g, € Hy. (10)

Hence H?% is homeomorphic to H” and in the
following H% can be considered to be defined only
up to such a homeomorphism. What is of direct
physical significance, of course, is the set of adapted
frames (which will be later narrowed down to the
set of standard frames) which is completely and
uniquely defined. HY is merely a certain subset of
the transformation between such frames. It is clear
that the sequence a; - - - o, and H% can be obtained
by a finite number of algebraic operations. In fact,
the expression of condition (7) for a given set

- a, together with the condition that g € R"(L)
congititute a finite set of simultaneous algebraic
equations. Since, for fixed N, there are only a finite

N c -
U( P )\lw“’ +

set of sequences of indices, the first one for which
these equations are consistent can be found algebra-
ically as can the resulting set H%, which is thus
an algebraic variety. Of course, we may not yet
have arrived at a definite standard form for the
v since for some g & HY the X; as defined in (9)
may not be numerically equal to the A;. Hence let
us now define the functions \;(g) for ¢ € H% from
the following equation

= M(g)ge™ o+ Mlgge™; g€ Hy. (1)

We must thus deal with the possibility that some
of the \;(g) may vary with ¢ € H%, and we must
further refine HY.

From the Appendix, it is seen that the only
possibilities are that A,(g) either is constant, achieves
the value 1 or —1, or reaches a maximum as ¢
ranges over H7. These alternatives, in that order,
will be called a standard form for \,. Sets H?Y,
¢t = 1 --- n will then be defined inductively as
those elements of HY_, for which \; achieves its
standard form. For convenience, denote by sy the
sequence {oy; - an 1 *c* Ju Ky -+ k,} where the
j’s and k’s are those indices for which \; = -1,
M. = —1. Further, let f, denote the remaining set
of determined values of the M\’s, and let HY be
denoted by G". The f¥ may be nonconstant func-
tions as may the sequence sy. However, as mentioned
in the introduction, we are only considering regions
over which sy is constant.

Again we must show that these results are in-
dependent of our original choice of adapted frames.
Suppose that we had started with a different choice,
®" = gow”. Then the functions X;(g) for ¢ & H”
would have been defined by an equation analogous
to (11) and it is easy to see that

xl(g) = Nl(ggo) for g & Hff (12)
so that the functions X; and \; have homeomorphic
domains and take the same value at corresponding
points under this homeomorphism. As a consequence,
the standard form and values obtained for the X,
using the procedure described above would be pre-
cisely the same as those obtained from the A,. Thus
we have that the sequence sy and the values f7 are
uniquely defined scalars, independent of the original
choice of adapted frame.

Finally, and most important for our applications,
we have the result that fwo sefs of matrices of the
form in expression (5) can be transformed into each
other by a Lorentz transformation if, and only if, they
have the same sy and fY.

The basic equivalence theorem' states that two
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geometries are locally equivalent if, and only if,
their corresponding sequences of Riemann tensor
and its covariant derivatives, relative to Lorentz
frames, can be transformed into each other by a
Lorentz transformation. Actually, in the statement
given by Cartan, a stronger result is obtained,
namely, that there is an integer k& such that only
those covariant derivatives of order less than or
equal to k need be compared in order to determine
local geometric equivalence. This integer k is the
smallest integer for which the covariant derivatives
of order k can all be expressed as a function of the
lower-order covariant derivatives and the Riemann
tensor itself. The concise and beautiful proof of this
theorem by Cartan is an excellent example of the
power of the method of differential forms in dif-
ferential geometry.

In order to apply this to our results above, let
z' be any admissible set of coordinates over the
region considered and let () be the rank of the
matrix

{9f5/02"}. 3)

(Note that in our notation /¥ contains information
on all derivatives up to order N.) Clearly the integer
k is the first integer for which

r(k — 1) = r(k) and G*' = G

For the special case of Einstein spaces, Kerr’ has
related k and G* to the set of motions in the manifold.
The set of frames &° = ¢ 'w»® for ¢ € G* we will
call the set of standard frames.

In these terms, then, the test in the equivalence
theorem can be stated in terms of the equality of
k, s, f* for two geometries. This is still not an
effective test, however, since the f: may be non-
constants and may be expressed in different coor-
dinates. To obviate this, standard coordinate sys-
tems®'* can be introduced as follows. Let p, -+ - 9,
be the first set of indices for which the matrix

{af’;,/axi e af:r(k)/ax‘} (15)

has rank r(k). The standard coordinate systems are
then defined to be those for which

1.---r). (16)

Let the sequence s, with p, adjoined be called s
and the remaining set of f}, depending only on the
determined part of the standard coordinates z* be
denoted by f.. Hence, two geometries are locally
equivalent tf, and only if, they have the same k, sf,
and their functions f, have the same form. This is

7 R. P. Kerr, J. Math. Mech. 12, 33 (1963).

(14)

foo=2"; s=

thus an effective test, locally applicable to any analytic
geomelry.

Clearly, this procedure can be easily extended
to include the matter variables merely by adding
the components of the tensors representing the
matter variables to the end of the sequence of
covariant derivatives of the Riemann tensor, and
making possible further reductions of these to
standard forms. This will yield a possible reduction
in G* and a possible extension of the determined part
of the standard coordinates to 2*, ¢ = 1 --- 7 > r(k).

In summary, then, we have given an explicit
procedure for locally determining in a finite number
of algebraic steps, invariant integers k, sequences
S, and functions F, for each set of metric and
matter fields in such a way that two sets of metric
and matter fields can be locally transformed into
each other if, and only if, they have the same &, S
and their functions Fq agree in form.® Again, this
is clearly an effective test. '

The integer k and the sequence S, determine what
we call the #ype of the metric and matter fields.
Thus the type and the form of the invariant func-
tions, F,, provide an invariant and unique local
representation of the metric and matter fields. How-
ever, this is not satisfactory yet since we cannot
choose the functions Fg arbitrarily and then be sure
that they will correspond to a possible geometry
and set of matter fields, since they must clearly
satisfy differential conditions, even without the field
equations themselves. In other words, a geometry
and set of matter fields cannot be constructed from
an arbitrary choice for these invariant functions,
as for example, the geometry can from an arbitrary
choice (modulo qualitative conditions) of compo-
nents for the metric tensor. Further, we do not yet
know which types do actually correspond to possible
geometries and matter fields.

The purpose of the next section is to show how
to obviate these difficulties by replacing the Fo with
functions which can be chosen arbitrarily and which
can be obtained from the F, by finite number of
algebraic steps and differentiations.

1III. THE SPECIAL INVARIANT FUNCTIONS

We now study the differential equations relating
the function Fg to the standard frame, «°, and the
connection forms, o), = w!dz’, together with the
Einstein and matter equations themselves, for each
possible type k, S. These will clearly consist of (2),
(3), and (4) together with

8 Note that the Fg depend only on the determined part of
the standard coordinate system.
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Roy — 1uR/2 = «To (17)

Ropeaiesenviosss = Raveaieseevec,ein
— i Ripedioreee; — 203 2 =0--k—1 (18)
0Fo/dx’ =0 for j> jo, (19)

in which the R,,., and derivatives are expressed
in terms of the functions Fy and z‘ (i.e., only the
determined part of the standard coordinate systems)
in a definite algebraic manner determined by the
type k, S. The same is true for the matter variables,
p4. These equations are then to be solved for the
w?, w), and the Fg, which are to be regarded as
the unknowns. For brevity let us group these un-
knowns under the symbol y°. The differential equa-
tions (2), (3), (4), (17), (18), and (19) can then
be written

GM(?/', yz.t: III‘) = 0, (20)

where the G are linear in the first derivatives of
the y°, linear in the 2* (the determined part of the
standard coordinates) and at most quadratic in the
y® themselves.

This is precisely the form of differential equation
for which a thorough analysis is available.” The
result of this analysis will be to show that by an
algebraic operation on (20), the functions y* can
be replaced by new functions, which we call the
special invariant functions, which can be assigned
arbitrarily. These special invariant functions can be
obtained from the 3 by a finite number of differentia-
tions and, conversely, the analytic expressions for
the y* are uniquely determined from those of the
special invariant funetions.

The first step is to assign an order to the set
of derivatives of the y°*. Assume that an order
has been placed on y° themselves. We say that
et At/ (3x0) - - (8x°)™ precedes 9™t ™y
@)™ - @)™ i mo+ -+ Fma > ng+ -0 + 1,
orifmg+ -+ +my=n,+ -+ +n;and z < w,
orifz=wandn, + -+ + 13 = mg + --- + my
and the sequence n, --- m; precedes m, :-- ms
lexicographically. Next we assume that each of the
equations (20) are solved for their highest derivatives
in terms of all others. The resulting equations are
then differentiated and the results written in the
same form, i.e., solved for their highest derivatives.
If more than one expression is obtained for the
same derivative, the equality of the two expressions
is added as another condition. The process is then
iterated, the equations being solved for highest

9 J. Ritt, Algebraic Differential Equations (American Math-

ematical Society Colloquium Publications, New York, 1932),
Vol. XIV, especially Chap. IX and X,
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derivatives, and duplications eliminated. From a
basic theorem of Riquier’ this proeedure must
terminate after a finite number of steps, either in
inconsistent equations or in equations for which
further differentiations do not impose essentially
new conditions. Let us now assume that this has
been completed and that the resultant equations are

ano+-~-+nayz/(ax0)no .. (ax?.)na — Hﬂo"‘"u,z (21)

in which the H’s on the right side depend only on
the 2* and on the derivatives of the y’s of rank
less than that of the derivative appearing on the
left side, and in which no derivative of a quantity
on the left side of one equations occurs in the right
side of another.

If the equations are consistent, the y* can then
be replaced by an equivalent set of arbitrary func-
tions as follows: for fixed z, let {n}} --- {n?%} be
the set of sequences of derivatives of y* occurring
on the left side of the equations (21). We now de-
compose ¥ into a finite number of terms

v =1+ + -+ @)
where a is the largest of the integers ng --- nZ,
and where f2 --- f2_, do not depend on z° (> may

depend on z°). The operation is then repeated on
each of the % in terms of z', so that

fi=fotafut - +@Vh (23

where now b is the largest number of those ni for
which n{ > <. The process is then iterated and the
final result can be written

=2 @) @) g
+ Z (xo)u e (xa)vhz“-v; (24)

where each of the sums is over a finite number of
terms and the functions ¢ and A may not depend
on all the variables. The division into two separate
sums is made on the following basis. The second
sum, involving the A’s, contains those monomials
which can be written as multiples of a monomial
in the z’s in which the exponents of z* are one of
the sequences {n;} --- {n?}. The first sum consists
of the remainder of terms. Notice that the ¢’s and
h’s can be obtained from a given y* by a finite
number of differentiations and algebraic steps.
Finally, if the sequence {n}} --- {n?} is vacuous,
that is, if y* itself and none of its derivatives are
solved for in the equations, thenr = ... = s =0
and A* = 0,

A straightforward consideration® of the differential
equations then shows that the ¢’s can be arbitrarily
chosen (apart from analyticity considerations) and the

22)
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h’s, and thus y's, are then uniquely determined, their
analytic expression being obtainable from that of the
g’s. Thus the ¢’s provide a complete and unique
representation of the solutions to (21). By referring
the y® back to the w3, w’;, and F it is then possible
to determine which of the ¢’s have the property
of changing some of the Fq when they are changed
and which do not, i.e., those which only change
the w§, w;;. Without loss of generality, then, we could
prescribe some definite choice (e.g., zero) for these
latter ¢’s, yielding a further, and final, determination
of the canonical frames and coordinate systems. The
remaining ¢’s are then called the spectal invariant
functions.

IV. CONCLUSION

In summary, then, we have given an explicit
preseription for obtaining a complete, one-to-one,
and invariant classification and representation of the
local, analytic metric and matter fields by a finite
number of algebraic steps. The special invariant
functions themselves can be chosen arbitrarily and
can be obtained from the usual metric and matter
fields by a finite number of algebraic steps and
differentiations.

Clearly the amount of algebra required to make
this scheme explicit, even for the empty-space case,
is very formidable. However, the procedure would
essentially be a trial and error one in which all
possible types are tried, leading to all possible
combinations of functions Fy and variables z* sub-
stituted for the Riemann components and derivatives
in (2), (3), (17), (18), (19). The resulting equations
would then be differentiated and tested for consist-
ency and the special invariant functions picked out,
essentially a repetitive-type task. Since the equa-
tions are at most quadratic in dependent and linear
in the independent variables, a digital computer
might be taught how to substitute all possible
types to give all possiblitities for (15), then dif-
ferentiate them and test for consistency, by arrang-
ing them as matrices. The feasibility of such a
program is currently being studied.

In addition, there are many other possibilities.
Can the classification procedure be better handled
in the holonomy group approach?'® Can the entire
problem be given more succinet and satisfactory
treatment in the bundle theory of connections? What
about global extensions and matching of types across
boundaries? Can this procedure be applied to give
an effective test for whether or not a matter theory
can be ‘“‘geometrized” in the sense of Misner and

10 J. Schell, J. Math. Phys. 2, 202 (1961).
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Wheeler?'! What is the significance of the “super-
position” process of adding special invariant func-
tions? What are the representations and significance
of geodesics in this approach?
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APPENDIX

In this Appendix we consider the problems arising
in Sec. II concerned with the establishment of a
standard form for each of the components of a
“yector’” in a direct sum of product spaces under
the induced representation of the Lorentz group.
It will not be convenient here to discuss the effects
of transforming the basis as leaving the vector fixed
but changing its components. Rather, we use the
fully equivalent, ‘“‘active,” picture of the trans-
formation as changing the vector but leaving the
base fixed. Thus, for ¢ € RY(L), rather than con-
sidering v’ as the components of the same vector
relative to a new frame, we consider them as com-
ponents of a new vector relative to the same frame,
which, with an unimportant abuse of notation, we
denote by gv™ so that gv'’ = 7w®. Further,
for simplicity, we consider only one of the terms
in this direct sum, that is, only the direct product
of a fixed number of terms, m. The extension to the
general case with a sum over m is immediate.

Thus, let the w®* -+ »”* of (6) each be product
of m of the »®. For convenience, let us relabel these
to simply be «' - - «". Letting 4 run from 1 to =,
A’ from n + 1 to 47, and z from 1 to 4", we then
have that w*’ constitute the complementary set of
base vectors in this tensor space of rank n. Further
let V be the space spanned by «* and W the space
spanned by the w*’. Hence (dropping the super-
script N) we have that » € V with no v, equal to
zero. The result we must prove in this Appendix
can then be stated

Theorem: v E V,if H = {g:gv € V; g € R(L)},
and if no eomponent of gv is zero for ¢ & H, then
as g ranges over H, any particular component of
gv is either constant, reaches the value 1 or —1,
or achieves a maximum.

First, note that since H is algebraicaﬁy defined
it has at most a finite number of connected compo-
nents. If we can prove this result for one component
the extension to the full H itself is immediate. Thus, -

11 C. Misner and J. Wheeler, Ann. Phys. (N. Y.) 2, 525
(1957).
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for the remainder, we will consider only the compo-
nent of the identity of H, which we will denote
by H,. Since H, is arcwise connected, the variation
of the components of gv for ¢ & H, can be studied
by considering the variation of gv for g along all
possible paths in H, passing through the origin.
The differential equations for the components of gv
along such a path would then be

dv,(t)/dt = XZ (O, (D), (AL)

where, since along the path »(t) € V, v,. = 0.
Thus as far as the variation in the components
of v, are concerned we need only consider those
paths for which
xi) = (MO0
00

M) =n X n matrix. (A2)

In other words, as far as variations of v, are con-
cerned we need only consider those paths in H,
for which the tangent vector is in the subspace
spanned by the Lie algebra of the connected group
leaving V invariant. We may assume that H, has
been restricted to this group.

Hence, we need only consider those X(¢) of the
form (A2) where

M) = Lo - 8o + -+

b bm o~ b
+ 8::: ot 6«::—:La:5

(A3)

where the sequences a, --- a,, and b, --- b, cor-
respond to the indices A and B respectively, and
where the L! represent constant elements of the
basic Lorentz Lie algebra. Thus our problem is
reduced to finding which L! will yield an element
of the form (A2). To this end let I,(a, --- a,) be
the set of indices, a, for which

SRR - RumEV (A4)

and define similarly I.(a,, as - - a,) etc. Thus the
only admissible L? for (A3) will be those for which

L:=0 (A5)
unless
be& Iia, : - a,) impliesa & I,(a; : -+ @) (A6)
b E I(a,, a5 ** an)
implies ¢ € I,(a;, a; - - - a.), ete.,
for all a; --+ a,. In other words, the only L! in

(A3) we need consider are those representing Lorentz
or spatial rotations in planes described by pairs of
indices (a, b), satisfying (A6).

If the set of such admissible L’s constitutes a
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subalgebra of the compact group of pure spatial
rotations, then the desired result is obtained since
in this case each component of gv will each achieve
a maximum value, if it does not pass through 1 or —1.

However, if infinitesimal Lorentz velocity trans-
formations are among the admissible L’s, the group
is not compact and it is not immediately obvious
that the list of alternatives for gv in the theorem
is exhaustive. Actually, the proof following will show
that in this case each component of gv is either
constant or reaches 1 or —1.

For this purpose, let us assume that the indices
are so ordered that the pair (0, 1) is among those
satisfying (A6). Thus we have available the one-
dimensional subgroup of velocity transformations
along the first space axis. We will now show that
under the assumptions of the theorem, as g ranges
over this group, each component of gv is either
constant or reaches 1 or —1.

First assume that all irrelevant indices (i.e., those
other than 0, 1) have been deleted, and let 7 = 0, 1.
Next, writing the components of v in expanded,
tensor form, v,...;, let us relate these components to
the null components defined as follows:

Vi = C% P05 a =1, 4, (A7)

where the C’s are defined inductively,

Cix - (_l)va(i+1); o, = {0 f a= p, (AS)
1 if a=gq
and
CHilt = (=1 =i, (A9)
A simple analysis of (Al) in this case shows that
the variations of the w’s along the path will be
of the form

Wo...5(t) = exp (Fa...s0)W,...5(0); (mosum). (Al1Q)

-++ 8 minus the
- 8. In terms of the s

number of p’s among o
number of ¢’s among « --
this becomes

Vi) = C8 Pw,...0(0) exp (rg...al). (A11)

Thus, as was expected, the »(f) are polynomials in
exponentials of . Now, using the hypothesis of the
theorem that none of the v....;({) can be zero, we
show that actually only one power of exp (¢) will
contribute to the right side of (A11).

Let r, be the minimum and », the maximum value
of 7,...s for which the coefficient of exp (r....;t) in
the right side of (A11) is not zero. Thus as t — =4 o
the sign of v,...;(f) approaches that of the coefficient
of exp (ryt) or that of the coefficient of exp (r.t)
respectively. First, assume that », # r,. We show

Taeig =
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that this implies that the signs of v,...;{t) as t — + «
and — « are opposite, and that hence v,...; is zero
for some finite value of ¢, contradicting the hy-
pothesis. What we consider is the product of the
asymptotic parts of v...;(¢) for t - 4 . Such
products will clearly be of the form

Xivy = CEZBCH Y aoipay (AL2)

in which for each nonzero term in the sum on the
right the number of indices o« --- 8 equal to ¢
is not equal to the number of indices u --- » equal
to g, since we are assuming r, 5 7,.

We now show by induction on m (the number
of indices 7 - - - j) that if some X,...; is not equal to
zero then there is another set of indices, ¢’ - - - 7/, with

XXy <0, (A13)

8o that at least one of them is negative. This is
clearly true for m = 1. If m > 1, use (A9) to write
(A12) as

Xipooi = CLPCE UV g eipop, pene
F YVeyorpiape) + (=12,
or, grouping the first terms under the symbol X/...,,

(A14)
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X;k...,' = X;:...,' + (—1)i+1Zk...,-. (A15

From the induction hypothesis there is another set
of indices, &’ - .- §/, with X{...,X{....;, < 0. Simple
algebra then shows that not all possible products
of two of the following, Xgi...;, Xireeriy Xokrewesvy
Xii...i» can be positive, so at least one must be
negative, and the induction process is established
for all m.

In terms of the »’s this means that if r, = r,,
the product of the signs of the asymptotic parts
of v,...; for plus and minus infinity is negative for
at least one set of indices. Since this would imply
that v;...;(¢) = 0 for some finite ¢, contradicting
the hypothesis of the minimal nature of ¥, we thus
must have r, = r,.

Hence, the behavior of each component under
this one-dimensional group is that of (A10) in which
only one power of the exp (i) appears. If this is zero,
this component is constant under these trans-
formations. If it is not zero, this component will
achieve the value 1 if it is positive or —1 if it is
negative, for one value of .

This thus shows that the possibilities listed in
the theorem are exhaustive and completes the proof.
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The solution of Einstein's field equations, Ri; — 3gi;R = 8wxpusu; 4 Ngsj, for a line element of the
form ds* = (dz®)* — (2 )(dx')® + 28(x')dx%x® — +*(x')(dz?)® — oP(2?)(dx?)? is found. The density, p,
may be a function of position, and the cosmological constant A i8 not necessary in order to have a finite
density. The solution reduces to that of Godel if the variable « is constant. If the requirement for an
empty universe is made (Ri; = 0), the solution is conformally flat. The characteristics of the conformal

curvature tensor are also obtained.

NE would like to have a general metric satisfy-
ing Einstein’s field equations

R — 39 = 8mxpuu; + Ny, 1
and which allows a geodesic congruence which has
expansion, rotation, shear, and an arbitrary choice
(including zero) for the cosmological constant A.!

In the process of constructing general models, it is
useful to construct more restricted models to gain
insight into the problem. A relatively simple metric
which satisfies all of Eqgs. (1) has been constructed.
The model has zero expansion and shear, but has
nonvanishing rotation and density whether or not
the cosmological constant vanishes. A brief deserip-
tion of the solution is as follows.

The line element which has these properties is
first expressed in the form

d82 — (dx())% _ (dxl)2 + 2ﬁ dzo dw2
~ 7de")? — (@), @)
where «, 8, and v are functions which depend only
on the variable z*. This choice gives a possible non-
zero ‘‘rotation” vector
u
i ‘5;’{' 3 (3)
with zero expansion and shear. The quantities
Ry, R, R, and Rs; do not necessarily vanish

identically. The mg.trices of the covariant g;; and
the contravariant ¢*’ are

1 0 8 0
0 —1 0 0
g 0 —* O
0 0 0 -

* Sponsored by the Mathematics Research Center, United
States Army, Madison, Wisconsin, under Contract No.
DA-11-022-ORD-2059.

1 Q. Heckman and E. Schucking, in Gravitation—An
Introduction to Current Research, edited by L. Wétt.en (John

Wiley & Sons, Inc.,, New York, 1962), pp. 438-469.

1/2 dikl 0123 _

@ = (‘g)_ u +1,

and
VB +¥) 0 B/ ++) 0

0 -1 0 0 1, @)
B/(8° + +°) 0 -1/ ++) O

0 0 0 —a?

respectively. The determinant, |g;;], of the metric
. 272 2
isg = —a'(8* 4+ ¥).

The nonvanishing Christoffel symbols® of the first
and second kind may be computed from the deriva-
tives of the metric tensor and are

T = %ﬂl: Ty = _%Bn

Ty20 = v71, T2 = =71,

Tyo0 = 3By, T1.53 = ooy,
and

T34 = —oam; %)

I = %Bﬁ:/(ﬁz + ’7’2):

sz = 3v(vBr — 2B71)/ (ﬁz + 'Yz);

Pclxz = %!31:

I‘;z = =YY,

I"ol-s =,

o = —18/(8° + 7,

I = 386, + 2y1)/ (B + %),
and

I = ay/a.

The subscripts denote the derivative with respect
to the variable z'. -

The components of the contracted Riemann-
Christoffel tensor (summation convention used),

R. = ary; 16%195 9)
Yo agt 2 gz’ oz’
« 9k . Ty
+ %I"'l a( Og‘ g) - Pmird: (6)
ox

* L. P. Eisenhart, Riemannian Geometry (Princeton Uni-
versity Press, Princeton, New Jersey, 1926), notes that

P.“j}.- == f]k, ﬂ and P'.;'k = {j‘;c}.
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may now be calculated. The ten independent com-
ponents are

Ry = 381/(8° + "),
Roy = §lauBra™ + B — Born/(6° + 7)),
Ry =Ry =Ry = By = By =0,
Ry = —apa™
- %‘(ﬂ? + 2vi + 2881 + 2’7711)/(52 + ‘72)
+ (88 + 1)’/ + 7,
Ry = —vyyu — 'Y‘Yx‘»‘h“_1
- %(232')‘? + 78 — 23')’3171)/(/32 + ’)’2):

@

and
R3; = —aan — oo, (88, + ’Y’Yl)/(ﬂz + 72)'

We may solve for the functions «, 8, and v satisfy-
ing Eqs. (1) in the co-moving coordinate system
u' = 8i(u; = guu* = go;). The equations which
must be satisfied are (omitting the equations which
vanish identically):

Roo—'% =P,+>\, Roz“%ﬁR=ﬁP,+ﬂ)\,
By + 3R = —), R+ 3R =80 — ¥\, (8)
and

Rs; + 3°R = —a®\, where p’ = 8mxp.
These equations give rise to the following relations

BRow — Roz = 0; (9)
BRo, — R,y + (/32 + 72)R11 =0, (10)
Rey — o’Ryy = 0, (11)
R = ¢"R;; = Ryy — 30 'Ras, (12)
p’ = Ro + a—zRaax
and (13)

—'k = %(Roo - a_2R33).

The functional form of the E;;’s may be substituted
into the relations (9), (10), and (11) to obtain the
relations

B:(8B: + ')")’1)/(52 + 72) — Bu — ﬁlala_l =0, (14)
and
1(86, + 771)/(,32 + 'Yz) —a; =0. (15)
The two relations (14) and (15) may then be
integrated to yield
Bla® = A*B* ++°) (f B #0), (16)
and
of = BB ++) (fa, #0),
where A and B are constants of integration.
The use of Egs. (7), (13), (16), and (17) enables
us to write down the equations

Bl = (A*/B)ai/a’

a7

(18)
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and
20, /o + 3A%/a® = —2)\, 19)
which are integrated to give
B==x(4/B)lna + C (20)
and
i =D — N’ — 34%loga (A = const), (21)

where C and D are integration constants.
The quantities of most interest, o’ and «°, are
[from Egs. (3), (7), (13), and (16)]

o' = A%/’ + 2\ = 3A%/a’ — 2ay,/a. (22)
@ = a '8/B + ¥ = LA/,
and |wf° = A’/a’. (28)

We see from Eq. (22) that the density, p’, need not
depend on the cosmological constant A, unless «
is constant, which would require A = —24%/a®
—30'. '

In order to put the results in a more convenient
form, a change in variables may be taken such that
exp [—y’]; the important quantities are then

a =

ds* = (dz°)® + 28 dz" dx* — &% dy’

— Y@ — ), (24)

a=exp[—y], B===xA4/By+C, (25
¥* = 3(A/B)y" — (\/B) exp [—2y"]

+ D/B* — [(4/By’ + CT,  (26)

82 _ 4y2
X exp [—2¢°)/{D + 3A%" — N exp [-2/]}, (27)
o = A" exp [2)°] + 2, (28)
and
w® = +A4 exp [24°]. (29)
This solution [expressed in Egs. (24)—(29)], which
satisfies all of Eqgs. (1), does not require A to have a
specific value if « is not constant.
For o constant (let & = 1), we may solve the

general equations by using Eq. (16) and the fact that
Ry, = Rs; = 0. The result is that 8 must satisfy the

equation
B — %Azﬁx = 0:
or

B — %Az(ﬂ - d) =0, (30)

or
B - dn — %Ag(ﬂ —d) =0.
Equation (30) is readily integrated, and the results
are
a=1, B =blexp (az') + cexp (—az)] +d,
' = $b’[exp (az;) — ¢ exp (—az)]’ — 6.
o =R=-2=d,

(31)
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and o = +/2a, where a’(=34%), b, ¢, and d are
integration constants. This solution is the general
form of Godel’s solution.® The first form of Goédel’s
solution is equivalent to letting ¢ = b = 1 and
¢ = d = 0. The properties of Godel’s solution are
easier to understand if we study this general solution.

A solution of Eqs. (1) for the line element (2)
with the conditions R;; = 0 also requires that the
Riemann-Christoffel tensor R},, = 0, and the space
is conformally flat.

The Weyl curvature tensor’

s + 3(5R; — iR}
+ 3(8iR: — &RI) + 3R(8:8 — 5.8)  (32)
is useful in the classification* of the different solu-
tions of Einstein’s field equations. The classifica-~
tion corresponds to the Petrov®'® classification for
vacuum field solutions since in that case C*%,; =
R*%,;. The Weyl curvature tensor has the properties

C;:kl + Clil:' + C:ik = 0, (33)

s __
.72

iy
I'cl = 0;

and

Ho=Ch =-Ci =-Cii.
The symmetry properties allow us to write the
tensor as a six-by-six matrix C%, where the labels o
and B take the values

01-1, 02-2, 03-3, 23-4, 31-5, and 12-6.
The eigenvalues of this matrix are found by solving
the equation

[Cs — M| = 0. 34)
TEe sum of the eigenvalues will be zero (from
Cii = 0).

k:I‘he n)onvanishing components of the Weyl curva-

ture tensor for the line element (24) are

n=Cx=0C=C
= —1% Az/OL2 + %alﬂlsl/[a(lg2 + 72)]:

1; = gg = Cé = Ci
= 184%/d" ~ 30,.(26" + v)/[a(8* + ¥7)],
a = Cu = C} = C; = 3B/l +49], (35
s = C5i = C; = C} = —15A4%/,
and
s = C1z = C§ = C3

= 3A%/a" — 3a,88,/[«(8* + ¥)].

3 K. Godel, Rev. Mod. Phys. 21, 447 (1949).

4+ J. Ehlers and W. Kundt, Gravitation: An Introduction
To Current Research, edited by L. Witten (John Wiley & Sons,
Inc., New York, 1962) p. 491f.

5 A, Z. Petrov, Recent Developments in General Relativity
(Pergamon Press, Inc., New York, 1962) p. 3711,

¢ M. Landau and 8. Lifshitz, The Classical Theory of Fields,
(Addison-Wesley Publishing Company, Inc., Reading, Mass.,
1962), 2nd. ed., pp. 305-307.
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The eigenvalues of (34) are therefore
M= A= A + (P — oi/A7Y,
Ae =N = —T%Az/as, (36)
and
N = e = 3(A%/e) — (&5 — al/AD)Y,

where the quantity o? is determined by Eq. (21).

The eigenvalues A\, and A; may be taken as the
independent characteristics of the Weyl curvature
tensor since \; + As = —X\,. The characteristics
corresponding to Godel’s solution are obtained by
letting « be constant (¢ = 1). The result is that
M = 247 and \; = —%A>. The classification of the
solution of Einstein’s equations for the line element
(24) would correspond to the Petrov type 1.

If we interpret y as a radial coordinate, z* as an
angular coordinate, z° as a z coordinate, and 2° as a
time coordinate, the line element (24) may be
written in the form

ds* = dt* + 28'r dt dp — (&)* dr®
— ()’ de” — (&) a2,
with

o’ = A% exp [27°] + 2\
and

@ = A exp [2°]. 37)

The line element in this form shows the cylindrical
symmetry about the z axis. The rotation vector
and the density are functions of the distance, r,
from the 2 axis. The Gédel universe also has eylindri-
cal symmetry, but the rotation vector and the
density are constant.

The line element (24) has at least three Killing
vectors, one of which must be timelike. The Killing
vectors are £i)" = &, £’ = 6, and £, = 6.
The space admits the following transformations into
itself:

O 2°=2z°+a, In 2 =z”+ a,
=gt {#0; ' =g, i 2
and
(I 2* ==z"® + a,
=2, 1 %3,
where a is an arbitrary real number.
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An upper bound, on the probability that a fluctuation of a given size will occur in given time interval,
has been derived. The bound is useful because it is small for some cases of interest. The fluctuations of
the kinetic energy in a canonical ensemble have been considered as an example.

I INTRODUCTION

NE of the problems in the Gibbsian or ensemble

form of statistical mechanics is in the connection
between the numbers the theory allows one to
compute, which are the ensemble mean values of
dynamical variables, and the numbers one actually
measures in an experiment. In particular, one can
ask what the time dependence of the average value
of a variable implies about the time behavior of a
single system in the ensemble. For the case of equi-
librium ensembles, where the average value of most
variables of interest is independent of time, the most
famous attack on this question has been the ergodic
theory, which attempts to prove that the ensemble
average of a variable is the same as the time average
of that variable for any single member of the ensem-
ble, the physical rational being that it is the time
average of a single system that is actually measured.
For classical systems, which are the only kind we
shall treat here, Khinchin’s' version of the ergodic
theory is probably the most satisfactory. Using
Birkoff’s theorem and Tschebysheff’s inequality,
Khinchin proves that, for large systems, the time
average of certain types of variables (those with
small dispersion) is very near the ensemble average,
for the great majority of the systems in the ensem-
ble.? This approach to the problem leaves open the
question of fluctuations, that is, the question of how
long one should expect to watch a given system from
the ensemble before the variable of interest deviates
from the ensemble mean value by a certain amount.
Attempts to investigate this point usually involve
the estimation of mean recurrence times of certain
nonequilibrium states for various models.>~® These
calculations, while illuminating, are extremely

_* Supported in part by the U. 8. Atomic Energy Com-
misgion,
1 A. I. Khinchin, Mathematical Foundations of Statistical
Mechanics (Dover Publications, Inc., New York, 1949).
2 C. Truesdale, Ergodic Theories (Academic Press Inmc.,
New York, 1961).
3 M. Kac, Bull. Am. Math. Soc. 53, 1002 (1947).
4 P. Hemmer, L. C. Maximon, and H. Wergeland, Phys.
Rev. 111, 689 (1958).
5 E. Montroll, Lectures in Theoretical Physics (Interscience
Publishers, Inc., New York, 1961), Vol. III.

specialized and do not seem to provide any general
method of approach.

Even if one regards the above considerations
and related ones as being satisfactory for the equi-
librium case, this approach is not suitable for non-
equilibrium ensembles. In particular one would like
to know, in the nonequilibrium case, that the be-
havior of an individual member of the ensemble is in

" some sense well represented over time intervals long

compared to the characterestic times (relaxation
times) of the physical situation. We shall present an
approach here which is. sort of in the spirit of
Khinchin’s treatment of the ergodic problem but
which is equally suitable to equilibrium and non-
equilibrium ensembles. In particular, we have found
an upper bound for the probability of selecting a
system, from the ensemble, which will undergo a
fluctuation of a given size in a given time interval.
The bound is a useful one because, for large systems
and appropriate dynamical variables, it is small.

In Sec. IT we give a precise statement of the
problem and find the bound. In Sec. III we show why
the bound is a useful one.

II. DERIVATION OF THE BOUND

We let « stand for a point in the phase space of the
system (T space). Then x = {z,, 2, -+ - }, where the
x; are the individual coordinates and momenta of
the system. The dynamics of the system are con-
tained in the transformation T, which takes the
phase point z (at time 0) into the point T,z (at
time t). By Liouville’s theorem we know the Jacobian
of this transformation is 1. A general dynamical
variable is a funetion A(x). We can indicate the
time dependence of A(z), due to the natural motion
of the system, by the notation A(z, t) = A(T.2).
If H is the Hamiltonian of the system then the
equations of motion in Poisson bracket notation are

0A(z, /ot = {Az, 1), H(z)}. @

The state of the system at ¢ = 0 is given by a nor-
malized probability density function f(z) defined
on T, If an event is represented by a set G then the
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probability of the event is the measure or volume
of the set, mG@ = [¢f(z)dV. The average value of a
dynamical variable will be denoted by

i@ = U@ 0 = [ 46 0@ av. @

We shall use the standard notation {z: - - - } for the
set of points z such that whatever condition stands
to the right of the colon is satisfied.

We define a set R(a, 7) where a and 7 are fixed
positive real numbers by

R, 7) = {z:|A@, &) — AQ)| 2> a
forsome 0<L ¢ < 7}. 3)

This is the set of points for which the dynamical
variable A deviates from its ensemble average by
more than « at least once during the time interval 0
to r. If the probability of this event, P(a, 7) =
mR (e, 7) is a small number for suitable choices of 4,
« and 7, then the ensemble mean behavior of A is a
good picture of the actual behavior of A for most of
the systems in the ensemble, at least over the time
interval 7. We shall find a useful upper bound for
P(a, 7).

In the argument that follows we shall not maintain
high standards of rigor but will keep things as simple
and as geometrical as possible. Therefore without
going into it any further, we shall simply assume that
the distribution function f(z) and the dynamical
variable A(z, ) are sufficiently well behaved in z
and ¢ to justify the required operations. This seems
to be verifiable for most applications. We shall
assume also that A(x, ), H(z), and f(z) are such
that m{z : |[A(z, )] = =} = 0 for all ¢.

We have directly from the definition of the set
R(e, 7) the following properties

dP(a. 7)/da < 0, (4a)
dP(a, 7)/dr > 0, (4b)
Pla, ) > 0. (4c)

In order to bound P(e, 7) we first look for a bound of
dP(a, 7)/dr. To do this we introduce a new set

Ser, ) = {z: |A(z, ) — A®)] 2 a}). ()

It is clear that R(«, 7) is the union of the family of
S(a, t) forallt > 0 and ¢ < 7. P(e, 7), which is the
volume of R(e, 7) (using f(z) dV as the volume ele-
ment) is then the volume generated by the set
S(e, £) as t varies from 0 to r. We assume the sets
R(«a, 7) and S(e, t) both have well-defined boundary
surfaces which divide I' into parts exterior to and
interior to the sets, and such that to get from the
interior to the exterior one must cross the boundary
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surface. Now since R(a, 7) is generated by the
moving set S(a, £), it is clear that any increase of
the size of R{a, 7) in the time interval = to r + Ar
must come from the region where the boundaries of
R(a, 1) and S(«, 7) coincide. In Fig. 1 we indicate
geometrically the situation, where we have shown
the boundaries of the three sets R(a, 7), S(a, 7),
and S(e, 7 + Ar). The increase in volume of R(a, 7)
in the time interval Ar is
P(a, 7 + A7) — P(a, 1) = AP(a, 7)

and is shown in Fig. 1 as the cross-hatched areas.
We have somewhat oversimplified the geometry
in Fig. 1 since the set S(e, 7) is actually bounded by
two distinct surfaces, A(z, 7) = A(r) £+ . Let us
consider the contribution of the surface A(z, r) =
A(r) 4+ a to AP(a, 7) first. If Ar is very small we
can write the volume element in the cross hatched
region as an element dS of the surface of S(e, 7)
times the normal distance to the surface of
S(a, 7 + A7). If in time A7 a point z on the first
surface goes into a point £ 4+ Az on the second then
we must have VA(z, 7)-Az + [0A(z, v)/dr]Ar =
[8A(r)/37]Ar. The outward pointing normal to the
surface is given by —VA(z, )/|VA(z, 7)| and
therefore the normal distance dn between the
surfaces at the point z is given by

VA, _ 1 ¥A-4)

VA ¥ =4l e AT
The increase in the volume from the neighborhood of
z is then

f@) dS dn = [f(z) [VA|™ (4 — A)/a7] Ar dS.

We must integrate this over that portion of the
surface of S(a, ) which coincides with the boundary
of R(a, 7) and for which 8(4 — 4)/dr > 0 [only
these portions give an increase in the volume of
R(a, 7)]. This region of integration, which is part
of the surface A(z, r) = A(r) + a we shall call G,.
The contribution from this surface to AP(a, 7)
is then

fa f@)o(A — A)/a+] |[VA|™ dS Ar.

dn =
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By exactly the same kind of argument we get the
contribution to AP(e, r) from the surface A(z, 7) =
A(r) — ato be

f., f@)—o(A — A)/a7] |[VA|™ dS Ar

where G, is that part of the surface A(z, ) =
A(r) — o which coincides with the boundary of
R(a, 7) and for which —d8(4 — A)/8r > 0. The
sum of these two contributions is the total change
AP(e, 7). Letting Ar — 0 we obtain

dP(a, 7)/dr = f @A — A)/ar] |[VA|™ dS

+ fo @4 — A)/ar] VA dS. ()

Since the first integral has (4 — A4)/dr > 0 in
G, and in the second —3(4 — A)/dr > 0 in G,,
we can replace 3(A — A4)/dr by |a(4 — A)/ar|
without changing the integrals. But the integrands
are now positive and therefore we can only increase
the integrals if we enlarge the regions of integration.
Hence the inequality

dP(a, 7)/dr
< L 1@ 104 — Dyor| VAl dS

+ [ f@) o4 ~ Dyerl VAl as,  ©)

where the integration now goes over the entire
surfaces 4(z, ) = A(r) &= a. If one integrates both
sides of this expression a bound for P(e, 7) is ob-
tained, however it is not very useful since it involves
surface integrals which are not convenient to evalu-
ate. In order to modify this we shall need the fol-
lowing elementary theorem which relates an (n — 1)-
dimensional surface integral to the derivative of an n-
dimensional volume integral.

‘/I;(z)-u g(x) IVB[_I dS - d_d/!; f

9@) AV |yua. ()
B(z)<y
The integral on the left is over the surface defined
by B(z) = a and the integral on the right is over
the volume where B(z) < y and the derivative of the
volume integral is evaluated at a. A brief discussion
of (7) which is quite simple to prove is given in
Ref. 1. Applying (7) to (6) we obtain

dP(a, 1)/dr
d -
- a—y_ Az, 7)<y f(x) la(A - A)/arl dVlu-A+a
+ El% f(x) 10(A — A)/o7| AV |yazoar (8)
A(z,r)<y

Now let us integrate both sides of (8) over a, from
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a;, to «. We obtain

[ 1P, 1)/} da < K, ) dV

Az, 7)<

- K(z, ) dV

Az, 1) <A(N+ay

+[  K@nav
Az, 1) <A(T)=a2

— K(z, ) dV,

Az, 7)<~
where
K(z, r) = f(z) |0{ Az, 7) — A(n)}/07].
We now assume that the set where A(z, 7) <
differs from I’ by at most a set of zero volume and
that the set where A(z, 7) < — = has zero volume.
The previous formula becomes

fa m [dP(a, 7)/dr] da < fr K, 7) dV

_ K, 7 dV + fA

A<A4a,

K, 1) dV.

<A-a;

If we combine the first two terms on the right we
obtain

L " [dP(a, 7)/dr] da

< f K(z, 7) dV + f K@, ) dV, ()
A>A+a, A<A—ay

or, combining the two regions of integration and
putting in the explicit form of K(z, 7)
[0{ A=z, 7)

f [dP(a, 7)/d7] da < fm, y—E(n (>a

- A'('r)}/a‘rl f(z) dV. (10)
The right-hand side can be put in more convenient
form if we replace the time derivative terms by
Poisson brackets (1). We can also transfer the time
dependence into the function f, by the usual frick
of changing the variable of integration from = to
T,z and using Liouville’s theorem. Equation (10)
becomes :

[ WP addas< [ (4@, H@)
a Aj()—A(n)|>a,
1y

— dA(7)/d7| f(x, 7) dV.

To get the right-hand side in its final form, we multi-
ply the integrand by [A(z) — A(r)]’e;* > 1 and
then allow the integration over all of T'.

® dP(a, 7) = [ [{A@), Hx)} — dA(r)
];‘ 4 da < a3 j;

dr
X [A@@) — A1)z, ) dV.
We shall define

(12)
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() = [ 114@, @) — dd()/dr]
X [A(.’C) - A'(T)]zf(x’ T) dV;
= (|[{A@), H@)} — ({A@), H))|
X [A@) — (A@)]).
We shall see in the next section that it is possible
to investigate D(r) for some cases of interest. Now

let us integrate (12) from 0 to 7 to obtain (assuming
that we can interchange the order of the integrations)

(13)

f:P(a,T)dasf:P(a,O)da

= [ DGy ar.
+ a; fo () dr
Now from the definition of P, R, and S we have
P(a, 0) = mR(e, 0)
= mS(e, 0) = [

14(2)-A(0) >«

(14)

flx) AV,

<o [ 14@) - AOFf@ av.
If we set
¢ = [ (4@ - 401w av
= ([4l) — (AP

P, 0) < a?C. (16)
One should note that the averages in the definition
of D(r) use f(z, 7) while those in C use f(z, 0) = f(z).
Now using (16) in (14) and doing the integration on
the right we have

(15)
then

f " Pla, 1) da < a7'C + o f "Deydr. A7)
a3 0

But P is a positive decreasing function of « therefore
from the bound of Eq. (17) one can get a bound for
the function P(q, 7) using the simple theorem proved
in the Appendix. From Eq. (A3) we obtain

Pla, 7) < 4Ca”" + 8a™ f "Dy dr.  (18)
(]

One could decrease the numerical coefficients some-
what and still maintain the inequality. This is the
final form of the bound. If we have an equilibrium
situation then f(z, 7) = f(z) and from (13) one can
see that D(r) is independent of 7. Hence (18) be-
comes for equilibrium distribution

Ple, 7) < 4Ca™ + 8a %7D.
Since dA(r)/dr =
librium, we have

D= [ 4@, B} 4@ - AFf) aV.  (0)

(19)
0 when the system is in equi-
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III. APPLICATIONS

In this section let us consider a simple applica-
tion of (19) for illustrative purposes.

We shall consider an interacting gas of point
molecules described by a canonical distribution
function. We shall look at the fluctuations in the
kinetic energy of the system. For this purposewe have

X = {rn P Iy, pN}: (213')
Hz) =K+ V=X pi/2m
+3 2V —x), (@)

;f(x) = Z—le—ﬂH(z)
= (8/2rm)*" %"= / f eV dr, -+ dry, (2lc)

A@ = K@ = Tpi/2m,  (21d)
(4@), H)) = = 2 Bt = n.)-pe/m,  (2le)

where
F(lr; — r;|) = aV(jr; — r;])/0r..
The spatial volume the system occupies will be Q

and we have assumed spherically symmetric forces.
We have the usual results for (K) and (K>).

(K) = >; (p)/2m = (J)NKT, (22)

and '
(K% = ; Pp/Am® = (K) + @NGTY’,  (23)
C = (K*) — (K)Y) = GNKT). 24)

The calculation of D is more tedious. From Egs.
(20) and (21) we have

D = 8m’Z)™ ;f };’ F(r; — r;l)-p.-l
X (pipt — (oi)o))e ™ dr, - - - dpy

< @m2) Y >

ko 4,9

X @ipi — @)™ dry - - dpy. (25)

If one defines the position pair distribution fune-
tion, as usual, by

folts, 1) = N(N — 1)

X fe“” dr, - drN/f eV dr, .- dry, (26)

then the spatial part of the integrals in (25) can be
written as

o -y |

If F is of finite range and the volume is large f,
will be a function of |r; — r;| alone and to order 277,
(27) can be replaced by

F(lr; — r;])-ps

F(lr; — r;])-p:|falrs, 1)) dr; dr;. (27)
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oW* — N)™* fn iF(lrl)'Pi falr]) dr
= 200 = Mp: [ PO 0 dr. 28)
We set
Q= fo [F()| folry® dr. (29)
Using (28) in (25) we can write
D < #QQ(4m*N)™!
X ‘;l [(pep:pb - @.)(Pi)(lﬁ)], (30)
where -
pppr )

= (B/2xm)*™" fpipipk e gPE dp, - -- dpw.

In Eq. (30) those terms for which ¢, j, and k are all
different vanish, because of the independence of the
integrations. One considers then the possibilities
1=k and ¢ = [, both of which give the same result, and
k = 1. There are also terms for which ¢ = k£ = [ but
these are negligible (of order N™!) compared to the
others. Then
D < =Q@m’N)™ 2’ (2[(p%}) — (p:Xoip)]

L3 )

+ X)) — )oY}, B)
Evaluating the averages, one obtains
D < 3=V — 1)QQ@m/8)**@m® ™.  (32)

Now let us consider the size of « in (19). Suppose
we look for fluctuations in the kinetic energy which
are some fixed fraction of the total average kinetic
energy. Then we will have

a = v(K) = y(})NKT, (33)
where v is some number, presumably << 1 but inde-

dent of N. If we put (33), (32), and (24) into (20)
we obtain
P(¢K), 7) < $(¥'N)™'

+ (128v/2/9)(QQ/N)(mkT) **N)'r.  (34)
As one expects, the right side of (34) vanishes in the
thermodynamic limit, that is it can be made arbi-
trarily small if we choose a large enough system. This
result depends essentially on two properties; (1)
that @ is independent of @ (or N) as Q gets large
and (2) that we are looking for macroscopic fluctua-
tions (33). We have made a rough calculation for
argon gas, using the Lennard-Jones potential.’
Taking T to be around 300°K and using the low-
density approximation.

f2(r) =~ (N/Q)% 7,

¢ T. L. Hill, Introduction to Statistical Thermodynamics
(AddislgxébV)Vesley Publishing Company, Reading, Massachu-
setts, .
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We find that (34) becomes approximately

P(y(K), 7) < ®WNY)" + 107°(d)™ (35)

in mks units. The only restriction on N and Q is
that of low density;i.e., Na® < @ where a is the range
of the potential.

In conclusion we should like to mention the fol-
lowing two points.

(1) The thing that makes the bound (18) useful,
is that for macroscopic fluctuation, the bound be-
haves as N™* (or 27') and therefore can be made
small. This property does not depend on the choice
of the canonical ensemble or the fact that we con-
sidered fluctuations of the kinetic energy. It is
true for a certain class of distribution functions and
dynamical variables.

(2) One should not regard the bound (18) as giving
the actual asymptotic behavior for P(a, 7) as a
function of N. In particular, for certain kinds of
variables one can find a much stronger bound. In-
stead of making the step from (11) to (12) we can
define a number D’(e, 7) by

D =[  |{A@, H)
{A(z)—A(r) |>a
— dA(+)/dr| f(z, 7) dV. (36)
We can also define C’(a) by
C'e) = Pla, 0) = f  i@av. @D
{4(z)—-4(0) |>a
Then by integrating (11) we obtain
f:P(a, 7 da < f: C"(a) da
+ [ "Dle, ) dr'.  (38)

By the theorem in the Appendix
P(ar T) < (a - ao)_l

X [ f ° C'(’) de! + fo " D'(ao, ) d{] 39)

for any a, < c. For certain special cases one can
find much stronger bounds for ¢’ and D’ than the
ones (C and D) used in this paper.

These two points will be treated in more detail
in a following paper.
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APPENDIX

In this Appendix we shall consider briefly a

simple theorem used in the body of the paper. It is
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the following: If K(z) is a positive nonincreasing
function for all z > 0 and if [ K(zx)dz < g(x,)
for all z, > 0 then K(z) < (z — z0) 'g(x,) for any
Xy < Z.

Proof. For a given z, let 2, < z. Then

i) > [ K@)

- f K@) de’ + f " K@) d'

111

> [ K@) 2 K@@ - z). (A1

In particular, a possible choice of z, (not necessarily
the best one) is , = z/2. Then

K(z) < 2¢(4z)/z. (A2)

For the particular application in this paper g(x) =
a/z + b/z* so
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We consider matrix equations of the form dW /dz = [S, W], where S is a matrix function of z that is
embedded in a given Lie algebra L—i.e., it is a curve in L. If the initial condition on W is in L, then
W describes a curve in L. If the Killing form is used as a metric on L, then the behavior of the system
is a pure rotation about an axis that is a function of 2. A set of scalar invariants of such a system
is obtained. These invariants form a set of conservation laws that the system obeys regardless of the
detailed behavior of S(z).

If S describes a curve in some L;, which is s semisimple subalgebra of the algebra L in which the
whole system is embedded, then we can split the initial condition into two parts, one of which is in
L, and generates a solution in L,, the otber in a subspace that is orthogonal to L; and that generates
a curve that remains in the subspace. We can, then, obtain conservation laws that apply separately
to the two parts.

The results have application to quantum mechanics since the density matrix obeys this type of
equation. They also have application to coupled mode theory if we use, instead of the vector the
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corresponding power density spectrum matrix or the like.

INTRODUCTION

'HE purpose of this work is to study the matrix
equation

dW/dz = [S, W] = SW — WS, )]

where S and W are matrix-valued functions of 2z
(which may be, instead, the time, ¢) that describe
curves in L, a semisimple Lie algebra'™* over a field
of characteristic zero. We determine, in particular,
the scalar-valued functions of one or more solutions
of Eq. (1) that are independent of z. For example,
if U and V are solutions of Eq. (1), the Killing form,

1 M. Hamermesh, Group Theory and Its Application to
Physical Problems (Addison-Wesley Publishing Company,
Inc., Reading, Massachusetts 1962).

2 P. M. Cohn, Lie Groups, in Cambridge Tracts in Mathe-
matics and Mathematical Physics (Cambridge University Press,
Cambridge, England, 1961), No. 46.

8 E. B, Dynkin, “The Structures of Semi-Simple Algebras”
Usp. Math. Nauk (N. 8.) 2, No. 4 (20) 1947, Am. Math.
Soe. Transl. No. 17, 1950.

4 N. Jacobson, Lie Algebras (Interscience Publishers, John
Wiley & Sons, Inc., New York, 1962).

(U, V), is one such invariant. We also find higher-
order ones.

Our purpose in doing this is to find conservation
laws that the system obeys and which are a con-
sequence of the algebra involved and not of the
detailed behavior of the system. The results, then,
are useful in the study of systems for which an
exact and explicit solution is unobtainable or
impractical.

Equations of the form of Eq. (1) occur in many
contexts. In quantum mechanics, for example, the
time derivative of the density matrix,® as usually
defined, is (1/7h) times the commutator of the
Hamiltonian and the density matrix.

Another general area of application is in coupled

mode theory.””” We may be given the vector dif-

. .Y A. Messiah, Quantum Mechanics (North-Holland Pub-
lishing Company, Amsterdam, 1961), VE)I. I, p. 381 f. b

¢ M. C. Pease, J. Appl. Phys, 31, 1988 (1960).

7M. C. Pesse, J. Appl. Phys. 32, 1736 (1961).
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ferential equation
dx/dz = Sx, @

where x is an n-dimensional vector written as a
column matrix. The general solution to Eq. (2) can
be obtained from the so-called matricant® which is
the matrix function of z and z, that is the solution of

Mz, 20)/0z = S(z)M(z, 2,); Mz, 20) = L. ®

If, then, the initial condition of Eq. (2) at z, is
x(2,), the resultant solution is given by

x(2) = Mz, 2,)X(2o). @

Equation (3) is not of the same form as Eq. (1).
If, however, instead of M(z, 2,), we consider

W(Z) = MWOM—1 = M(Z, 20) WM (2o, Z): (5)

then W(z) obeys Eq. (1). W, is the initial condition
on W, ie., W(z).

Alternatively, we may find that S(z) is every-
where what we call K-skew-Hermitian.” That is,
we may discover that there exists a nonsingular
constant Hermitian matrix, K, such that, at any 2

KS + S'K =0, (6)

where the dagger indicates the Hermitian conjugate,
which is the complex conjugate transpose of S.

If so, we can define W as a linear combination
of dyad solutions:

WE) = X axxK, @)

where the set x; are a set of linearly independent
solutions of Eq. (2), and the a;; are constants.
We find, then, that W(z), defined by Eq. (7) satisfies
Eq. (1).

The rationale behind Eqs. (6) and (7) depends on
regarding K as providing a metric for the space, even
though we have not required K to be positive def-
inite, (i.e., it is not a Hilbert space). We define what
we call an smproper inner product by (x, y) = x'Ky.

If A is any operator, we define its adjoint, A*,
by the requirement that, for any x and y in the space.

(A’x,y) = (x, Ay).

Equation (6) is, then, the requirement that S be
the negative of S*, so that S is skew-self-adjoint.
The set of all such matrices form the Lie algebra
that is associated with the Lie group of what we
call the K-unitary matrices—i.e., the matrices, M,
such that M* = M™', which requires that

M'KM = K.

s F. R. Gantmacher, The Theory of Matrices (Chelsea
Publishing Company, New York, 1959), Chap. XIV.
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If S describes a curve in this algebra, we can show
that M(z, 2,), defined by Eq. (3), describes a curve
in the Lie group. The W(2) of Eq. (1), then describes
a curve in the algebra, providing W, is in the algebra.

The W(2) of Eq. (5) or (7) does not contain all
the information contained in M(z, 2,) or in x(2).
1t does, however, contain what is, for many purposes,
the essential information. For example, the density
matrix of quantum mechanics suppresses the phase
information. However, it is usually only the mag-
nitude that is desired anyway, so that the elimination
of the phase is a useful simplification of the problem.

Much the same is true of Eq. (5) or (7). Equation
(7) is a generalization of the ‘‘power density matrix”
that has been found useful in the study of noise.’

We shall, then consider Eq. (1) and seek scalar
functions of its solutions that are invariant and so
give us conservation laws of the system.

THE LIE ALGEBRA

We consider an algebra, L, of n X » matrices
over a suitable field F, although the results apply
equally to the corresponding abstract algebra.'~
We assume throughout that L is finitely dimensioned
and that F has characteristic zero.

We assume that a basis has been chosen, con-
sisting of the matrices, X;. The structure constants
are obtained as

X X] = c?ixk: @®

where the summation convention applies and is used
throughout. The structure constants are skew-sym-
metric in the lower indices

i = —Cis 9)
and obey the Jacobi identity:
(10)

We expand an arbitrary element, A, in the algebra,
on the basis:

m n m n m n
CiiCmt + CiiCmi + CriCmi = 0.

A = a'X,. (11)

The “Killing form,” or the “scalar product of
Cartan,” of two elements, A and B, of L will be
written as

(A, By = a’b'ci.chy (12)
and the resultant metric as g,;
ii = CinCin- (13)

This, is, we note, a symmetric operator.

? L. D. Smullin and H. A. Haus, Noise in Electron Devices
(Technology Press, Cambridge, Massachusetts, and John
Wiley & Sons, Inc., New York, 1959), Chap. 3.
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We also remind the reader of Cartan’s criterion
that, if, and only if, L is semisimple, g;; is non-
singular so that there exists an operator g** such that

(14)

For the main part of the development that follows,
we do not need to assume semisimplicity. However,
when we come to consider the situation when S(z)
is embedded in a subalgebra, it will be necessary
to assume that this subalgebra is semisimple, so
that a reciprocal metric exists and Eq. (12) is a
nonsingular form.

Using the expansion of Eq. (11), and the fact
that the X; are linearly independent, being a basis
for the algebra, Eq. (1) becomes

giug™ = 8.

dw*/dz = s'w'c};.

(15)
It is this equation that we study.
n-INDEX e FORMS

We define what we call the n-index ¢ form as the
contraction of n structure constants:

(16)

The indices on the e form lists the first subseripts
of the structure constants in the order of appearance.
The superscript of each structure constant is con-
tracted with the second subsecript of the following
one. The supersecript on the last structure constant
is contracted with the second subseript of the first.
The metric of Eq. (13) is the two-index e form:

an

The n-index e form is evidently unchanged by a
cyclic permutation of its indices. In general, distinct
n-index e forms are obtained by any other permuta-
tion. There are, then, (n — 1)! distinct n-index
e forms obtained by all possible noncyclic permuta-
tions of the indices.

The principal property of the ¢ forms that concerns
us is contained in the following:

Lemma 1: With the e forms defined by Eq. (16),
(18)

This follows immediately from the Jacobi identity,
Eq. (10), with Eq. (9):

u v v
€ijeren = CiyCiu ° " Chz-

Gii = €;;.

¢ =
c.','etk).... - e,-.-k;,... h e;,';,;.... .

3 t u v
Cii€ikness = CiiCoyChu **°

t i
= —(ci,Cis + cyicti)chy -

t w v

t ]
= CiCiilhu *** —CiyCiilhu *

= Ciikhese — Cijkhees o

Thus, the contraction of a structure constant with

OF ROTATIONAL SYSTEM
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an n-index ¢ form may be written as the difference
of two (n 4+ 1)-index e forms which differ only in
the interchange of the first two indices.

CONSERVATION LAWS

The n-index e forms give us the elementary scalar
invariants of Eq. (1). The theorem that applies is
the following:

Theorem 1: If U, V, W, --. are n solutions of
Eq. (1), which may be distinet or not, and if these
solutions are expanded on the basis as in Eq. (11),
then the scalar quantity

S p™ = @i - ... (19)
1s invariant.
From Eq. (15) we find that
dp™ Jdz = (s"u’chp'w® -+ u"s"'v”cf,.,w"b . e
+ uV's" W, o F e
= (s"uv'w" - ){cheiir.. F Coslics...
+ cmiijees + -0} (20)

by relabeling the dummy indices appropriately.
Using the invariance of the e form for a cyclic
permutation of its indices and Lemma 1, the
bracketed terms in Eq. (20) are

{ } = Cimikers — Cmijkees

T Cimkeei — Cmireei F Chmerrii — €mpevnii + -
= Cikenei T Cmijkers T Cmkieeii — Cmikeeni
T Coeeiik = Cmpoeii + 00 = 0.
Hence
dp™/dz = 0 (21)

and the theorem is proved.

If we apply the theorem to the two-index e form,
which is identical with g,;, we obtain the invariance of
o)

Pp? = uvle,; = uigy,; = (U, V) (22)
from Eq. (12). Hence, if we regard the Killing form
(W, W) as the “square of the length” of W, and
(U, V) as a generalized dot product of U and V,

we see that Eq. (1) can be interpreted as indicating
a rotation in the Lie algebra.

This is not, however, the only invariant that is

involved. In general any e form yields a scalar
invariant,.

SYMMETRIZATION OF THE CONSERVATION LAWS
From the theorem, the following is obvious:

Corollary: In Theorem 1, we can replace the n-index
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e form by any constant linear combination of the
n-index e forms obtained by permuting the sub-
seripts.

We may note that a permutation of the sub-
scripts of the e forms in Eq. (19) is equivalent to
permuting the positions of U, V, W, - in Eq. (19).

With this corollary, then, we can set up combina-
tions of #n-index e forms that have any desired
symmetry. We define the n-index g form as the
linear combination of n-index ¢ forms that is fully
symmetric. Since the ¢ forms are already cyclicly
symmetric, we can simplify the process somewhat,
obtaining:

gi = € = G:‘"m;
gii = €,
Jsit = €k + eui,
= &ijan T €iine + Cirin
+ €ini “+ €inix T+ €inni; (23)

(Note that g;;u as defined here is not the same as
the g1, that is sometimes used in relativity theory,’
which is defined as gug;n — ¢gagis and so is not
fully symmetric.)

With the g forms, we obtain a set of conservation
laws that are applicable to a single solution of Eq.
(1). That is, the scalars

Giikn

ete.

1) (2)

pP =w'g, P

3 i ik
p® = ww'w'gin,

= w'w'g,,
(29)

are conserved and are significant providing the ¢
form involved is not the null operator.

Not all the scalar invariants of Eq. (24) will be
nontrivial. Indeed it seems to be true that, for a
simple algebra at least, all the odd-index ¢ forms
are antisymmetric, so that the odd-index g forms
are null.

Neither are all of the invariants independent.
The scalars, p™ of Eq. (24) are related to the co-
efficients of the characteristic equation of the linear
operator adw = [W, —]. Hence there is an upper
limit on the number that can be linearly independent.
By example, we do find that the higher invariants
may not be trivial. We show such an example later.

We note, finally, the significance of definiteness
in the g forms. If any of the forms of Eq. (24) is
definite, it then follows that none of the coefficients
can grow without limit with 2. Neither can all of
the coefficients decay simultaneously to zero. Thus

10J, L. Synge, Relativity: The General Theory (North-
Holland Publishing Company, Amsterdam, 1960).

ete.
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the requirement that all of the nontrivial g forms
be indefinite is a necessary, although not a sufficient,
condition for either amplification or attenuation.

PARTIALLY SYMMETRIC CONSERVATION LAW

Suppose, now, we consider a given symmetric
g form of order (n — 1). If we contract it with c!;,
we obtain a linear combination of n-index ¢ forms.
We call such a form a derived g form, and symbolize

it with a prime, for example:
Fiin = C:'fguc = i — (25)
We find that we obtain the same result if we
compute ¢;;g.; and c},g... This is reasonable. Because
of the cyclic symmetry of the e forms, there are
only two distinct three-index e forms—e.g., ¢;;) and
¢:1;» The information contained in them is given
fully in the two forms g¢;;, and g/;,. Hence there can
be no additional linearly independent three-index
forms.

We can continue the process and obtain the
doubly derived g forms

Ciike

glien = 0.'-,-g;’u. = C.fic?kg.;.
(26)

We observe that g}/,, is antisymmetric in the inter-
change of either the first pair or the second pair,
and symmetric in the simultaneous interchange of
both pairs (and so has the same symmetry as the
Riemann curvature tensor'®).

We can find, by careful analysis, that there are
exactly three linearly independent, singly derived,
four-index ¢ forms, and two doubly derived ones.
Together with the fully symmetric form, these
account for the six distinct four-index e forms.
Presumably, the same thing can be done with the
higher-order forms.

The derived g forms, because of their antisym-
metries, do not generate nontrivial conservation laws
for a single solution of Eq. (1). They do, however,
generate invariant orthogonality relations. If we
consider for example, g/;, we see that any scalar
such as w'w'w'gl;, or w'wvg!,;, must be identically
zero. However, u'v'w'g’;, may be nontrivial, so that
its invariance gives us significant information about
the mutual behavior of a triad of solutions, U, V,
and W.

= €ijkx — €ijhk — €iikn T Cjihke

L NOT SIMPLE

We now consider, in this and the following sec-
tion, how the problem can be split and conservation
laws obtained that apply to separate parts of the
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solution. In this section'’ we consider what can be
done if L is not a simple Lie algebra. In the following
section, we consider how we can make use of the
possibility that S(z) may be embedded in some
smaller Lie algebra than L, the range of possible
initial conditions.

We consider, first, the case where L is semisimple
but not simple. By the structure theorem,®* then,
we can write L as

L= L(l) @ L(z) @ e (‘B Lm, (27)

where the L, are simple algebras that are ideals
of L. We resolve the initial condition, W, into

Wo = Wo, + Wo + -+ - W, 28)
where Wy; is in L.
Also, we can split S(z) into
S =8w+ 8+ -+ Sw, (29)
where S; is in L;,. If, now, we write
W=Wu+ Wy + - + Wq, (30)

where W,, is in L, then W;, obeys the equation
AW /dz =[Sy, Wwl; Wi (0) = Wi, 62))

since the commutator of S¢;, and Wy;,, 7 # ¢, must
vanish, both L, and L, being ideals of L and
disjoint.

Hence, we have split the problem into a set of
problems in simple algebras. The conservation laws
of L, will, then, apply to W,,.

If L is not semisimple, then we have a more
difficult problem. By Levi’s theorem,’ we can write
L = Ly, + L/, where L, is the radical of L—i.e.,
the maximal soluble ideal of Z—and L’ is a semi-
simple algebra. We can, now, decompose L’ as in
Eq. (27), writing

L=1Lgy+ Lm + -+ Lm: (32)

where L, (¢ # 0) is a simple algebra. The algebra
{Lwy + Lno} is, now, an ideal of L.
We can write the initial condition uniquely, as

Wo = Woo + Wm + -+ Wom (33)

where Wy, is in L. Let W, and W be such
that

dW o, /dz = [S;W (5] W 0) = Wy
dW ,/dz = [S,W ;)] W0 = W,

Since {L¢, + L)} is an ideal, W(;, remains in

34

1 We are indebted to E. Norman for calling our attention
to the splitting discussed here when L is not simple.
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this algebra. The solution to the whole problem is,
then, given by

W = W(o) + Wu) + e W(k)~ (35)

Thus we have split the problem into the sum of one
wholly in the radical and a set of components each
of which is in a subalgebra that is the sum of the
radical and a simple algebra. Again, the conservation
laws of these subalgebras apply to the appropriate
parts of the solution.

S(z) IN A SEMISIMPLE SUBALGEBRA

Suppose, now, Eq. (1) is embedded in the Lie
algebra, L, but S(z) is embedded in L,, a subalgebra
of L. In particular, suppose we admit the possibility
that the initial condition on W of Eq. (1) is not in
the smallest Lie algebra covering S(z}. As an ex-
ample, we have mentioned, in Eq. (6), the possibility
that S8 may be K-skew-Hermitian. Since the set
of K-skew-Hermitian matrices is a Lie algebra over
the field of real numbers, as may be easily verified,
this defines L,. However, unless we specifically re-
strict W, to be K-skew-Hermitian also, we do not
know that W is in L,, but instead only know that
it is in the full algebra of n X n square matrices.

We can ask, then, how we can use the properties
of L,, instead of those of L to derive conservation
laws of the system.

We find that, if L, is semisimple, we can specify
a linear subspace, M, which is not in general a
subalgebra, with the properties that

(A) The intersection of M and L, is void, so that
they have no element in common.

(B) M, L,) € M so that M is regenerated when
it is commuted with L,. Hence M and L, are disjoint,
and M is closed under commutation with L,.

We can anticipate the later results here and
observe that we can take M as the orthogonal
complement of L, under the Killing form. By
Cartan’s criterion, if L, is semisimple, it can contain
no element in common with its orthogonal comple-
ment. Hence, Property A is obtained. Property B
is shown by the theorem that follows.

We do not, however, need always to use the full
orthogonal complement of L,. The problem may
permit us to take as the M set a subspace of the
orthogonal complement. Hence, we approach the
problem slightly differently. We show that we can
split any initial condition W, into two parts, one
of which, Wy,, is in L,, the other, Wy, is orthogonal
to L,. We then show that by closing W,, with
respect to commutation with L,, we obtain an M set.
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The significance of this splitting of the initial
condition is that then the entire problem is split.
Provided that S is sufficiently well behaved to
apply Taylor's theorem at least in overlapping
segments of the desired interval, a solution of Eq. (1)
will be entirely in L,, or entirely in M, depending
on the initial condition. That is, we can now con-
sider the two equations

dW./dz = [S, W,], W,(0) = Wy, (36)
sz/dz = [S: Wz]: Wz(o) = Woz; (37)

and know that W, is wholly in L,, and W, wholly
in M. The solution to Eq. (1) is then

W) = W) + W.(2). (38)

For the W, part, we can use the conservation
laws of L,. For the W, part, we must use the in-
variants of L, but even they are simplified by the
absence of any of the L, terms from Wo,.

To obtain, now, the proper division of the initial
condition, we use what is essentially the Gram-—
Schmidt process. We want to find W,, and Wy,
such that -

W, = Wy + W, Wo € Ly, (Wos, Ly) = 0.
We find that these equations are satisfied by
Wo = (WO) Xﬂ)Qaaxa, (39)
Wo = Wy — W, (40)
The Greek letter indices, here, are used to indicate
L,. That is, we assume L, to be spanned by the

set X,, whereas L is spanned by the set X;. Then
for any X, in L,,

(W02’ X1> = (WO: X7> - (Wm, Xv)
= (WO’ X1> - (WOJ Xﬂ>gpa(xa; Xy)
= (WO, X1> - (WO’ Xﬁ)gﬂagwf

by Eq. (12). From Eq. (14), this vanishes.

From W,, as determined by Eq. (40), we can
obtain an M set. We do this by closing W,; with
respect to commutation with L,; that is, we form
commutators of as high an order as necessary of
W, with the various X,, and pick out those that
are linearly independent over the applicable field.
That this process does generate a suitable M set
is shown by the following:

Theorem 2: If L, is spanned by the set X,, and
if A is any element of L such that

A, L)=0

41

(42)
and if we define

B. = [A, X.], 43)
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then

(Ba, L) = 0. (44)

In other words, if A is orthogonal to L, under
the Killing form, so is the commutator of A with
any element of L,. Hence, so is the whole set ob-
tained from A by closure under commutation with L,.

Equation (42) requires that, if A be expanded
as a¢'X; then

aig.‘m = 0. (45)

Then
B, = a'[X;, X.] = a'd].X;
and
Bay Xp) = a'Ciogis = a'(Cais — €iap)
—~ 8aps) = Q'Chpfii

Now, since L, is an algebra, ¢}, vanishes unless
X;isin L,. Hence we can replace j by v:

(Ba: Xﬁ> = czﬁ(a‘gvi) =0

by Eq. (45).

Hence orthogonality to an algebra under the
Killing form is preserved by commutation with the
algebra.

The element W,, was chosen to be orthogonal
to L, under the Killing form. The M set was obtained
by closure for commutation with L,. Hence the
entire set is orthogonal to L.

By Cartan’s criterion, the Killing form is non-
singular for a semisimple algebra. Hence, if L, is
semisimple, no member of the set so obtained can
be in L,, and the M set so obtained is disjoint
from L,. Hence the set so obtained has Properties A
and B and is therefore an M set,.

This then demonstrates that, if S(2) is in L,, a
semisimple subalgebra of the algebra L in which
Eq. (1) is embedded, then Eq. (1) can be split into
two problems, one of which is wholly in Z,, the
other in an M set that is orthogonal to L,. Separate
conservation laws will, then, apply to each part.

= a".(eﬁai

(46)

EXAMPLES

We have mentioned that the property of being
K-skew-Hermitian, as defined in Eq. (6), defines
an algebra over the real field. If S is known to be
K-skew-Hermitian, then L, is this algebra. The
appropriate M set is, then the set of K-Hermitian
matrices (KW — WK = 0) which is ¢ times L,.
We can, then split the initial condition, W, into
its K-skew-Hermitian and K-Hermitian parts and
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treat each separately. In this case, we.can multiply
Eq. (29) by 7 and obtain a new problem in L.
Hence we need only study Eq. (1) with the restric-
tion that both S and W are everywhere K-skew-
Hermitian. The conservation laws of this algebra
apply separately to both parts.

As a second example, let us consider the algebra
defined by the multiplication table given in Table I.
One example of this algebra is given by

X1=%{0 i] X,=%"° 1]

i 0 1 0

R

X3=
1 0

neif ] wesl)

0 —i 0 -1

(S
(X0

This is the algebra of all 2 X 2 matrices with zero
trace. (More generally, it is an example of the
“full Lorentz algebra.””)
We find that
g:; = diag (—4, —4, —4, 4, 4, 4). 4n
Hence (reverting to a subscript notation) if we set
W = w,X; + w.Xo + wX; + wXs + wXs + weXe
and W is a solution of Eq. (1), then
p? = 4wl + vi + wi — v}
— wg — 'wﬁ) = 0 (48)
is a constant.
We can find, for this algebra, that e, is antisym-
metrie, so that g, is identically zero.
The calculation of g, is tedious but straight-
forward. We find that p* is within a scalar constant,

pm © (P(z))z — 4(ww, + wows + ’wa'we)z- (49)
Hence it follows that
wws + Waws + weWs = ¢, (50)

is a conservation law.

Suppose, now, that S(z) is embedded, for example,
in the linear envelope over the real field of X;, X,,
and X;. This is a semisimple subalgebra. The cor-
responding M set is the linear envelope of X,, X,
and X,;. Hence, in this case, we have the separate
conservation laws that

wi + w; + wi = ¢,
wi + Wi+ ws = ¢z
In addition, Eq. (41) still applies.
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X} X,] X3 X4 X;] X

[X1 0 X3 _ Xa 0 XG - x5
[Xz - X; 0 X1 i Xa 0 X4
[Xa X2 - Xx 0 Xs - X4 0
[X4 0 Xs - X5 0 - Xa X2
X | — Xs 0 X, X; 0 -X
[Xs x -X 0 -X X, 0

In this case, we can express L, as the algebra of
K-skew-Hermitian matrices with K = I. We can,
however, easily find examples where this is not so.

CONCLUSIONS

We have found that, for a system described by
Eq. (1), there exists a set of conservation laws that
limit the behavior of the system. These laws are
obtained from the structure of the Lie algebra in
which the problem is embedded. Hence their applica-~
tion requires no information other than the initial
conditions and the algebra that is involved.

A further refinement is possible, also, if the algebra
is not simple. If the algebra is semisimple, but not
simple, we can split the problem into parts, each
of which is wholly within a simple algebra. If it is
not semisimple, the solution can also be split into
components, each of which is the sum of the radical
and a simple algebra. In either case we can obtain
invariants for the separated parts.

It is also possible to split the problem if the system
operator S(z) is embedded in a semisimple sub-
algebra, L,. In this case, we can split the problem
into two problems, one in L,, the other in what
we call an M space, which is a subspace of the orthog-
onal complement of L, with respect to the Killing
form. Again we obtain separate invariants for the
split parts of the problem.

ACKNOWLEDGMENTS

We are indebted to A. Novikoff, Stanford Re-
search Institute, for stimulating our interest in the
application of the theory of Lie algebras. We also
wish to acknowledge the support of the Air Force
for the research in coupled-mode theory, of which
this has been one result.



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 6, NUMBER 1 JANUARY 1965

Formal Solution of a Nonhomogeneous Differential Equation with a
Double Transition Point*

P. F. JorpAN AND P. E. SHELLEY

The Martin Company, Baltimore, Maryland
(Received 9 June 1964)

A formal solution of a fairly general nonhomogeneous, linear, second-order differential equation
with a large parameter and a double transition point is presented. This equation arises, for instance,
in the quasilinear theory of pressurized membrane shells of revolution. The fact that the solution
which is of foremost importance in practical applications converges at infinity makes it convenient
to use a direct approach, avoiding any transcendental transformation. The solution is described by
means of influence functions which arise from a formal inductive process. The more important influence
functions are tabulated. The- results of two approximate asymptotic procedures are compared with

the exact solution.

I. INTRODUCTION

SPECIFIC form of the differential equation

to be discussed in this paper arises in the quasi-
linear theory of pressurized membrane shells of
revolution.”* The general equation, however, is
of interest beyond this specific application.?

The subject differential equation is real-valued,
linear, and of second order. It has a large parameter,
k, and a double trapsition point. As such, it belongs
into the field of interest of the theory of asymptotic
expansions* (as was pointed out by Sanders and
Liepins®). Most of the work on this theory has been
concerned with homogeneous solutions; however,
the quasi-linear membrane shell equation is essen-
tially nonhomogeneous and, in its application, one
is mainly interested in one particular nonhomo-
geneous solution which may be designated as the
“convergent” (at infinity) solution. Even in those
shell problems where this convergent solution is
not by itself sufficient, the role of the homogeneous
solution is often confined to that of a boundary
layer correction to the convergent solution.

Now, while it is usually considered sufficient to
obtain the homogeneous solution (from which the
nonhomogeneous solution may then be derived by
means of the method of variation of parameters),
the particular nonhomogeneous solution that is re-
quired in the present problem is much more easily
derived directly. The reason for this somewhat
unusual situation lies in the fact that the required
solution is convergent while the homogeneous solu-
tion is exponentially divergent (see Seec. VIII).

* This work was supported in part by the National Aero-
nautics and Space Administration.

1 P, F. Jordan, J. Aerospace Sci. 29, 213 (1962).

¢ P, F. Jordan, ATAA Publication CP-8, 200 (1964), and
J. ATAA (to be published).

R. E. Langer, Phys. Rev. 51, 669 (1937).

3
+E.g., A. Erdélyi, J. Math. Phys. 1, 16 (1960).
§ J. L. Sanders and A. A. Liepins, J. ATAA 1, 2105 (1963).
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Accordingly, the present paper is essentially con-
fined to a discussion of the convergent nonhomo-
geneous solution.

The limit form of the subject differential equation,
that is, the differential equation that arises if the
limit process k — « is made in the given differential
equation, is a Bessel equation of order 4. The con-
vergent nonhomogeneous limit solution is related
to (but different from) the Lommel function S, ;
(Appendix A).

The given differential equation, in which % is
large but finite, contains additional terms. Usually,
in problems of this kind, one deals with such ad-
ditional terms by means of a transcendental trans-
formation, the aim being to reduce the given equation
to its limit form. This procedure, which in general
leads to asymptotic expansions, has several aspects
which are undesirable from the point of view of
practical applications. The transformation has to be
evaluated anew numerically for each new case if
one requires the solution itself rather than certain
isolated aspects of it; the transformation is com-
plicated enough to make it difficult to visualize,
in a general manner, the differences between the
actual solution and the limit solution. Furthermore,
the analytical difficulties of the exact procedure are
often formidable enough to require, in practical
applications, the introduction of simplifying assump-
tions; that is, in practice the method of asymptotic
expansion is replaced by an approximate procedure,
the degree of validity of which is not always readily
ascertained (Sec. VII).

The approach used in the present paper is more
direct. No transcendental transformation is made.
The difference between the required solution and the
limit solution is described by influence functions.
These influence functions are general functions, that
is to say, they are independent of the specific param-
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eters that deseribe the additional terms in a given
equation and they can therefore be tabulated once
and for all.

Three points are made: first, the influence func-
tions arise from a straightforward inductive pro-
cedure and are largely simple algebraic combinations
of already tabulated functions; second, the more
significant influence functions show a convenient
convergency behavior; third, approximate proce-
dures require caution. Two approximate procedures
were checked; though both appear plausible enough,
neither of them sufficiently approximates even the
first rank of influence functions.

II. FORMULATION

Consider the following generalized form of Liou-
ville’s differential equation
N + qIF + rFy + sFy = u, ®
where all quantities are supposed to be real valued,
and A\’ a large number. The functions p, g, r, s,
and u are given functions of the coordinate £, and
F = F(§) is the unknown function (F, = dF(f)/dt,
ete.). Equation (1) is said to have a single transition
point if p(¢) changes sign (within the Z-range to be
considered) and is said to have a double transition
point if (after a trivial shift of the coordinate, if
necessary) the function p(%) can be written as

p(§) = £pE)
with a finite function $ which has no zero.
We assume here that Eq. (1) has a double transi-
tion point,® and assume also that s(0) # 0. Then,
dividing by AM*5(£), we may rewrite Eq. (1) as

FE — =~ {[1 + HEF
+ e(®F; + g®OF} = 1), @

where the large parameter is now k*. We assume
further that k* is positive.

Equation (2) describes specifically the problem''?
of a very thin pressurized toroidal shell of uniform
wall thickness if

k= .eoaz’

dQ) = 5 G + /a1 — &) — &

o® = 5 (4 + 3/a)L — £), ®

1 =#)
g(E) 2a(a + E) b
-1<5E<ELEHEL T
¢ In this case, Eq (1) is closely related to the homogeneous

problem discussed by R. W. McKelvey, Trans. Am. Math.
Soc. 79, 103 (1955).
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Fi6. 1. Homogeneous limit solutions.

Here ¢, is a reference strain and is thus small by
definition, while ¢ > 1 is the torus opening ratlo
Equation (3) becomes modified® if the shell has'a
noncircular meridional cross section, nonuniform wall
thickness, etc., and we are not going to assume here
that our problem obeys Eq. (3) as given above. We
assume, however, that we can conveniently write

de) = ;”:d,s; R ;iz,s', @

and that these series converge rapidly enough, in a
sense that will become clear later, in the £-range to
be considered. Equations (4) mean, in particular,
that we will have solved Eq. (2) once we have ob-
tained a set n = 0, 1, 2 - - - of suitable solutions’ of
the equation

¢ — e ([L+ Qe + c@F + gOF) = £ ()

Inspection of Eq. (5) indicates two ranges of
general behavior of the solution F. In an “outer”
range, |¢| sufficiently large, the “convergency condi-
tion”” F(£) = £"~* should describe a possible solution.
(Below, by making this condition precise, we will
define a unique convergent solution.) On the other
hand, in an ‘“inner” range, ¢ &~ 0, the terms in the
{ ] bracket, and in particular the differential terms,
must become important (certainly if n = O orn = 1).
In order to inspect more closely this inner range, we
make the “stretching” transformation

ki =z;  KFE = Ef(z) (6)

" In most applications only one or two solutions will be
required. For example, if {(£) has no zero, F = IG transforms

Eq. (2) into
G — §---1G -} /b8 = 1.
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which transforms Eq. (5) with Eq. (4) into
ot~ 1
_li(ﬁ),{d II+ /+l = " 7)
k = k xrf evj kgvf =T, (

where the prime (') indicates differentiation with
respect to z.

In Eq. (7) the limit process k¥ — « can be made
without difficulty. Thus arises the “limit form”

for* — (7a)

Applying the inverse of the transformation Eq. (6)
to Eq. (7a) we obtain the limit form of Eq. (5)

L .
Fof® — 72 Foge = £

A solution f, of Eq. (7a), respectively a solution F,

-

n
o= ",

(7b)

TasLg 1. Functions A ®), p@), T,
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of Eq. (7b), we henceforth refer to as a “limit
solution.”

Equation (7a) is a special form of the nonhomo-
geneous Bessel equation. The here relevant proper-
ties of f, are discussed in the next section;
subsequently, the solution f of Eq. (7) is written
as a formal expansion in terms of descending powers
of k, with f, as the starting term.

ol LIMIT SOLUTION

Trying to solve Eq. (7a) by means of a power
series in z, one is led to consider the functions
tn(m = 0, 1,2 -.-) that are defined by

o ),

T,, and first derivatives.

4

X
Y o oymra T

I

tm

1\y, (1) 51\, (1) .5 1\],.(2) 11}).(2)' ' '

. (q-)!h .10 (—4-)!11 10 (z)!h (zr).lh T, Ty T, T}

0.0 147 934 100 000 1.4793 | 1.0000 1.31103 | 0.00000 | 0.00000 | 0.59907
0.1 137 935 99 953 1.5794 | 1.0005 1. 30604 |-0,099564 | 0.059741| 0. 59409
0.2 127 952 99 645 1.6800 | 1.0043 1.20120 |-0,19654 | 0.11848 | 0.57931
0.3 118 021 98 871 1.7805 | 1.0153 1.26690 |-0,28844 | 0.17520 | 0.55526
0.4 108 198 97 482 1.8830 | 1.0380 1.23375 |-0,37303 | 0.22026 | 0.52279
0.5 98 549 95 387 1.9886 | 1.0774 1.19260 |-0.44838 | 0.27961 | 0.48301
0.6 89 146 92 550 2.0992 | 1.1395 1.14444 [-0.51296 | 0,32566 | 0.43724
0.7 80 063 88 979 2.2175 | 1.2310 1.09041 |-0.56570- | 0.36691 | 0.38697
0.8 71 373 84 727 2.3467 | 1.3596 1.03172 |-0.60598 | 0.40296 | 0.33372
0.9 63 138 79 877 2.4910 | 1.5347 0, 96963 |-0.63367 | 0.43360 | 0.27905
1.0 55 413 74 538 26555 | 1.7672 090539 [=0-64007 | 045877 | 0. 22444
1.1 48 242 68 838 2.8468 | 2.0708 0,84020 |-0.65288 |0,47854 | 0,17123
1.2 41 654 62 909 3.0726 | 2.4625 0.77517 |-0.64613 | 0.49310 | 0.12061
1.3 35 663 56 886 3.3429 | 2.9639 0.71129 |-0.63009 | 0,50278 | 0.07353
1.4 30 275 50 895 3.6700 | 3.6030 0.64941 |-0,60622 |0.50795 | 0.03075
1.5 25 480 45 054 4.0603 | 4.4164 0,59025 |-0.57604 |0,50909 | -0.00722
1.6 21 256 39 460 4.5607 | 5.4527 0.53436 |-0.54112 | 0.50668 | -0.04010
1.7 17 577 34 104 5.1694 | 6.7763 0, 48214 |-0.50293 |0,50124 | -0.06781
1.8 14 405 29 317 5.9284 | 8,4740 0.43384 [-0.46288 | 0.49329 | -0.09044
1.9 11 699 24 870 6.8806 | 10.663 0. 38958 |-0.42219 | 0.48331 | -0.10826
2.0 9415, 4 20 875 8, 0827 13,504 0, 34939 -0,38192 0.47178 -0.12163
2.1 7508. 6 17 337 9.6102 | 17.214 0.31316 |-0,34294 |0.45912 | -0.13099
2.2 5933, 1 14 247 11.564 | 22,097 0. 28073 |-0.30591 | 0,44570 | -0. 13685
2.3 4644, 9 11 585 14,083 | 28.572 0,25189 |-0.27132 | 0.43185 | -0, 13972
2.4 3602, 7 0322, 2 17.351 | 37.226 0.22638 |-0,23948 |0.41784 | -0.14012
2.5 2768, 3 7422.7 21.628 | 48,886 0.20390 |-0.21056 |0,40389 | -0,13853
2.6 2107, 3 5848.7 27.267 | 64,723 0.18417 |-0,18460 |0.39019 | -0.13540
2.7 1589, 1 4560, 5 34.767 | 86.414 0.16688 |-0.16153 |0.37685 | -0,13112
2.8 1187.0 3519, 0 44.824 | 116.37 0.15177 |-0,14123 |0.36399 | -0.12605
2.9 8178, 27 2687, 3 58, 431 158, 09 013855 |-0.12349 | 0.35166 | -0, 12047
30 643.60 2030.9 77005 | 216.70 012699 [=0. 10810 | 0. 33060 | -0. 11463
3.1 467,28 1519.0 102,58 | 299,72 0.11686 |-0,09483 |o0.32873 | -0.10870
3.2 335, 98 1124, 4 138,13 | 418,36 0.10796 {-0.08342 |0.31816 | -0.10284
3.3 239, 28 823, 72 187,94 | 589,37 0.10012 |-0.07364 |0.30816 | -0.09714
3.4 168. 77 597, 25 258.58 | 838,04 0.09319 |-0.06528 |0.29872 | -0.09168
3.5 117,90 428, 60 359.44 | 1202.8 0.08703 |-0.05812 |o0.28982 | -0.08651
3.6 81.571 304. 41 504,95 | 17427 0.08153 |-0,05200 |0.28141 |-0,08164
3.7 55. 894 214, 00 716.82 | 2549.0 0.07660 |-0,04675 |0.27348 | -0.07709
3.8 37. 930 148, 90 1028.3 | 3763.9 0.07216 |-0.04223 |0.26598 | -0.07286
3.9 25, 491 102. 54 1490.5 | 5610.9 0.06813 |-0.03832 |0.25890 | -0.06893
1.0 16. 066 69, 697 7183, 1 | §444.% 006448 [-0-03403 10 25215 -0 06529
41 11,183 47,159 3230.0 | 12 832 0.06113 {-0,03197 |0.24583 |-0.06192
4.2 7. 2096 31, 494 4831.3 | 19 688 0.05807 |-0.02938 |0.23979 | -0.05881
4.3 4.7185 20, 818 7299.4 | 30 500 0.05525 |-0,02709 |0.23406 |-0,05592
4.4 3.0205 13, 621 11 143 | 47 707 0.05264 |-0,02506 |[0.22860 |-0.05325
4.5 1.9147 8. 8217 17 186 | 75 347 0,05023 |-0.02325 |0.22340 |-0.05077
4.6 1.2019 5. 6553 26 780 |120 160 0.04799 |-0.02162 |0.21844 |-0.04847
4.7 0. 74717 3.5887 42 160 |193 499 0.04590 |-0.02016 |0.21370 |-0.04632
4.8 0. 45993 2. 2542 67 058 314 644 0.04395 |-0.01884 |0.20917 |-0,04432
4.9 0. 28036 1.4016 107 758 |516 641 0.04213 [-0.01764 |0.20483 | -0.04246
5.0 0.16923 0,.86261 174 939 856 629 0.04042 [-0.01654 0. 20068 -0, 04071
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—e - m+dy - a,_l
= OE‘W e T e —Dmtmy ©
so that
tnx® — t)} = —m(m — Dz

Equation (8a) shows in particular that ¢, and ¢
are homogeneous solutions of Eq. (7a). These are
shown in Fig. 1. As {, is symmetric, ¢, antisymmetric,
they form a complete set of solutions. Their
Wronskian is W = 1.

Often, in particular in boundary layer problems,
it is more convenient to work with solutions which
converge in the manner of the Hankel functions
H!Y and H®. We define corresponding solutions by

B = 2 b
IR Gl VES LR e V)

[Ex*w*zz;"(%—) it z> o], ©

h(z)(x) _— h(n(“:t).
Their asymptotic behavior is given by

and
(10)

B~

2) (I —§‘§+ ‘~-)e_"/2 as r— +w,

(zz T 16z
'1‘----)e”/2 as T — — o,

A2t

The two functions A" and h‘® are also shown in

1dp

Fie. 2. Nonhomogeneous limit solutions.

(8a)
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Ty = To
T, = )

T, - 1

T, = x

T, = 2T, + %2

4= o \

T5 = 6 T1 + x

Ty - 12+ <t

T, = 20x + xs

g 2 6

T, = 80T, + 30 x2 + x

T, = 22T, + 2% + x!

4 8
Tio 672 + 56 xt + %
T, = 440+ T2 %"+ 8
Tyy 5400 T, + 2700 2 + 90:x® + X0
Tyg= 27720T; + 4620 x° + 110x’ + x1
T, 88704 + 7302 + 132 + o2
T, - 224 640x  + 11 232 %% + 156x% + i3
Fig. 1; they form another complete set of homo-

geneous solutions of Eq. (7a). A brief tabulation is
given in Table I (see Appendix B).

In discussing next the nonhomogeneous solution
fo of Eq. (7a), we are no longer confined, as we might
be in a discussion of Eq. (5), to a given coordinate
range £ < £ X &, and can hence state the con-
vergency condition in a precise form. Denoting by T
a convergent limit solution f, for a given number n,
we have

T.2* ~ T = 2° (12)
and write the convergency condition as
T.,~z2"* a8 2> 4. (12a)

As no homogeneous solution obeys a corresponding
convergency condition, there can be at most one
function T, for each n.

From Egs. (12) and (12a) immediately

T, = 1; Ty = x;

T = 2" + (n + D(n + 2)T,.

The functions 7', are thus readily written algebraic
functions of x if n = 2 (mod 4) or n = 3 (mod 4),
and are readily expressed by T, if n = 0 (mod 4)
and by T, if » = 1 (mod 4). It remains to discuss
Toand T,.

From Eq. (8a) and from considerations of sym-
metry it follows that T, and T, assuming these two
functions to exist, can be written as

Ty = coto — %tz; T, = oty — &, (14)
with constants ¢, and ¢, still to be determined. To
answer the question of existence, and to determine
¢, and ¢, requires knowledge of the asymptotic
behavior of the functions ¢, and ¢, [that of ¢, and ¢,

(13)
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T

Fia. 3. Normalized functions T'2.(z)/7'2x(0).

can be read from Eqs. (9) and (11)]. This knowledge
is provided by the theory of Lommel functions.® The
two constants are®

1/4)1
(—=1/41 "

e =

¥ =1.31108 -,

(14a)

™
O = g = 0.59907 - - - .

The functions 7', and T, are tabulated in Table I.
They are shown graphically in Fig. 2, together with
the functions toward which they converge as |z|— .
For many practical purposes, convergency is com-
plete if |z| > 4.

The first 167, functions are written out explicitly
in Table II. Figure 3 illustrates the behavior of T,
as a function of ». Shown are normalized functions
T.. and also the asymptotic curve of T',.

Formal development in an asymptotic series with
descending powers of z leads to

,u=f{l+m—%g—$

x(140=00-D ¢, ...))].

Having described the limit solution in terms of the
coordinate z, we now return to the coordinate &.
Figure 4 illustrates the convergent solution F, of
Eq. (7b) in the case that n = 0, i.e., Fo = kT, (k¢).

8 See Appendix A. The functions 7' and T, are not them-
selves Lommel functions, They were first defined and tabulated
by Sanders and Liepins (Ref. 5) who denote them by 71 and T's.

? Equation (14a) follows directly from Eq. (14) if one
requires that, because of Eq. (12a), the »th term in each
power series Eq. (14) converges, as » — «, towards the nega-
tive geometric mean of its two neighboring terms.

(15)
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u
23

£ ——-

Fia. 4. Limit solution Fy = k2T o(kE).

In the outer range this solution converges toward
the function 1/£ which is independent of k. The
inner range contracts as k increases; simultaneously,
the central value Fo(0) = cok” increases.

Another illustration, Fig. 5, refers to the equation

Fof* — 3 Foie = (1 — 98

In a problem of this type, one is tempted to divide
by £ and, in the present case, to write Fo =~ 1 — £
Figure 5 compares this approximation with the exact

(16)

Q-

k =10

I T 7 1
-1 -0.5 0 0.5 1
g ——

Fia. 5. Solutions of Eq. (16) for several values of k.
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convergent solution

Fo=1-¢ — %To(kg). (168)

Note that, for all values of k, the exact solution F,
has zero curvature at the transition point ¢ = 0.

Insofar as Eq. (16) is a representative problem of
membrane shell theory, the range of definition might
be —1 < £ < 1, and boundary conditions Fo(2=1) =0
might be given. In order to fulfill such (or similar)
boundary conditions, a suitable homogeneous solu-
tion has to be added to the F, curves of Fig. 5. Note
that to the #-range of Fig. 5 corresponds the range
—k < z < k of Fig. 1, and that the steepness of the
homogeneous solutions at the end points z = +k
increases rapidly as k is increased. Consequently,
the practical effect of a homogeneous correction will
increasingly be confined to close neighborhoods of
the end points.

IV. FORMAL SOLUTION

The limit solution F, of Eq. (7b) is the solution
of Eq. (5) in the special case that the parameter
functions, d(£), e(f) and ¢(£), are identically zero.
We investigate now the modifications to the solution
of Eq. (5) which arise from nonzero parameter
functions.

We consider first the outer range, writing the
solution of Eq. (5) in the form

F=FotmFitght . (D

We do not, however, imply by this formulation that
F, be independent of k. Rather, as before, we under-
stand F, to be a limit solution, and, furthermore, we
confine our attention to the case that F, is conver-
gent. From Eqs. (6) and (15) thus

Fy ~ [1 + (_""____(2%71_'_‘_3_) 4 ...:]5"“2' (17a)

Inserting Eqs. (17), (17a) into Eq. (5), multiplying
by k*, and making the transition ¥ — o, we obtain

B Py = 15 [ — 2 — 30 + e(d)
+ @K (18)

By continuing this process we could obtain F,, then
F3, and so on.

Equation (18) is written such that Eqgs. (17a)
and (18) have the same factor £** on the right, and
that the two k factors, 1/k* on the left, 1/k on the
right, explain an apparent discrepancy between Egs.
(5) and (7): according to the former, the large
parameter is k* while, on transforming to the «
coordinate, k rather than k* becomes the parameter.
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A significant observation can be read from Egs.
(17a) and (18): the corrective term F,, apart from
having the factor 1/k*, will itself become small com-
pared with F, as |£| — o if the parameter functions
are such that, for the [ ] bracket in Eq. (18),

[---]*—>0 for

el = .

(18a)

In order to discuss the inner range, we abbreviate
our notation by defining

M) = f2* — 17,

(19)
%0 = £ () fag + o + Lo,
so that Eq. (7) now reads
M) — I NG) = o~
Writing, in correspondence with Eq. (17)
f=fotihtmh+t -, @)

and again letting f, be the convergent limit solution
(e, fo = T,), we find first

M(f,) = N(T,) or f, = M"N(T,)
and, generally,

@y

f = MTNG,-). @2)
The task of determining the sequence of corrective
functions f, is thus equivalent to the task of suc-
cessively inverting the operator M. This task is
performed in the next section.

Continuing here the discussion of the formal aspect
of the solution, we note that, as the parameter k
appears explicitly in N(f), Eq. (19), each of the
corrections f, is again a series in descending powers
of k. Combining terms with equal powers of k, we
write the solution F of Eq. (5) in the following final
form:

F@®) = F7f2) = (KT + k[{do) + (eo)]
+ [d) + (&) + (g0} + (do) + (doto) + (eo)]
+ kT (ds) + (ea) + (g1) + (dod) + (does) + (dogo)
+ (dieo) + {ecer) + (€ogo) + (do) + (doeo)
+ (doeo) + ()] + K[+ ] + - JET (23)

Each term within angular brackets in Eq. (23) repre-
sents the influence of the parameter coefficient, or the
product of parameter coefficients, that is written
within the brackets. In each term, this influence is a
function which, for a given exponent 7, is a function
of x only, and which thus can be determined once and
for all. These influence functions we will denote by
Greek letters. A few illustrative examples follow:
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TasLE III. Survey and convergency of influence functions.
k-Factor Dominant Power
in Eq.{23) Function Rank i | of x a8 jx|—» o0
(r T, 0 1))
% 89 € 1 X3
. 81, €10 g 1 X2
=z . . . — - T Y
K 2 2 6
2. ¢aros0n€o 2 * 2
L 1 x!
Y 1
% Gof)Coboropbron€oc D €ova) 2 *
3\ 4 .
L €boe0bo €D s x° J
—1/ p+1 .
<dr> = dw ) 51'; 6v =M (xv T,’,’) H

(6,,) = 6,06, (gt') =G0
(d3> = d3'<53>; (dveu> = dvey’<5veu>;
(8,e,y = M~ Y(z" el + 2"8)).

As these examples show, angular brackets will be
used to distinguish higher-rank influence functions
from products. If the number n has to be indicated,
this will be done by an additional suffix (e.g., §,,, =
5, forn = 0).

Table III refers to the discussion above, in con-
nection with Eqgs. (18) and (18a), of the convergency
behavior of the corrective functions F,. Listed in
Table III is the dominant power of z for each one
of the terms that is written explicitly in Eq. (23).
Also indicated is the rank p, that is, the function f,
from which each influence function originates.

V. INFLUENCE FUNCTIONS

Equation (23) reduces the task of solving Eq. (5)
to the task of determining a set of influence func-
tions. By itself, of course, this achieves little; formal
developments are readily written, but to determine
analytically the functions that appear in such devel-
opments usually remains a rather formidable propo-
sition. The key observation of the present paper is
that, in the present case, this task is performed with
relative ease.

An illustrative example follows. Owing to

M(T) = 2°T) — (T§) = —22T,,
we have

(23a)

Yi,0 = M_l(xTo) = —3T%.

That is, the influence function v, ,, is a function that,
essentially, has already been tabulated.

This statement can be generalized to a large
extent. In order to calculate first f, according to
Eq. (21), we reduce N(7T,) by means of Table II
and Eq. (12) to a sum of members of the following
family of functions:

z°; 2°To; °T5; «°Ty; 2°T1 (p=0,1,2,---).

P. F. JORDAN AND P. E. SHELLEY

To these the inverse operator M~ has to be applied.
As M7'(z") = T, can again be reduced to members
of the same family, it remains to try to perform a
similar inversion with the other members of the
family. To the extent that this can be achieved, we
can then proceed to form N (f,), again in terms of the
same family of functions, find f, according to Eq.
(22), and so on.

In most cases, the inversion is readily performed
by starting from the formulas

M@E@T,) = 2™7” — plp — VD2" T, — 2p2”~'T%,
M@E@T.) = (n + 2p)z*™"
— 2(p + 1)2**'T, — p(p — 1)2*~°T},

eliminating on the right either T, or 7', and applying
the inverse operator M. Results of this procedure
are listed in Table IV. Where the procedure leads to
difficulties, this is indicated by the appearance of
two new functions, U, and U,, in Table IV. These
functions will be discussed later.

Table V lists in detail the formulas that result
from this procedure for the more important in-
fluence functions, namely, for those which have a
(combined) factor k', k° or k™ in Eq. (23). Table V
is confined to » = 0 and = = 1 because the two in-
fluence functions for n = 2 which would qualify
(that 1s, 8,,, and ¢ ,) are both identically zero.
Note that generally

(24)

02 =8,5=¢,=0, (252)
€3 = Y2 = Yro13 = T4,
and for n > 4, from Eq. (13),
= (0 — 2)0 — )Tasr—s + &.n-4l,
& = 0 — 2)[Tsr-s + (0 — esn-e],  (25b)

= Tutv—2 + (’ﬂ - 2)("’ - 3)77.»—-4-

Table VI refers to the asymptotic behavior of the
influence functions that are listed in Table V but is
valid for all n. Given are the first two terms of the
respective asymptotic series as read from F,, Eq.
(18), and F,. Tables VII, VIII, and IX give numeri-
cal values; these are plotted in Figs. 6(a), (b).

The analytical presentation, Table V, of the in-
fluence functions would become increasingly tedious
if it would have to be extended to higher ranks of
influence functions; in this case, numerical inte-
gration of Eq. (22) would become preferable. In fact,
numerical integration had to be used to determine
the functions

U, = M_1<Tn) (n=0,1),

Yr.n
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Taspre IV. Results of applying the operator M.

£ M=
11
(n=0) 1 Ty Ty T, U,
T, 0 0 0 0 1
2 T 0 0 -1 0 0
ol T, ) 2 -x 0 0
6x° T, 0 % <P 3 0
Sx4 Ty gf2 3x2 j2 —x3 o 3
10x° T, 6x 2x° -6 +xh 0 0
128 7 15x2 /2 30 + 5x%/2 -s/2 +xh x 0 0
14" T, 9x3 (10 + 3xhy x -(10 + x4 P 84 0
2T, 0 -x o 1 6
4x T} 1 %2 0 0 -2
6x® T x x° 3 0 0
8x® T % - (a+xY 3x 0 0
1oxt Ty %3 - (10/3 + xHy x 10x2/3 -4 0
12x° T x* - 30/8 - (4578 + x*) x® 15x3/4 0 -45/4
1’ Ty |t - 26/5) x -(42/5 +xY 23 21 (6 + x1)/5 0 0
]
(n=1 L Ty T Ty Uy
T, 0 0 0 0 1
2x T, 0 0 -1 1 0
2
o’ T, 0 3 -x 0 0
Gx3 T1 4 b4 -x2 0 )]
sty 11x/2 3x%/2 < 0 3
10:° T, 72 2x° -6 +xD 20 0
12x° T, 17x3/2 147/2 + sx*/2 -(15/2 +xH) x 0 0
14" T, 160 + 10x% (10 +3xh x -0+ xY 22 0 0
2 T’1 1 -X 1} 0 1}
4x ’I‘; x -x2 4] (1] -2
ze T'1 x2 -x3 3 -1 0
8x3 T x3 -@+xh 3x 0 0
10 4 4 4 2
X T1 -~ 4/3+x -{10/3+x%x7) x 10x°/3 0 0
127 | (-s/8+xt)x - (45/8 +x) @ 1553 /4 0 -45/4
T Bis+xh P2 -a2fs+xh S8 21 (6 + xN)/5 -24 o

Example: 6 M} (x° Ty =x Ty - 2 Ty +3T

1t
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Tasrz V. Tnfluence functions: formulas,

I A B c D E F G K L M N
6x° ¢ L -1 3 -1
2)(2 ‘g 1 -1
18x 61 -2 3
4x € 1 -1
27y 1 1
192x(&§) 16 10 16 -4 -15
12x(60c0> 1 -4 1 -1 3
8x¢2) -2 2 1
10 62 -2 fl -3
12 ¢ 2 2 3
4 ¥y -1 ?
48045,8,) 79 37 30 96 -15 15 =
24{4¢,) -3 1 -4 -1
12¢70) -3 1 i
96¢5,¢0) -18 6 -8 -24 -9 9
8<e ot 1) 1 1 -1
4(¢0y0> -1 1 -1 1
3456(&8) -173 -7 .80 | ~192 65 9 -1 -45
38465 ) 48 16 -26 -6 | 64 PR 15 -15 16
480 4e2) -1 8 -1 2 -4 -6 6 -1
PLTE) 4 -5 3 -3
(>3 50 -1 -1
2% € 1
166, -2 3
4 ¢ 1 -1 —
27 i 1 ::
10262 10 -1 -15
12¢4¢ o) 1 1 3
8¢5 -2 -1 ,

Explanations:
Ea'ch of the functions, I, listed on the left margin has the form:
I=2A+bB+cC++«+ ¥oN )
The coefficients a, b, ¢, « » + n are the integer numbers that are listed in the body of the table,

All coefficients not listed are zero.

A=a-x2 T x

B=(1-x’1‘1)x

c=@+d T x
p=a+xPrpx

IFJ=2T(‘:l

F =(z/3)[ ax* 4+ 6x ]
G =@/ Bxt+2x ]

K-@/9[cx?+36x]  Example: 4y = -2 T

L=2UOx-A

M:.ZUl—B

The functions A, B, C, » . « Nare: .

N=2x(Uy-xUy)-3M

o
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which do not seem to be expressible in terms of T
functions. Further functions V,, W, --- would
appear if Table V would be extended to higher-rank
influence functions:

Vn =M _1(Un)7
W, =M7*V,) = M*(U,) = M*(T,).
The computation of these functions is described in
Appendix B; numerical values are given in Table X,
VI. DISCUSSION

Equation (23), in connection with the graphs of
the T, functions, Figs. 2 and 3, and of the influence
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functions, Fig. 6, and with Egs. (25a), (25b), pro-
vides a direct insight into the qualitative behavior
of the solutions of Eq. (5). To what degree of accu-
racy this limited number of influence functions deter-
mines a numerical solution to a given problem de-
pends upon the parameters involved, that is, the
numbers k and » and the parameter coefficients d,,
e,, and g,.

In Fig. 6, the influence functions are grouped

. according to the k factor which they have in Eq.

(23). The influence functions are odd if the power
of k is odd, and even when this power is even.

To illustrate the application, assume that all
parameter coefficients are zero except either d,, e,

Tasre VI. Influence functions: leading terms of asymptotic developments.

-4 -8
X X
. 5 @m-2) (a-3) 2(n-2)(n-3)(n-6)°
R A (n-2) 2-2)(n-4)(-6)
-
61» n-2)(n-3) 2(n-2)(n-3) [n2-11n+31]
o (n-2) 2(n-2) [n2-9n+19]
. % 1 2 [n2-7n+13]
ey
* 6o 0 (n-2) (n-3) (n-5) (n-6)
Go<o 0 (n-2) (n-5) (2n-9)
€ 0 n-2) (n-5)
M
2
(82 (a-2)(n-3) 2(n-2) (n-3) [n -10n+27]
€ (n-2) 2{n-2){n-3)(n-5)
" 1 2(n-3)
605D 0 2(n-2) (n-3) (a-57°
o<y 0 (n-2)(n-5)(2n-7)
6070 0 2 [n2—7n+13:|
- € 0 2(n-2) [n2-9n+21]
=T G110
€ocp 0 (n-2)(2n-9)
Eo 7o) 0 2(-3)
6q) 0 0
FEM 0 0
Goo) 0 0
L€ 0 0

Example: &, ~(n-2) (n-3)xn'5(1+2(n-6)2x'4+ )



128

P.

F.

JORDAN AND P. E. SHELLEY

or go. Equation (7) reduces respectively to

o) -

fa* —

r € __
fk

]u/ =

n

T,

®)

(26)

d,

5, 4+ (25 + (2t + -,

f=T,+ ﬁ% & + (%)2(63) + <%°>3(53> + .-+, (26a)

2
—Z—g—v,,+(—,-‘§—2)v,.+(

kz

3
gO W,,+"

For cases (i) and (ii), the first three ranks of in-

and the respective solutions are fluence functions are shown in Fig. 6(a) (n = 0);
TasLe VII. Influence functions: numerical values (n = 0).

x %0 ‘o 5 1 Yo $Go | Lo<od % 2 <, v
0.0 0.0000 0.0000 0.0840 ~0.4453 1.3906 0.0483 0.21786 ~0,2226 0.0000 0. 0000 0.0000
0.1 -0,0079 -0.0354 0.0840 ~0,4453 1.3840 0,0483 0.2790 -0,2209 0. 0200 -0.0333 0.0498
0.2 -0,.0149 -0.0699 0.0841 -0.4452 1.3646 0,0482 0.2801 -0,2156 0.0400 -0.0667 0.0983
0.3 -0,0200 -0.1024 0.0847 -0,4449 1.3328 0.0477 0.2815 -0.2071 0.0601 -0,0999 0.1442
0.4 -0.0224 -0.1321 0,0861 -0.4442 1.2896 0.0465 0.2827 -0.1957 0.0806 -0.1330 0.1865
0.5 -0.0217 -0.1583 0. 0890 ~0,4426 1.2362 0,0441 0.2830 -0,1817 0.1016 -0.1657 0.2242
0.6 -0,0176 -0,1805 0.0938 -0,4400 1.1739 0,0400 0,2817 -0.1658 0.1239 -0,1977 0.2565
0.7 -0.0100 ~0.1982 0.1011 -0,4358 1.1044 0,0341 0.2782 -0.1485 0.1478 -0,2285 0.2829
0.8 0.0007 -0.2112 0.1111 -0.4298 1.0294 0.0260 0.2719 -0.1304 0.1741 -0.2517 0.3030
0.9 0.0142 -0.2195 0.1240 -0.4217 0.9507 0,0160 0,2624 -0.1121 0.2031 -0.2846 0.3168
1.0 0.0297 ~0.2233 0,1397 -0.,4114 0.8700 0,0043 0.2494 -0.0940 0.2354 -0.3088 0.3245
1.1 0.0464 -0,2228 0.1576 ~0.3986 0.7890 -0,0086 0.2330 -0.0768 0.2710 -0.3295 0.3264
1.2 0.0636 -0.2188 0.1772 -0.3836 0.7090 -0,0220 0.2136 ~-0,0607 0.3096 -0.3463 0.3230
1.3 0.0802 -0,2109 0.1977 -0.3663 0.6315 -0.0352 0.1916 -0.0460 0.3506 -0.3588 0.3150
1.4 0. 09586 -0.2006 0.2182 -0.3470 0.5576 ~0,0473 00,1677 -0,0331 0.3930 ~0.3668 0.3031
1.5 0.1090 -0.1881 0.2375 -0.3260 0.4880 -0,0576 0.1426 -0.0219 0.4357 -0.3700 0.2880
1.6 0.1200 -0,1742 0,2549 -0.3038 0,4235 -0.0655 0,1172 -0,0126 0.4770 -0.3687 0.2706
1.7 0.1282 ~0.1592 0.2693 -0.2806 0.3645 -0.0706 0.0923 -0, 0050 0.5156 -0.3629 0.2515
1.8 0.1335 -0,.1438 0.2802 -0.2570 0.3112 -0.0727 0.0686 0.0009 0.5497 -0,3531 0.2314
1.9 0.1357 -0.1284 0.2870 -0,2334 0.2636 -0.0718 0,.0469 0,0053 0.5779 -0,3398 0.2111
2.0 0.1352 -0.1135 0.2896 ~-0,2102 0.2218 -0,0682 0.0275 0, 0084 0.5992 -0.3235 0.1910
2.1 0.1321 -0.0993 0.2878 -0,1878 0.1850 -0,0622 0,0109 0.0103 0.6127 -0.3048 0.171%
2,2 0.1268 -0.0860 0.2820 -0.1664 0.1534 -0.0543 -0.0028 0.0113 0.6180 -0.2845 0.1530
2,3 0.1198 -0.0738 0.2724 ~0,1464 0.1265 -0.0453 -0,0138 0.0116 0.6150 -0,2631 0.1357--
2.4 0.1115 ~-0.0627 0,2597 -0.1278 0.1037 -0.0356 -0.0219 0.0114 0.6041 -0.2413 0.1197
2.5 0.1023 ~0,0529 0,2444 -0,1109 0.0846 -0,0259 -0.0274 0,0107 0,5860 -0.2196 0.1053
2.6 0.0927 -0.0443 0.2273 -0.0956 0.0687 | -0.0167 | -0.0308 0.0098 0.5617 -0.1985 0.0023
2.7 0.0829 -0, 0369 0.2089 -0.0820 0.0557 -0.0083 -0,0322 0.0088 0.5323 -0.1782 0.0808
2,8 0. 0734 -0.0305 0.1800 -0.0700 0, 0450 -0, 0010 -0,0321 0, 0077 0.4991 -0.1592 0. 0706
2.9 0,0642 -0.0251 0.1711 -0,0595 0.0364 0.0049 -0.0309 0, 0066 0.4634 -0.1416 0.0617
3.0 0,0557 -0.0205 0.1527 -0.0504 0.0294 0, 0096 -0,0288 0, 0056 0.4263 -0.1255 0. 0541
3.1 0,0479 -0,0168 0.1351 -0,0427 0,0239 0.0128 -0,0262 0,0046 0.3889 -0,1110 0.0474
3.2 0,0409 -0.0137 0.1187 -0.0361 0.0194 0.0150 -0,0234 0.0038 0.3523 ~0. 0980 0.0417
3.3 0,0346 -0.0111 0.1037 -0,0305 0.0159 0.0160 -0,0204 0,0031 0.3171 -0.0865 0.0368
3.4 0.0292 -0.0091 0.0901 -0,0258 0.0131 0.0162 -0,0175 0, 0025 0.2840 -0.0764 0.0326
3.5 0,0245 -0.0074 0.0780 -0.0219 0.0108 0.0158 -0,0148 0. 0020 0.2533 -0.0676 0.0291
3.6 0,0205 -0.0060 0.0673 -0,0187 0.0091 0,0148 -0,0123 0.0015 0.2254 -0.0600 0.0260
3.7 0.0172 -0.0050 0. 0580 -0,0160 0.0076 0,0136 -0.0102 0.0012 0.2001 -0.0534 0.0234
3.8 0,0143 =0,0041 0, 0499 -0,0137 0,0065 0,0121 -0.0083 0, 0009 0.1777 -0.0477 0.0211
3.9 0.0120 -0.0034 0.0431 -0,0119 0.0056 0,01086 -0.0066 0, 0007 0.1579 -0,0428 0.0192
4,0 0.0100 ~0.0029 0,0372 -0.0103 0,0049 0,0091 ~0.0053 0, 0005 0.1405 -0.0385 0.0175
4.1 0.0084 -0.0024 0. 0322 -0, 0090 0.0043 0,0077 -0.0042 0.0004 0.1254 -0.0349 0.0160
4.2 0.0071 -0.0020 0.0281 -0, 0080 0.0038 0.0064 ~0.0033 0. 0003 0.1123 -0,0317 0.0147
4,3 0.0060 -0.0018 0,0245 -0.0071 0.0033 0.0053 -0,0026 0. 0002 0.1009 -0, 0290 0.0135
4.4 0.0052 -0.0015 0.0215 -0.00863 0.0030 0.0043 -0.0020 0.0002 0.0911 -0. 0266 0.0125
4.5 0. 0044 ~0.0013 0.0190 -0, 0056 0.0027 0. 0035 -0.0016 0, 0001 0.0827 -0.0245 0.0116
4,6 0,0038 -0.0011 0.0169 -0.0051 0.0024 0.0028 -0.0012 0. 0001 0.0753 -0.0226 0.0108
4.7 0.0033 -0,0010 0.0151 -0.0046 0.0022 0. 0023 -0,0009 0.0001 0. 0690 -0.0210 0.0101
4,8 0,0029 -0.0009 0.0135 ~0, 0042 0.0020 0, 0018 -0,0007 0, 0001 0.0634 -0.0195 0.0094
4,9 0.0026 -0.0008 0.0122 -0,0038 0,0018 0.0015 -0, 0006 0, 0001 0., 0585 ~0.0182 0.0088
5.0 0. 0023 -0,0007 0.0110 ~0,0035 0.0017 0.0012 ~0.0004 0. 0000 0.0541 -0.0170 0.0083
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Tasre VIII. Influence functions: numerical values (n = 0).

x Goéy) $ogeyD (3o 70 e | $oep2 &Eo 7o) A REND: @oEoz> €03>
0.0 | 0.0000 0.0000 0. 0000 0.0000 | 0.0000 0.0000 | 0.0000 0.0000 0. 0000 0. 0000
0.1 | -0.0011: 0.0115 -0.0060 0.0183 0.0034 -0.0565 | -0.0005 -0.0108 -0.0061 0.0100
0.2 | -0.0022 0.0230 | -0.0107 0.0366 0.0072 -0.1113 | -0. 0008 -0.0216 -0.0126 0.019
0.3 [ -0.0035 0.0346 -0.0127 0.0547 | 0.0117 -0.1630 | -0.0013 -0. 0324 -0.0198 0.0285
0.4 |-0.0053 0.0462 -0.0112 0.0726 0.0170 -0.2100 | -0.0015 -0. 0432 -0.0281 0.0365
0.5 | -0.0083 0.0576 -0.0053 0.0898 0.0234 —0.2512 | -0.0011 -0.0534 -0.0375 0.0432
0.6 | -0.0131 0.0685 0.0051 0.1058 0.0308 -0.2857 | 0.0000 | -0.0627 -0. 0480 0. 0486
0.7 | -0.0206 0.0783 0.0200 0.1200 | o0.0392 -0.3127 | o0.0023 -0.0704 -0.0592 0.0525
0.8 |-0.0318 0.0866 0. 0389 0.1316 0.0484 -0.3321 | o0.0061 -0.0757 -0.0707 0.0548
0.9 | -0.0472 0.0928 0.0610 0.1399 0.0580 -0.3439 | o0.0115 -0.0780 -0.0822 0.0557
1.0 | -0.0871 0.0964 0.0853 0.1242 0.0877 T0.3482 | 0.0185 00768 0. 0929 0.0552
1.1 | -6.0811 0.0970 0.1105 0.1440 | o0.0771 -0.3457 | 0.0269 -0.0717 -0.1022 0.0533
1.2 | -0.1186 0.0943 0.1352 0.1391 0.0857 -0.3371 | o0.0361 -0.0628 -0.1097 0.0508
1.3 | -0.1481 0.0882 0.1584 0.1294 0.0932 -0.3233 | o0.0456 -0.0503 -0.1150 0.0472
1.4 | -0.1718 0.0790 0.1788 0.1153 0.0994 -0.3052 | o0.0544 -0.0350 -0.1177 0.0431
1.5 | -0.2057 0.0669 0.1956 0.0972 0.1038 -0.2840 | 0.0618 -0.0176 -0.1178 0.0386
1.6 | -0.2207 0.0525 0.2081 0.0760 | 0.1064 -0.2605 | 0.0670 0.0008 -0.1152 0.0339
1.7 | -0.2477 0.0366 0.2160 0.0528 0.1072 -0.2357 | 0.0694 0.0191 -0.1103 0.0293
1.8 | -0.2582 0.0198 0.2191 0.0286 0.1061 -0.2106 | o0.0687 0.0361 -0.1032 0.0248
1.9 | -0.2601 0.0029 0.2177 0.0045 0.1033 -0.1858 | o0.0648 0.0510 -0.0945 0.0207
2.0 | -0.2531 -0, 0132 0.2121 T0.0185 0. 0989 0.1619 | 0.0580 0.0629 ~0. 0846 0.0165
2.1 | -0.2375 -0. 0280 0.2029 -0.0393 0.0934 -0.1394 | 0.0489 0.0714 -0. 0741 0.0135
2.2 | -0.2142 -0.0408 0.1907 -0.0573 0.0868 -0.1186 | 0.0380 0.0763 -0.0833 0.0105
2,3 | -0.1846 -0.0514 0.1764 -0.0720 | 0.0796 -0.0998 | o0.0263 0.0777 -0.0528 0.0081
2.4 | -0.1506 -0. 0595 0.1606 -0.0831 0.0720 -0.0831 | 0.0146 0.0758 -0.0428 0.0060
2.5 | -0.1141 -0.0650 0.1441 -0.0908 0.0843 -0.0684 | 0.0037 0.0713 -0.0337 0.0043
2.6 |-0.0772 -0.0680 0.1274 -0.0046 0.0566 -0.0558 | -0.0059 0. 0647 -0.0256 0.0030
2.7 | -0.0416 -0. 0688 0.1111 -0.0955 0.0493 -0.0450 | -0.0137 0.0565 -0.0187 0.0020
2.8 | -0.0090 -0.0677 0.0956 -0.0937 0.0424 -0.0359 | -0.0194 0.0477 -0.0129 0.0013
2.9 | 0.0195 -0. 0649 0.0812 -0.0896 0.0360 -0.0284 | -0.0230 0.0387 -0. 0082 0.0007
3.0 | 0.0431 ~0. 0608 0. 0681 ~0. 0838 0.0303 -0.0223 | -0.0246 0.0300 20,0046 0.0003
3.1 | o.0614 -0.0560 0. 0565 -0.0769 0. 0252 -0.0173 | -0.0245 0.0220 -0.0019 0.0001
3.2 | 0.0745 -0.0508 0.0463 -0.0693 0.0208 -0.0133 | -0.0230 0.0150 0.0000 -0.0001
3.3 | 0.0827 -0.0450 0.0376 -0.0614 0.0170 -0.0102 | -0.0205 0.0091 0.0013 -0.0002
3,4 | 0.0865 -0.0394 0.0302 -0.0536 0.0137 -0.0077 | -0.0174 0.0043 0.0021 -0.0002
3.5 | 0.0866 -0. 0340 0.0240 -0. 0461 0.0110 -0.0058 | -0.0140 0.0007 0.0025 -0.0002
3.6 | 0.0837 -0,0290 0.0189 -0.0392 0.0088 -0.0044 | -0.0107 -0.0018 0.0026 -0.0002
3.7 | o0.0787 -0. 0244 0;0148 -0.0329 0.0070 -0.0033 | -0.007s -0.0038 0.0025 -0.0002
3.8 | 0.0722 -0. 0204 0.0115 -0.0273 0.0055 -0.0024 | -0.0048 -0.0047 0.0023 -0.0002
3.9 | 0.0648 -0.0168 0.0089 -0.0224 0.0043 -0.0018 | -0.0025 -0. 0081 0.0020 -0.0001
2.0 | 0.0572 0.0138 0.0068 Z0.0183 0. 0034 00015 | -0.0007 70,0051 0.0017 00001
4.1 | 0.049 -0.0112 0. 0052 -0,0148 0.0026 -0.0010 | 0.0006 -0.0049 0.0015 -0.0001
4.2 | 0.0425 -0.0090 0.0040 -0.0119 0.0021 -0.0008 | 0.0015 -0.0044 0.0012 -0.0001
4.3 | 0.0359 -0.0073 0.0031 -0.0095 0.0016 -0.0006 | 0.0020 | -0.0039 0.0010 -0. 0001
4.4 | 0.0300 -0.0058 0.0023 -0.0076 0.0013 -0.0004 | 0.0023 -0.0033 0. 0008 -0.0000
4.5 | 0.0249 -0. 0047 0.0018 -0.0060 | 0.0010 -0.0003 | 0.0023 -0.0028 0. 0006 -0.0000
4.6 | 0.0205 -0.0037 0.0014 -0.0048 0.0008 -0.0003 | 0.0022 -0.0023 0.0004 -0.0000
4.7 | o.0168 -0.0030 0.0011 -0,0038 0.0006 -0.0002 | 0.0019 -0.0019 0.0003 -0.0000
4.8 | 0.0138 -0.0024 0.0008 -0.0030 | 0.0005 -0.0002 | 0.0015 -0.0015 0.0002 -0.0000
4.9 | o.o114 -0.0019 0.0007 -0.0024 0.0004 -0.0001 | 0.0010 | -0.0013 0.0002 -0.0000
5.0 1 0.0097 6,005 G.0008 ~G. 0019 0.0004 00061 | 0.0003 0,001z 30001 ~0.0000

they are alternatingly odd and even. Their over-all
magnitude is considerably smaller than that of T,,
and it does not increase as the rank increases. The
inner range contracts as the rank increases, in ac-
cordance with Table III. Thus the last term that is
written in Eq. (26a) will be negligibly small com-
pared to T\, if (do/k), respectively, (e./k), is a reason-
ably small number. A corresponding statement
applies if n = 1 [Fig. 6(b)].

Case (iii) belongs into a somewhat different cate-
gory because k* replaces k.' Thus the influence
functions U,, V,, W,, - - - are either all even (n even)
or all odd (n odd). They are plotted for n = 0 and

1 in Fig. 7. The sequences To, U,, Vs, - -+ and

10 Case (iii) is not strictly a case of a double transition
point. It is a case with two single transition points if go > 0
a case with no transition point if go < O [see, e.g., F. W. J
Oliver, J. Soc. Indust. Appl. hﬁath 7 306 (1959)].
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Ty, Uy, V;, - - - converge; the former to a finite func-
tion, the latter to zero. This observation is in agree-
ment with the following: the limits Z, of the two
sequences must (if they exist) obey the differential
equation

Zx — Z) = Z,

which has the general solution

Z, = [C’o + C, fe" d:c]e""’.

In view of the given conditions of symmetry and
convergency then
Zo = Coe™ ™%, Z,=0.

In the scale of Fig. 7, already V, is practically in-
distinguishable from (W, and) the function +/2
exp (—z°/2), and W, already is close to zero.

From the convergency of the sequences T, U,,- - -
(for which no analytical proof is given in this paper)
it follows that the series Eq. (26a, iii) converges in

Tapre IX. Influence functions: numerical values (n = 1).

x 5y o & % <502> <"o Eo> <‘oz>
0.0 -0.3333 0.5000 -0. 0000 0.0000 0.0000 0. 0000 0. 0000 0.0000
0.1 -0.3333 0.4970 -0.0217 0.0121 0.0254 0. 0063 0.0045 -0.0188
0.2 -0.3332 0.4882 -0.0434 0.0237 0.0502 0.0125 0.0096 -0.0370
0.3 -0,3329 0.4737 -0.0650 0.0341 0.0739 0.0187 0.0158 -0.0540
0.4 -0.3320 0.4541 -0.0864 0.0429 0.0959 0.0247 0.0235 -0.0694
0.5 -0.3302 0.4301 -0.1073 0.0497 0.1157 0.0304 0.0329 -0.0827
0.6 -0.3270 0.4023 -0.1274 0.0542 0.1330 0. 0356 0.0439 -0.0936
0.7 -0.3221 0.3716 -0.1463 0.0562 0.1476 0.0398 0.0565 -0.1019
0.8 -0.3152 0.3388 -0.1633 0.0559 0.1593 0.0427 0.0702 -0.1076
0.9 -0.3060 0.3049 -0.1779 0.0532 0.1679 0.0441 0.0844 -0.1106
1.0 -0.2943 0.2706 0. 1894 0. 0485 0.1736 0.0436 0. 0986 -0.1110
1.1 -0.2801 0.2368 -0.1975 0.0420 0.1764 0.0412 0.1120 -0.1092
1.2 -0.2637 0.2041 -0.2017 0.0342 0.1766 0. 0366 0.1240 -0.1054
1.3 -0.2451 0.1732 -0.2017 0.0254 0.1744 0.0301 0.1339 -0.0999
1.4 -0.2249 0.1444 -0.1976 0.0160 0.1701 0.0219 0.1414 | -0.0931
1.5 -0.2034 0.1182 -0.1894 0.0066 0.1641 0.0123 0.1459 -.0,0853
1.6 -0.1811 0.0947 -0.1775 -0.0026 0.1567 0. 0019 0.1475 -0.0770
1.7 -0.1587 0.0739 -0.1624 -0.0112 0.1482 | -0.0087 0.1461 -0.0685
1.8 -0.1365 0.0560 -0.1448 -0.0191 0.1390 | -0.0191 0.1419 -0.0600
1.9 -0.1151 0.0409 -0.1253 -0.0259 0.1203 | -0.0287 0.1353 -0.0517
2.0 -0.0950 0.0282 0. 1047 -0.0316 0.1195 | -0.0370 0.1265 -0. 0440
2.1 -0.0764 0.0179 -0.0838 -0.0361 0.1098 | -0.0437 0.1163 -0.0369
2.2 -0.0595 0.0097 -0.0633 -0.0394 0.1003 -0.0487 0.1049 -0.0304
2.3 -0.0446 0.0034 -0.0437 -0.0417 0.0912 | -0.0517 0. 0930 -0.0247
2.4 -0,0317 -0.0014 -0. 0256 -0.0430 0.0826 -0.0528 0.0810 -0.0198
2.5 -0.0207 -0.0049 -0.0094 -0,0434 0.0746 | -0.0523 0. 0693 -0.0156
2.6 -0.0117 -0.0072 0. 0047 -0.0430 0.0672 | -0.0503 0.0582 -0.0121
2.7 -0.,0044 -0.0088 0.0166 -0.0420 0.0604 | -0.0470 0.0480 -0.0092
2.8 0.0012 -0, 0096 0. 0263 -0.0405 0.0542 | -0.0429 0.0388 -0. 0069
2.9 0. 0055 -0.0099 0.0338 -0.0387 0.0387 | -0.0382 0.0307 -0.0050
3.0 "0, 0086 ~0.0099 0.0394 <0.0367 | 0.0438 | -0.0332 0.0238 -0.0036
3.1 0.0106 -0.0095 .| 0.0432 -0.0345 0.0394 -0.0282 0.0180 -0,0024
3.2 0.0119 -0.0091 0. 0454 -0.0322 0.0355 | -0.0234 0.0132 -0.0016
3.3 0.0125 -0.0085 0. 0464 -0.0300 0.0370 | -0.0189 0. 0094 -0.0010
3.4 0.0126 -0.0078 0.0463 -0.0278 0.0289 | -0.0149 0.0064 -0.0006
3.5 0.0123 -0.0072 0.0454 -0.0257 0.0262 -0.0114 0.0041 -0. 0003
3.6 0.0119 -0. 0065 0.0439 -0.0237 0.0239 | -0.0084 0. 0024 -0.0001
3.7 0.0112 -0, 0059 0.0420 -0.0218 0.0217 | -0.0061 0.0011 0. 0001
3.8 0.0105 -0.0054 0.0398 -0.0201 0.0199 | -0.0040 0.0003 0.0001
3.9 0.0097 -0,0048 0.0375 -0.0186 0.0182 | -0.0025 -0.0003 0.0002
1.0 0. 0089 0. 0044 0.0352 -0.0171 0.0168 | -0.0014 0. 0007 0. 0002
4.1 0.0081 -0.0039 0.0328 -0.0158 0.0154 -0. 0005 -0.0009 0. 0002
4.2 0.0074 -0, 0036 0.0306 -0.0146 0.0143 0. 0001 -0.0010 0.0002
4.3 0.0068 -0.0032 0.0285 -0.0136 0.0132 0. 0005 -0.0010 0. 0002
4.4 0.0061 -0.0029 0.0265 -0.0126 0.0123 0. 0007 -0.0009 0. 0001
4.5 0.0056 -0.0027 0.0246 -0.0117 0.0114 0.0008 -0.0009 0. 0001
4.6 0.0051 -0.0024 0.0229 -0.0109 0.0107 0. 0009 -0.0008 0. 0001
4.7 0.0046 -0.0022 0.0213 -0.0102 0.0100 0. 0008 -0.0007 0.0001
4.8 0.0042 -0.0020 0.0199 -0.0095 0.0093 0. 0008 -0. 0006 0. 0001
4.9 0.0038 -0.0018 0.0185 -0.0089 0.0087 0. 0008 -0.0005 0. 0001
5.0 0.0035 -0.0017 0.0173 ~0,0083 0.0082 0. 0007 -0.0005 0. 0001
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the classical sense, supposing of course that
|go/K?*] < 1;that is, contrary to what one might have
expected, this series is not an asymptotic series.
(It is readily shown that, if this is true forn = 0
and n = 1, then it is true for all n.)

Whether the other two series [Eq. (26a)] are also
convergent in the classical sense is not investigated
in this paper. From the point of view of practical
applications, the answer to this question is of little
concern, as both series are useful only if the first
few terms suffice. We did confirm, however, in a
number of cases that the first few terms of such
series do indeed closely approximate the correct
solution if the last term considered is sufficiently
small. For this purpose, we obtained numerical
solutions by integrating Eq. (5) with boundary
conditions obtained from outer range relations, e.g.,
Eq. (18). The numerical solutions agreed to the
expected degree of accuracy with the terms written
out in Eq. (23).

So far we have discussed three cases where v = 0.
The over-all magnitude of the influence functions in
Fig. 6 increases as » increases. This corresponds to a
less rapid convergency in the outer range; we have

8, ~ (n — 2)(n — )2’ °T,,
& ~ (n — 2)2"7°T,,

-2
‘y' ~J x, Tn,

@7

and the corresponding exponent of the higher rank
influence functions is the sum of the respective
exponents of the factors involved (compare
Table III).

An incorrect conclusion might be drawn from
Eq. (27), namely, that no solution of Eq. (5) could
converge, as |x| — o, to the limit solution 7', if any
one of the higher influence coefficients (g,, ds, e,
gs, --+) would be different from zero. The proper
condition for such convergency is Eq. (18a).

VII. REMARK ON APPROXIMATE PROCEDURES

Differential equations with large parameters and
transition points are not infrequently treated by
approximate procedures, sometimes referred to as
WKB methods. With exact influence functions
available, it becomes of interest to compare with
these the corresponding results of such approximate
procedures.

We report here results of such comparisons for two
approximate procedures, described briefly as follows:

Procedure (1)°: the standard transcendental trans-
formation

F® = wj®); &= ket

131

+0.6 +0, 6 -1

+0, 4

40,2 +0.24 7,

-8,2+

-8 4=

«0,4

Fia. 6. (a) Influence functions for n = 0. (b) Influence fune-
tions forn = 1.

is applied to Eq. (2), with the functions w and 2z
determined such that Eq. (2) takes approximately
the form

72 ~ f.. = AK® + Bkt + £°p(2),

where A and B are constants, and where a term
with f/k® is neglected. The solution of this equation
is then written as"

] & AK'To(2) + BET.(2) + p(%).

% The additional approximative assumption that is here
made was discussed above in connection with Egs. (16), (16a).
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TaBre X. Functions Up, Va, W, and first derivatives.

* Yo Yo Yy U Vo Vo' Vi vy Wa Wo' Wy wy'
0.0 1. 3906 -0. 0000 0. 0000 0.2551 1.4088 0. 0000 0.0000 0. 0951 1.4127 0. 0000 0.0000 0.0334
0.1 1. 3840 -0. 1305 0. 0254 0.2521 1.4019 -0.1383 0. 0095 0.0938 1.4057 -0.1402 0.0033 0.0320
0.2 1. 3646 -0.2572 0. 0502 0.2433 1.3813 ~0,27268 0.0187 0.0901 1.3848 -0.2761 0. 0066 0.0315
0.3 1.3328 -0. 3768 0. 0739 0.2290 1.3477 -0.3989 0.0274 0.0840 1.3507 -0.4040 0. 0096 0.0293
0.4 1.2896 -0, 4855 0. 0959 0.2098 1.3019 -0,5138 0.0345 0.0759 1.3044 -0.5202 0.0124 0.0263
0.5 1.2362 -0, 5812 0.1157 0. 1865 1.2454 -0.6143 0.0425 0. 0661 1.2472 -0.6217 0.0148 0, 0226
0.6 1.1739 -0.6616 0.1330 0.1600 1.1796 -0.8981 0.0486 0. 0551 1.1806 -0,7062 0.0169 0, 0188
0.7 1.1044 -0. 7252 0.1476 0.1313 1.1064 -0,7637 0.0535 0,0432 1.1065 -0.7722 0.0185 0. 0142
0.8 1. 0294 -0,7713 0.1593, 0.1014 1.0275 ~0,8104 0.0572 0.0310 1.0268 -0.8189 0.0197 0, 0097
0.9 0. 9507 ~0. 7999 0.1679 0. 0714 0.9449 -0.8382 0.0597 0.0188 0.9434% -0.8464 0. 0205 0. 0053
1.0 0. 8700 -0, 8115 0.1736 0. 0422 0.8605 -0.8478 0,0610 0.0072 0.8582 -0,8555 0.0208 0.0012
1.1 0. 7890 -0. 8074 0. 1764 0.0147 0. 7759 -0.8407 0.0612 ~0,0036 0.7729 ~0.8474 0,0207 -0, 0027
1.2 0. 7090 -0. 7892 0.1766 -0. 0106 0.6928 -0.8185 0.0603 -0.0132 0.6892 -0.8243 0,0203 -0, 0060
1.3 0.6315 -0.7590 0.1744 -0. 0329 0.6126 -0.7837 0.0586 -0.0214 0.6084 -0,7884 0.0195 -0.0089
1.4 0. 5576 -0.7188 0.1701 ~0. 0521 0.5364 -0.7386 0.0561 -~0.0282 0.5318 -0.7421 0.0185 -0.0111
1.5 0. 4886 -0, 6711 0.1641 -0. 0678 0.4652 -0.6858 0.0530 -0.0335 0.4603 -0,6880 0.0173 -0.0128
1.6 0. 4235 -0. 6180 0. 1567 -0. 0800 0.3994 -0.6278 0.0495 ~0,0372 0.3944 -0.6288 0.0160 -0,0140
1.7 0.3645 -0.5618 0. 1482 -0. 0889 0.3397 -0.5668 0.0456 -0.0395 0.3346 -0.5668 0.0146 -0, 0146
1.8 0.3112 -0, 5044 0.1390 ~0.0947 0.2861 ~0,5050 0.0416 =0,0405 0.2811 -0.5040 0,0131 ©0,0147
1.9 0.2636 -0, 4475 0.1293 ~0. 0976 0.2387 -0.4442 0.0376 ~0,0404 0.2338 -0.4424 0.0116 -0, 0144
2.0 0.2216 ~0.73924 0.1195 0. 0981 0.1972 -0.3858 0.0336 -0.0393 0.1925 -0, 3835 0.0102 -0, 0138
2.1 0. 1850 -0.3404 0. 1098 -0. 0965 0.1614 -0.3311 0.2097 -0.0375 0.1569 -0.3282 0. 0089 -0,0130
2.2 0.1534 -0.2921 0.1003 -0. 0932 0.1308 -0,2807 0.0261 -0,0351 0.1267 -0.2775 0. 0076 -0,0120
2.3 0.1265 -0.2481 0.0912 -0, 0887 0.1051 -0,2353 0.0227 -0,0324 0.1013 -0.2319 0.0085 -0.0108
2.4 0. 1037 -0: 2087 0. 0826 -0, 0832 0,0836 -0.1949 0.0196 -0.0294 0.0802 -0.1914 0. 0055 -0, 0097
2.5 0. 0846 -0.1740 0.0746 -0, 0772 0.0659 -0.1597 0.0168 -0.0263 0.0628 -0.1562 0. 0046 -0.0085
2,6 0. 0687 -0. 1438 0. 0672 -0. 0709 0,0515 ~0,1294 0,0144 -0.0233 0,0487 -0.1260 0.0038 -0.0074
2,7 0. 0557 ~0.1178 0. 0604 -0.0645 0,0399 -0.1037 0.0122 -0,0204 0.0374 ~0,1005 0.0031 -0. 0063
2,8 0. 0450 -0. 0958 0. 0543 -0. 0583 0.0306 -0, 0822 0,0103 -0,0176 0.0285 ~0,0793 0.0025 -0.0053
2.9 0. 0364 -0. 0774 0. 0487 -0. 0523 0.0233 -0.0645 0, 0086 -0,0151 0.0215 ~0.0618 0.0020 -0. 0044
3.0 0. 0294 -0. 0622 0. 0438 -0, 0467 0,0176 -0. 0501 0.0072 -0,0129 0.0160 -0.0477 0.0016 -0.0037
3.1 0. 0239 -0. 0497 0. 0394 -0, 0415 0.0132 -0, 0385 0.0061 -0.0109 0.0118 -0.0364 0.0013 -0, 0030
3.2 0. 0194 -0, 0396 0. 0355 ~0. 0368 0.0098 -0, 0293 0.0051 -0.0081 0.0087 -0. 0275 0.0010 -0.0024
3.3 0. 0159 -0, 0315 0. 0320 -0, 0325 0,0073 ~0.0221 0.0042 -0,0076 0.0063 -0. 0205 0. 0008 -0,0018
3.4 0. 0131 -0, 0250 0. 0289 -0. 0287 0.0054 -0.0166 0, 0035 -0, 0063 0,0045 -0,0151 0. 0006 -0,0015
3.5 0.0108 -0.0198 0. 0262 -0, 0254 0.0039 -0.0123 0.0030 ~0.0052 0.0032 ~0.0111 0. 0005 -0.0012
3.6 0. 0091 ~0.0158 0. 0239 -0, 0224 0.0029 -0, 0090 0.0025 ~0,0043 0.0023 -0.0080 0.0004 -0, 0009
3.7 0. 0076 -0, 0126 0.0217 -0.0198 0.0021 -0, 0066 0.0021 -0, 0035 0.0016 -0.0057 0.0003 -0, 0007
3.8 0. 0065 -0.0101 0.0199 ~0.0175 0.0015 -0.0048 0.0018 ~0,0029 0.0011 -0. 0041 0, 0002 -0. 0006
3.9 0. 0056 -0. 0082 0. 0182 -0. 0156 0.0011 -0,0035 0.0015 -0.0024 0.0007 -0, 0028 0. 0002 -0.0004
4,0 0. 0048 -0.0067 0. 0168 -0. 0138 0.0008 -0.0025 0.0013 -0, 0020 0, 0005 -0.0020 0.0001 -0, 0003
4.1 0. 0043 -0. 0055 0. 0154 -0. 0124 0. 0006 -0.0018 0,0011 -0.0017 0.0003 -0, 0014 0. 0001 -0, 0003
4.2 0. 0038 -0. 0046 0.0143 -0.0111 0. 0005 -0,0013 0.0010 -0.0014 0. 0002 -0. 0009 0. 0001 -0, 0002
4.3 0. 0033 -0. 0038 0.0132 -0. 0100 0.0003 -0, 0009 0.0008 -0.0011 0.0002 -0. 0008 0. 0001 -0.0002
4.4 0. 0030 -0. 0032 0.0123 -0. 0090 0, 0003 ~0,0007 0. 0007 -0,0010 0.0001 -0.0004 0, 0001 -0, 0001
4.5 0. 0027 -0. 0028 0.0114 -0. 0081 0, 0002 -0, 0005 0, 0006 -0, 0008 0, 0001 -0, 0003 0, 0000 -0,0001
4.6 0. 0024 -0. 0024 0. 0107 -0. 0073 0.0002 -0.0004 0.0006 -0.0007 0.0000 -0, 0002 0. 0000 -0.0001
4.7 0. 0022 0. 0021 0.0100 -0. 0067 0.0001 -0.0003 0. 0005 -0.0006 0.0000 -0.0001 0. 0000 -0. 0001
4.8 0. 0020 -0. 0018 0. 0093 ~0. 0061 0.0001 -0.0002 0.0004 -0.0005 0.0000 -0, 0001 0. 0000 -0, 0000
4.9 0. 0018 -0, 0016 0. 0087 -0. 0056 0,0001 -0,0002 0,0004 -0.0004 0.0000 -0, 0001 0. 0000 -0, 0000
5.0 0. 0017 -0, 0014 0. 0082 -0. 0051 0.0001 -0, 0001 0.0003 -0.0004 0.0000 -0, 0000 0. 0000 -0, 0000
Procedure (2): write

Procedure Procedure Correct
F = ARTo(k) + BRT:(k) + F*®), w @
determine the constants A and B such that Eq. (2) 66,0 zTo—37T: S(E:J;Q—Tl)) xT,}—3T1 -—z}T/o'
69,1 z71—2 6(zT1—1 T —2—-2Ty
reduces to (exactly) 2e0 Ti—zTo  2(To'+z)/v*—T1] T1~2T,
260’1 1-2T, 2[(T1' —01)/$2+61To] 1—zT

F*£2 — %12 { S F¥ ¥ OF% . } = Ezl*(f):

and approximate F* by
F* x5 1'% (%),

Each one of these two procedures was used to
determine separately the four influence functions

80,0, 00,1, €.0 a0nd €. The results were

A graphical comparison is shown in Fig. 8. Pro-
cedure (1) is incorrect in both the inner and the
outer ranges in its prediction of 8,,, and d,,,, except
at the transition point itself.'® Procedure (1) gives

12 Presumably this explains the discre
—20° between accurate solution (Ref.

solution in Fig. 4 of Ref. 5.

5

ancy
and

around ¢ =
approximate
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the correct result in the two cases, e, and e,,
where the “transcendental transformation’” is not
actually transcendental. Procedure (2) predicts
all four influence functions incorrectly in the inner
range. These discrepancies are worth noting in view
of the fact that, on first sight, both procedures would
appear plausible enough.

VIII. REMARK ON HOMOGENEOUS SOLUTION

So far we have discussed influence functions which
were derived from the convergent limit solution by a
formal process and which, together with this con-
vergent limit solution, describe a nonhomogeneous
solution of the complete Eq. (5). We remark now
that the same formal process can be applied to the
homogeneous problem, and can be used to derive
influence functions from and for any one homo-
geneous limit solution 4. Indeed, if on the left of
Eq. (24) we replace T, by k, we obtain a similar but
slightly simpler relation:

M@h) = —p(p — 1)2°°h — 2p2” W,

M@h) = —2(p + )2**'h — plp — 1)2" k.
From this a table similar to Table V can be derived.
There is, however, a significant difference between
the two types of influence functions. While (the
more important ones of) the nonhomogeneous in-
fluence functions converge more rapidly than ‘the
convergent limit solution as |x| — o, the homo-
geneous influence functions diverge even more
rapidly than the homogeneous limit solution.

Two examples: let h = {,; then
Tio = —3T6;  ma= —3k

with the suffix 2 denoting the homogeneous influence

F1a. 7. Sequences T, Uy, Vo,

.-+ and T1, Ul, V], .
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0.6~

Correct

Procedure (1)

Procedure (2)

F1c6. 8. Results of approximate procedures.

function. Formally the two results are identical;
however, for the asymptotic behavior as |z] — «
we have

Yio ™ _,‘1‘ T,; Y "% b.
Similarly: to
8.0 = T, — 2°T; — 3T]
corresponds
So.n = 3[mt, — 2°t5].

In the expression for 8,, the terms of order 1/z
cancel each other, and

6

bgo~—=3T
0.0~ 23 1o

converges with convenient rapidity. On the other
hand

3
Son~ ——= b

6
diverges considerably faster than ¢,.
IX. CONCLUSION

A particular solution of a generalized nonhomo-
geneous Liouville equation has been discussed. The
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solution selected is defined by the fact that it con-
verges at infinity. Its asymptotic limit is related to
the Lommel function S, ; but is not itself a Lommel
function.

A direct approach was used which avoids a trans-
cendental transformation. The influence which the
parameters of the problem exert on the solution has
been described by means of a formal development
in terms of influence functions. The more important
influence functions have been tabulated and have
been represented in graphs. They allow a direct in-
sight into the nature of the solution. There is a
strong indication that some formal developments
are convergent series rather than asymptotic ex-
pansions.

In addition to the nonhomogeneous influence func- -

tions, both the homogeneous and the convergent
nonhomogeneous limit solutions have been tabulated.
The homogeneous influence functions have been
discussed briefly; their convergency behavior is less
convenient than that of the nonhomogeneous in-
fluence functions.

The present influence functions are exact in a
formal sense. A comparison with results obtained by
approximate procedures shows that such approxima-
tions require caution.

APPENDIX A. MODIFIED LOMMEL FUNCTIONS
The same considerations that led to Eq. (14) lead
to the more general form

T, = c.t;

tn+2

T+ D+ 2)’

where 7 = 0 if n is even, 7 = 1 if » is odd; we have
¢, = ¢; = 1, and have

Cars = (n + D0 + 2)c,

(A1)

because of
tmss = (m + 3)(m + 4, — ™),
Tois = (n + Dn + 2T, + 22,

Watson'® discusses two types of Lommel func-
tions: s,,,(2) and S, ,,(2). Setting

qu = 2n — 1;

(Ala)

% = ir*;

v =1

and, assuming for the time being that z is positive,

setting o2
s, ) = (%) s4(2),

25,6 = (1) st@,

13 3. N. Watson, A Treatise on the Theory of Bessel Func-
tions. (Macmillan and Company, Inc., New York, 1944),
pp. 346-352.

P. F. JORDAN AND P. E. SHELLEY

we find first [Ref. 13, 10.7, Eq. (1)] that the functions
s* and S* are solutions of Eq. (7a), and second
[Ref. 13, 10.7, Eq. (2)] that

tn-i-z

T+ D+ 2)

With this, and taking also into account Eq. (9),
we obtain [Ref. 13, 10. 7, Eq. (2)]

sh(z) =

tn+2

Thretn WP
where
_ n—1 2ty
[--1= “‘”( 4 ”) (—1/8)1
. n A
— ¢ cos (Z ") a/ai (A

There is thus a certain correspondence between T,,
Eq. (Al) and S*, Eq. (A2). Indeed, the two func-
tions are identical if we set n = 2 (mod 4) orn = 3
(mod 4); however, S* does not fulfill Eq. (Al) if
n =0 (mod 4) orn = 1 (mod 4).

On the other hand, the function S,* converges
(for all ») if £ — + « [it has the asymptotic develop-
ment Eq. (15), see Ref. 13, 10. 75 Eq. (1)]. Any solu-
tion of Eq. (7a) which converges for both z — + o
and £ — — o (that is, T,) must hence have the
form '

T, = S*%@) + A" (x)- const.

Now Eq. (A2a) can be rewritten as

(A3)

2»-—5/21:1—(1\/2)[' . ]

- 2,.—4[h(2)(x) + (1: + (7: — l)i"")h(l)(x)]

so that, applying Eq. (A3) to Eq. (A2), we can
fulfill Eq. (A1) (this proves the existence of 7', and
T,) and obtain

T, = 2«-4(&%5)1 (’-‘—;—2)! h® @) + (=)h @)

tn+2

T+ D +2)

from which the constants ¢, can be read directly and
can be shown to fulfill Eq. (Ala).

In view of the foregoing, the functions T, may be
designated as ‘‘modified Lommel funections.” In
the present problem, where our attention is confined
to real values of the variable x (which twice covers
the positive imaginary axis of the variable z = 34iz®

(A4)
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of the Lommel function 8,,,), these modified func-
tions are more convenient to use than the Lommel
functions proper: they are real valued, convergent
for z — — » as well as for £ — + «, and have
desirable symmetry properties.

We note finally the asymptotic development for
the functions ¢, that is obtained from Eqgs. (9), (11),
(15), and (A4). Omitting the exponentially conver-
gent term (which is here irrelevant) we find for
T — + [o]

o () @)

X (1 + 1(;@’ + ---)e"’” — m(m — Lz"*
x[1+(m—4l(4m—5) @+ )] 45)

This relation is not restricted to integer values m.

APPENDIX B. NUMERICAL METHODS

In this Appendix, the procedure used to prepare
Table I is briefly indicated.

The calculations were done on an IBM-7094
computer. Integration of the homogeneous equation

M) =

from z = —7 to z = 5 for two sets of initial condi-
tions: h(—7) = 1; ¥(—7) = 0 and h(—7) = 0;
K(—=7) = 1, led to two functions A(z)/h’(0) which
were identical (to eight significant places) in the
range —5.5 < z < 5 and which, therefore, were
identical to ) ® (z) = @)Y (—z) in this range.
Integration of the inhomogeneous equation

MT,) =1

from £ = —5 to z = 0, with approximate initial
conditions determined by the asymptotic develop-
ment, Eq. (15), led to a function 7, which, in view
of symmetry conditions at = 0, could be written
as
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To = To + T{OD)! A (@) + ato

with an unknown constant «. However, as removal
of A® changed the value of T, at z = —5 very little
(that is, within the uncertainty range of the starting
conditions), « £, had to be very small at the starting
point £ = —5, and in consequence had to be en-
tirely negligible away from this starting point.
Consequently

Tox= Ty + at

was accepted as the final result.
Continuing the process, U, was determined from

M@, = T,,

the 2’-component was again eliminated, and so on
for V, and W,. The sequence of functions 7', U, - -
was determined by a corresponding procedure.

On the basis of comparisons of h(z) with NBS
tables™, of T,(0) and T}(0) with their exact values,
¢, and c,, respectively, of U,(0) with anh independ-
ently determined value, and from other indications
we concluded that our values for A(z) and T, were
accurate to at least six significant places.'” The
accuracy deteriorated somewhat as the process was
continued to determine U,, V,, and W,, but even
W, should be accurate to about the four decimal
places given in Table VIII.

Where applicable, our numerical results were
compared with the tables of Ref. 5. With the excep-
tion of an obvious misprint, all differences could be
interpreted as rounding off errors in Ref. 5.

According to Table V, the accuracy of calculating
the influence functions decreases as |z| increases.
In a few cases, notably (&) for |z| > 3.5, (&) for
|z| > 4, the last digit of the numerical values given in
Table VII might be in error by about one unit.

4 National Bureau of Standards, Tables of Bessel Functions
of Fractional Order (Columbia Umvermty Press, New York,
1949), Vol. II.

15 An exception is A® for z > 4.5. Here Table I should
be accurate to about one unit in the last place given.
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The results obtained by Polkinghorne for the set of ladder diagrams is generalized to a certain set
of planar graphs. The leading asymptotic term behaves as s~(In s)?, and then the complete set of
terms s(In s)™ is summed over m. The final result allows the writing of an equation for the Regge

trajectory function.

1. INTRODUCTION

HE high-energy behavior for planar graphs

has been studied by many authors'™® giving
the sum over leading asymptotic terms only. It is
known that the sum over only leading terms need
not give, in general, the complete asymptotic be-
havior of the total Feynman amplitude.

This was extended by keeping certain terms in
addition to the leading terms® for ladder graphs only,
but without the complete sum over all these terms.
Later this problem was completely solved for ladder
diagrams by Polkinghorne’ giving the equation for
the Regge trajectory.

"The aim of this paper is to generalise Polking-
horne’s result for a certain number of planar graphs.

In Sec. IT a general method and treatment for the
high-energy behavior of planar graphs is given. The
particular form of the function f(x) which is the
coefficient of the energy variable s allows us to write
a starting point for all planar graphs with noninter-
secting p lines.

In Sec. III, the result of Sec. II is applied to the
particular case where p = 1, We give the relation
which can be summed over p-p is a number of p-
lines in a particular graph.

In Sec. IV the summation over p is carried out
giving the final formula for the complete high-energy
behavior of the A(s, £) in the s variable, and the
relation which determined the Regge trajectory.

II. GENERAL METHOD

We consider the parametric representation'™” of
the scattering amplitude in the variables s and ¢,

* The research reported in this document has been spon-
sored in part by the NSF and the U. S. Air Force Office of
Scientific Research, OAR, through the European Office,
Aerospace Research, U. 8. Air Force.

t On leave of absence from Institute Ruder Boskovié,
Zagreb, Yugoslavia.
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ignoring the spin of the particles. In our considera-
tion we include g¢*® and G¢* coupling for three-point
and four-point vertices, respectively.

The form of the scattering amplitude A (s, ¢), which
is convenient for investigating the asymptotic be-
havior in the s channel and the Mellin transform
applications, is

A, ) = K f &A@ (@.1)

where the notations are as follows:

K is a constant including the product of certain
powers of the coupling ¢ and G;

fdx=f:dx1 ---fomdx,,,

where z; is a Feynman parameter corresponding to
an internal line; A(zx) is the Feynman numerator
usually written as *** C(z) and

Vs, t; 2) = [f(x)/A@)]s + 8(¢;2) (2.3)

is the Feynman denominator usually written as'**
D(s, t; z)/C(z).

The algebraic structure of the function f(z) will
be important for investigating the asymptotic be-
havior of A(s, t) in the s variable. A(z) is always
a positive and nonzero function of z in the region
where the integral (2.1) is taken.

For all planar graphs f(x) has the same sign and
its structure is given by the relation

1@ = T 8@a0 IT @

The meaning of each factor in Eq. (2.4) can be seen
from Fig. 2.

The sum goes over all possible intermediate states
which can be constructed in the s channel for a
given graph A. (Fig. 1). By an intermediate state
we mean g set of internal lines such that by opening
all the lines belonging to it, A (Fig. 2). separates
into two parts, where this cannot be done by opening
only some of them. The other condition for the
existence of an intermediate state is that at least

2.2)

2.4)
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one path (Fig. 2) from a to b and one from ¢ to d
exists which does not go through the set S..
The Mellin transform of (2.1) in the s variable is

As, &) = f " dsA(s, s

= KT(—a) f do(f/A)" A%, (2.5)
Determination of the asymptotic behavior of
(2.1) in the s variable is now equivalent to look-
ing for the singularities of (2.5) in the « variable.
One can easily see that they will come from the zero
hypersurfaces of the function f(z) in the z variables.

Following Halliday and Tiktopoulos®'® we shall
call out graph p reducible if by putting pz’s equal
to zero we make f = 0, where this cannot be done
for fewer z’s. This choice certainly can be made in
many ways. In order to get the first leading term,
the second leading term and so on, we must choose
the shortest p line defined by

] =min[p], (2.6)

when one takes the p determined by (2.6) one can
then make f = 0 by putting pz’s equal to zero in p
ways. Putting all pp lines equal to zero our graph
will have a structure as shown in Fig. 3, under the
assumption that the p lines do not intersect. The A
transformation® (Appendix I) of all pp lines allows

p = min [p,, ps, °

< d
S¢
@ T s &
Fia. 2,
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the function f/A to be written in the form
1. (H A ) 2.7
fm]

where f is different from zero if we put all \; equal
to zero. After A transformation, (2.5) ean be re-
written in the form

A'p(a; i)

= KT(—q) f dodg” d TI MU, (©28)
iml
where
J(@) = (%) A%
dxr = dz, - - dx, (no z; belongs to any of the p lines)
g = ag® o ag® TS5 -0, @9)
where 7" belongs to the (j) p line,
d\ = d)\; -+ d),.
From the structure of (2.8) we see that the integral
over ), is divergent for p = —a. We can extend the

definition of (2.8) using the partial integration with
respect to A;, obtaining

Ae, t) = KT'(—a) (p—(;)%),, f dx dg'” da

X IIae*= 11 6/aNJ(@  (2.10)
i=1

Since (2.10) also contains terms which behave as

(p + @)™ " where m + 1 < p, it is convenient to

expand the intergrand in (2.10) in powers of (o + «)

so that (2.10) is of the form

M) = 6+ a ™ am), @1
where
A(m) = (—)"KI‘(—a)l ) f dz dg'” d
[lnIIx]" 2 1 [Inf/A]" _s,-al,
(Ha/ax){z! /Ay e’A }

(2.12)
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where

L+lLh=p—m-—1.

Of course, if one considers only leading asymptotic
terms then m = p — 1. The aim is to find A(q, t) =
>, A(a, t) in the closed form which gives the
possibility of writing down the Regge trajectory.
The term in (2.12) which contains A; in the form of
the product can be expanded in the multinominal
development

ba JIage =t ST, case

where

Sa=1 (2.13b)

and then we may integrate (2.12) over those \’'s
for which the s;s are equal to zero. This can be
performed immediately to give these A; zero in the
bracket { } of (2.12) and the corresponding dif-
ferential operators removed.

If there are rs;’s equal to zero, the (2.12) will
have the form

A,(MYreiremo = (=FET(=a) T 3 f dz dg' dx

x 11 [_hls—')‘(—]': (IT 8/oMF..@Q)e (1] &)™)
2.14)

with the function F,,(Q:) = F.,(Q,, ---, Q.) given

in the integral form, see Appendix I, as
1 - : =(7)

F@) = o [ T (X5 - 1)
Zg! i=1

[ ls
ﬁ g . [m ; (’tli ce ’ir)Q(ily T zr):l
x II dg* == L,
(2‘): (7:1! T 7ir)Q(i1’ e )ir)]
(2.15)
where
Q(”:u ot i,) = Q(l)(O, il)Q(’)(ily 7:2)' o Q(Hu(‘ir, 0)

and Q (-, ;)

depends only on the bubble (j) and the positions
1;-1 and %; in the 7"V and §(j) p line, respectively,

M. MARTINIS

g = p’ is the number of terms contained in the sum
over (7);

(yoee i) =380 - i
The summation in (2.15) goes over all possible sets
(% »-- %) withé, = 1,2, ---, p. The integral (2.15)
is taken over the 7" corresponding to the r p lines
put equal to zero.

Unfortunately, we are not able to integrate (2.15)
in a satisfactory way for I, ¢ O and p > 1 or to
find the most convenient form for F,, which would
allow us to carry out the summation over p and m
for general planar graph.

In the case of I, = 0 we can integrate (2.15) for
all p, getting the function Fo(Q,) completely factor-
ized. Because we want I, # 0 we will limit our-
selves to the case when p = 1, which is completely
solvable.

IIl. p = 1 CASE

When we take p = 1 the functions F,,(Q;) have
the very simple form.

@ = 7 23,

Where Q - Q(I)Q(Z)
as in (2.14).

The graph which will be considered satisfying the
condition p = 1, is of the form given by Fig. 5.

It is assumed that all shaded blocks are of the
same structure and there are no lines of the length
one in the shaded blocks joining the a b line with ¢ d.
This class of diagram, of course, contains, in par-
ticular, ladder diagrams for which @ is just 1/A.

Since the function (3.1) can be also factorized by
putting r\’s equal to zero, i.e.,

1 r+1 an(i) 8¢
Moo & e

3.1

- QY for rs,’s equal to zero

F,@Q) = 3.2)

where

Z B: =1, =8, 3.3

we shall have the completely factorized function
A, (m) for rs’s put equal to zero. The conditions

C __7 od

ts
Fia. 5.
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(2.13a) and (3.3) taken together satisfy the equation
s +p=p—m—1. (3.4)

Following Polkinghorne’ we can write A,(m) in
the form (Appendix II)

Am) = A+ ™ T+ o) oo
XU (2 @leoy, 3.5)
where
Foa) = Zﬁ: Fu(s:, B; @)
and

F.(s:, B;a) = (—-1%)”“&. f dz d\
H[ln>\] (1+ )u -1
(T oran{l8r o 1 oy

X [Q""]"A"(n)e'”"’} CX)

(3.6)

(and similarly G,) where K, includes only the coupl-
ing constants g and G from the shaded blocks (Fig. 5.)
coming in a bubble (n). The brackets in (3.5) are
polynomials in 2z for instant

YPhH=F +F+2F+ ). (38
IV. SUMMARY AND CONCLUSION
Now, it remains to find A(a, t), defined
Ala, t) = 2 A, 1)
= E 2 A+ Am).  @4)

Putting (3.5) in (4.1), and keeping m and r fixed
for a while, the sum over p will give the relation

A(ay t)
- S+ UE NE HE O, @)

which is just a geometric series with the sum

A, ) = (T O/e+1—- AT G 4.3

if (4.2), of course, converges. (4.3) has the same
structure as was given by Polkinghorne for ladder
diagrams. It is easy to see that the Regge poles are
determined by the solution of

Fa)=a+1— D F=0. (4.4)
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Since @ and F are functions of ¢ the convergence of
the series (4.2) will depend upon the variable ¢. This
can be investigated only for a particular graph for
which the structure of 3(z, ) is known. We have been,
of course, assuming that ¢ is in such a region that the
series (4.2) converges.
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APPENDIX I

Function f/A and 2 Transformation

The funection f appearing as the coefficient of the
energy variable s has a structure given by the rela-
tion (2.4)

= > ADAE T 2. (ALY)

3 f€8;
One can make f = 0 by putting a certain number
of 2’s equal to zero, for instance p;z’s, where ¢ =
1,2, ---andp; = 1,2, --- . Following Halliday and
Tiktopoulos®:® the graph will be p reducible if by
putting only pz’s equal to zero we make f = 0, where
p = min [p].

If we assume that all p lines, of which there are
say p, do not intersect we shall have a graph of the
structure shown in Fig. 6, where y'” represents the
(7) pline. Eachy"’ haSpcomponentsy‘” ysP, -yt
The remaining internal lines in the graph (Fig. 6)
are labeled by z. Each term in (AI1l) will always
contain one element from each p line in a product
I1s., ie., one from the y™p line, one from y*p
line and so on. We can fix, for a moment the product
yd e y® oy and conmder all possible ! lines
passing through these points, and then sum over
all possible products which can be constructed in
such a way. This procedure allows (AI.l) to be
written in the form
f= X052

(4)

(2 Ak [T ), (AL.2)
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where (%) means a sum over all possible combinations
of the set (4y, - -+ , 4,) with4, = 1, - - -, pand the sum-
mation in (3) is over all [ lines passing through the
set (4, - - - 4,) (Fig. 6). If we now replace the y*“’p line
by y‘“ -\, where A, is a constant or a variable then
(AI.2) has the form,

p= (M) Soe - oS aa I 0

It is easily seen that putting any of the \; equal to
zero makes f = 0. This is the idea of A-transforma-
tion. N’s will certainly come in the function A, and A,.

Let us suppose that we have put 7’s equal to zero.
The product 4,4, [[x will factorize as

r4+1

H (A () A (5) H ).

(AL3)

Relabeling the contracted p linesas 1, 2, .-+, r, we
can write f from (AI.3) in the form.
lr'a-o = (Z) (ily e 7'r)
r+1
X2 II @ JT=p), (AL4)

where

Ot M)

G- 5) = g9 - 90, and (A4, [T 29)
depends only on a partlcular bubble. Then it is easy
to see that the summation and the product can be
exchanged in (AI.4) and we obtain

|r'¢-0 = Z (7:“ v
(€3]

The summation in (AI5) graphically means the
following (Fig. 7), where the 7;_,i; line is [[27 and
the wavy lines are contracted p lines. The bracket
(X A4, []z7) depends only upon the element in-
side one bubble and the way the ] [x7 is joined with
the contracted p lines which determined this bubble.
Finally, we can write f/A, for r\’s equal to zero,
in the form

r+1

*14,) H (Z JATYAVS ng) (ALS5)
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Il = S i), o i),
rh'e=0 (i)
=1,2,-.-+,0p, (AL6)
where
Q(il) ) ir)
= h (Z AI(Z)(;A)Z('I:) H xg) — :I;Il Q(”- (AI.7)

Since Q' depends only on the way in which Q‘” is
joined to the two nearest contracted p lines, the
function Q(z, - - - %,) has the form

Q(il) ] 7:r)

= Q(l)(O, il)Q(z) (’iu 7:2) et Q(r”)(in 0) (AIS)

APPENDIX II

A derivation of Eq. (3.5) is given. The Eq. (2.14)
with (3.2) can be rewritten in the form

(m)n;’a-o = K(_)’

fd dxH[h”‘] (IT a/an)

sifs

r+1 (1)
X {H [ln Q ] [Q(i)]—l -z H A)-—z} , (AII.].)
where the summation must satisfy the condition

> si+B=p—m—1. (AIIL.2)

The important point is that (AIIL.1) is completely
factorised and allows the introduction of the func-
tions F and G (Fig. 4)” defined as

2 ni
Fn.‘(sl" B; a) L <_lg1r2) K,” f dx d\

x TS G T a7an

% {[ln %;M)]ﬁ (1 + a)ﬁ[Q(n{)]—lA-2(ni)e—8(n¢)}
(AII.3)
and

Ga(si; By @) = g(—liwz)aK«
x [ awan TTEME 1 4 aye(TT o/am
x {I29°T 1 4 ot ia@ert@}, (TLy

where a and, similarly, b are the number of s; in G,
and G,, respectively; and #; is the number of s;
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in F,,. a, b and n,; always satisfy the relation

r—1
a+b+ 2 n+r=p, (AILS5)
im=1
where r is the number of s; put equal to zero. The
conditions (AI1.2) and (AIL.5) together become

m+1=——:\:(s.~—1)—3a—2(s.~—1)

=B~ 22— D+ 8]+,

i=1

(ATL6)

where

G b=0,1,p=1

n.~=0,1,"'p—2
which was the reason for introducing the functions F
and G in the way shown in (AIL3) and (AIL4).
Having the functions (AIL.3) and (AIl.4), we can
rewrite (AIL.1) in the form of the product

Goﬁnxﬁﬂ: e Fﬂr—xgb! (AII‘7)

where bars mean the corresponding summation over
s; > 0 and B. The sum over all possible ways of
choosing rs.’s equal to zero is just

A e am
%:ao!--.ak!G° :
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(’r - 1)! ARE) ; p=r—k
X DT T B AL
with the conditions
k k
2.8 =2; i<k
= = (AIL.9)
p—r—k p—r~k
vo=r—1; 2, ivi=p—r—kFk
im=1 {=1
50 that (AI1.8) can be written as
d: o A -
B (2 Do 1 (X I, (AILL0)
where, for instance
(L F)=Fo+2F, +2F, + - (AIL.11)

and similarly for (3 G).

The sum over k which goes from zero to p — r tells
us that (AIL.1l) summed over all 7’s which are al-
lowed, is

Am) = L+ o™ T+ a7

D—r

X oo EOEHT(E O, AILI2)

which is just the relation (3.5).
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The Hamiltonian of an isotropic harmonic oscillator is invariant under unitary transformations in
three dimensions. This well-known invariance is exploited in a treatment of the Talmi transformation,
viz., the transformation of two-particle oscillator functions to center-of-mass and relative coordinates.
A simple and transparent form of this transformation in terms of rotation matrices and Wigner
coefficients of SUj is given. The calculation of these Wigner coefficients is described and the problem

of degeneracies discussed.

A, INTRODUCTION

N shell-model calculations of nuclear energy levels

with an effective two-body interaction one is led

to the determination of two-particle matrix elements
of the type

{@.as] V1 |ala)

= [ o2e002E) VIt — 1Dbu. €0 ) dry drre )

Here ¢ is the wavefunction of a particle in the com-
mon average potential, which in practical calcula-
tions is often assumed to be that of a harmonic
oscillator. The usual way to evaluate these matrix
elements is the method of Slater integrals, well known
in atomic spectroscopy. For the nuclear case, how-
ever, Talmi' has developed an alternative method,
which is limited to the use of oscillator functions,
but in that case is much more practicable. It rests
on the fact that the Hamiltonian of two identical
oscillators

H = (1/2m)p} + p3) + 3me’(r} +13) (2

is invariant under the transformation to center-of-
mass and relative coordinates:

R=(1/Va,+r), r=Q1VIe ~—1), @
H = (1/2m)®* + p°) + m'®R’ + 1), @)

so that the solutions of H in terms of R and r are
again oscillator functions. The integration over R is
then immediately carried out, and the calculation of
(@182 |V1a] alal) is reduced to that of the Talmi
integrals®

I, =N; f Vr) e v dr. @
/]

1. Talmi, Helv. Phys. Acta 25, 185 (1952).

In the application of this method, one needs fo
know the coefficients in the expansion

¢mhmx(rl)¢mhm.(r2)
- >

NLMnlm

NLMnlm

tml;m;.ml.m. ¢NLM(R) ¢stm(r)‘ (5)
These coefficients, often called ‘‘transformation
brackets,” have been calculated in various ways by
several authors’™® and have been extensively tabu-
lated.® The methods used in all these calculations do
not, however, give a direct insight into the mathe-
matical structure underlying the Talmi transforma-
tion. It is the main purpose of the present paper to
clarify this structure.

The essential feature of our treatment is the
exploitation of the well-known invariance of the
Hamiltonian (2) under U,, the unitary group in six
dimensions. (More generally, the Hamiltonian of N
identical isotropic oscillators is invariant under
Usy.)'*''* Thus the eigenfunctions of this Hamilton-

Brstamy (T1) Pnyrom,(T2) (6)

ian, constitute a basis for a representation of Us,. In
setting up a classification of wavefunctions (6)
according to irreducible representations, it is natural
to consider the subgroup U, X SU; contained in U,,

3 R. Thieberger, Nucl. Phys. 2, 533 (1956-1957).

$K. W. Ford, E. J. Konopingki, Nucl. Phys. 9, 218
(1957-1958).

4+ M. Moshinsky, Nucl. Phys. 13, 104 21959).

5 T, A. Brody, Rev. Mex. Fis. 8, 139 (1959).
. G(R(:) I())) Lawson and M. Goeppert-Mayer, Phys. Rev. 117,

4 (1960).
( 9:3(.)‘3 V. Balashov and V. A. Eltekov, Nucl. Phys. 16, 423

1 .

8A. Arima and T.
(Kyoto) 23, 115 (1960).

* T. A. Brody and M. Moshinsky, T'ables of Transformation
Brackets, (Universidad de Mexico, Mexico City, 1960).

107, M. Jauch and E. L. Hill, Phys. Re

Terasawa, Prog. Theoret. Phys.

)
v. 57, 641 (1940).
I G. A. Baker, Jr., Phys. Rev. 103, 1119 (1956).
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since the six coordinates of the functions (6) are
physically grouped in 2 X 3 coordinates. This is
done in Sec. C. We shall make use of the subgroup
U, X SU, to define a classification of wavefunctions
based upon irreducible representations of SU;. A
reduction matrix (generalized Wigner coefficients)
then takes us from the set of functions (6) to the set
classified according to SU,. Section D deals with
the definition and actual computation of this reduc-
tion matrix.

The scheme defined in Sec. C is particularly
adapted to the Talmi transformation (5); this is
because the Talmi transformation happens to be a
finite element of U,, which belongs to the subgroup
U, X 8Us,. Thus, once we have set up our scheme
in Secs. C and D, the Talmi transformation may be
written down immediately, as we see in Sec. E.

The classification of wavefunctions according to
irreducible representations of SU, is, of course, not
new. Some years ago Elliott'? used this procedure in
his model of nuclear rotational spectra, and more
recently several papers have dealt extensively with
oscillator bases for the irreducible representations of
SU,.*'® Because the mathematical problem of
reducing the irreducible representations of SU; upon
restriction to its subgroup 07 cannot be completely
defined by purely group-theoretical methods,**'"’
there are many such classifications, and most of
them yield nonorthogonal bases. We show in Sec. E
that this ambiguity in the definition of our scheme
has no influence in the particular case of the Talmi
transformation matrix.

B. SYSTEMS OF IDENTICAL OSCILLATORS

We begin by considering a system of N three-
dimensional oscillators. While this system is more
general than what is required by our problem, the
discussion of its algebraic structure is no more com-
plicated than that of the special case N =

We define the creation and annihilation operators
for oscillator quanta (A = m = o = 1):

a%, = (1/'\/5)(&:1; — Pas),
(1/ ﬁ)(xak + ipak)'

The index a refers to the particle number (@ =
1, 2, , N), while &k denotes the Cartesian com-

( 9:’:8.1) P. Elliott, Proc. Roy. Soc. (London) 2454, 128, 562
1

B Y, Bargmann and M. Moshinsky, Nucl. Phys. 18, 697
(1960) 23, 177 (1961).

Kretzschmar, Z. Phys 157, 433 (1960).

3 M. Moshinsky, J. Math. Ph{s 4, 1128 (1963).

16 G, Racah, Lectures at the stanbul Summer School of
Theoretxcal Physlcs. 1962 (to be published).

17 R. Sen, “Construction of the Irreducible Representa~

tions of SU ;,” Ph.D. thesis, Jerusalem, Israel (1963).

™
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ponents. The commutators of a and a* are

[aah aﬁ‘l‘] = 8,801, (8)
In terms of these operators, the Hamiltonian of N
isotropie oscillators may be written as

N 3
H= ) > ata.

©)
a=1 k=1
(the zero-point energy has been dropped).
Now define the set of (3N)? operators
X;? = a’:kap;, (10)
with the commutators
kh m;] aﬁpalm :n - aaaalcnxv:f (11)

The operators X5} all commute with H, and indeed
are precisely the infinitesimal generators of Usy.'®
In terms of these generators

N 3
H= > > X

a=1 k=1

(12)

Schrédinger  equation
EV¥ for a given integer £ may be written

¥ = C-af,al,, - aln, [0), (13)
where the ground state |0) is defined by a,, |0) =
for all @, k, (0 | 0) = 1, and C is a normalization
coefficient. Since H is invariant under Usy, the
functions ¥ span a representation of this group.
They are symmetrical in the permutations of any
two creation operators, i.e., their symmetry is that of
a completely symmetric tensor of rank E. Hence the
representation of U,y spanned by the set of ¥'s is
irreducible, and characterized by the Young diagram
{E, 0,0, ---}, consisting of one row of length E.**

Within the algebra of Us,x, various subsets of the
generators form subalgebras. Particularly relevant
to our problem (as is shown in Sec. E) are the follow-
ing two subalgebras: Uy, generated by

The solutions of the
HY =

M = kE_l X3, (14)
and SUs,, generated by
A, = g} X" — $H- 5. (15)
Since these two sets commute:
[M*, A] = 0, (16)

it follows that U,y contains as a subgroup, the
direct product of its two subgroups Uy and SU,.
Upon restriction of U,y to the elements of

8 G. Racah, Group Theory and §
Notes, Princeton (1951) (reprint CER.
19 M. Hamermesh, Group Theory and its Application to
Physwal Problems (Pergamon Press, New York, 1962), Chap.

ctroscopy Lecture
61-8).
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Uy X SU,, the irreducible representations of Usy
decompose into direct sums of irreducible representa-
tions of Uy X SUs,. It follows, from theorems proved
by Weyl,* that for the totally symmetric representa-
tions of Usy:

[Ur X SUsliz.0.0,--1 = % [Uxlnl8Usl, (A7)

where the sum is to be taken over all Young dia-
grams {\} which are partitions of E, with & number
of rows n < min (3, N).

Equation (17) imposes a restriction on the Young
diagrams {A}: they must simultaneously characterize
irreducible representations of Uy and of SU;. How-
ever, as is well known,' all inequivalent irreducible
representations of SU; may be characterized by
Young diagrams of at most two rows. Equation (17)
then shows that already in the case of two oscillators
all of the irreducible representations of SU, are
involved, as has been pointed out previously by
Moshinsky.**

C. OPERATORS FOR THE TWO-
OSCILLATOR SYSTEM

Specializing now to N = 2 we have the reduction
Us D U, X 8U,. Of the four generators in U,, three
combinations can be formed which constitute the
components of an angular-momentum-type vector
(and generate the subgroup SU, within U,). We
write this “pseudospin” vector’® in a spherical basis

+ = ""(1/'\/5)M12, F, = %(Mu _ M”),
_ = (1/\/§)le,

defining, as usual, the square of F as the scalar

operator

FP= > (=)"F.-F_,.=(F:—
m=0,%

which commutes with its three components. There

remains the fourth combination of generators

within U,,

(18)

F,) + M*.M*, (19)

H =M" 4+ M*, (20)

which commutes with all other operators of the
group. Thus we may select a set of three operators
within U, (H, F?, and F,) which commute with one
another; their eigenvalues are denoted by E, f(f + 1)
and », respectively.

These three eigenvalues suffice to characterize the
functions which span the representations of U, : E
and { characterizing the irreducible representation,
and » enumerating the functions within this repre-
sentation. The characterization by means of E and f

20 H. W 1, The Theory of Groups and Quantum Mechanics
&Dover Pub catlons, Inc., New York, 1931), 2nd ed. (revised),

n M Moshmsky, Nucl. Phys. 31, 384 (1962).
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is, of course, fully equivalent to that by the Young
diagram {A} = {A,, A;}; and indeed from (17) we
have the relationship

E =X+ . @D
As for f, we note that the irreducible representations

of U, must be of dimension (2f + 1), because of the

angular-momentum character of the F operators.
On the other hand, dim [Uy] ) = A\ — A2 + 1)
(see Ref. 19). By equating the two, we find

=30 —N). (22)

Turning now to SU,, we have three combinations
of its generators which constitute the angular-
momentum operator:

Je = ~i(Ain — Amp) (K, l,m cydic))
3 (23)
=21
k=1
These operators form a subalgebra within SU,,

corresponding to the subgroup 0% C SU;. The in-
terest in this subgroup is motivated by physical
considerations: the effective interactions in Eq. (1),
as well as the Hamiltonian (2) or (9), are spherically
symmetrie, so that we would like our functions to
be eigenfunctions of the angular momentum
operators.

" A study of the full algebra'” of SU; would have to
consider the remaining five combinations of genera-
tors which, in the spherical basis, constitute an
irreducible tensor set of rank 2.” However, for our
purposes such a detailed study is not required. We
need to know how to characterize irreducible repre-
sentations of SU;, and this information is provided
by Eq. (17), which in our case (N = 2) becomes

[U, X SU3)z.0,
= Z [Ua]n, at X [8Usl i, aa-

(A2 A}

a7

Thus (indirectly) we find that the irreducible repre-
sentations of SU,; may be characterized by
{3F 4+ f, 1E — f}; and indeed the study of the full
algebra of SU, would lead to the same result.*

2 The operator ¥2 {Eq. (19)] is closely related to the
contraction Q2 of the above-mentioned temsor of rank 2;
one has the operator indentity

Q' = 2F* + {H + H ~ 3]

Furthermore, F?, which is the Casimir operator of U, is
closely related to the Casimir operator G; of SU,, defined 8 ag
G: =} For A A
It may be verified that the following operator identity holds:
6G: = 1J% + Q2 so that 6G. = 2F* 4 }{H® + H.
Hence the eigenvalue of G: in the representation {M\i, A.} is

given by
gz = (A2 + N2 — NN + 3Ny)
in accordance with Eq. (106) of Ref. 18.
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D. TWO-PARTICLE FUNCTIONS
The chain of reductions
Us D U, X 8U; D U, X 05

has yielded a set of five operators which commute
with one another: H, ¥*, F,, J°, and J,. We now
require our two-particle functions to be simultaneous
eigenfunctions of these five operators. Such a require-
ment is not quite sufficient to define the two-particle
functions, because, as pointed out in the introduc-
tion, the classification of states in an irreducible
representation of SU; by the quantum numbers of
0% is incomplete. We need three quantum numbers
to label the states of SU,,'® and 0% yields only two,
the total angular momentum J* and J,. In other
words: an irreducible representation of SU,; decom-
poses upon restriction to 0%, and in this decomposi-
tion a given representation of O% may occur several
times, so that we need an additional label & to
distinguish these states.”

This additional quantum number « cannot be
defined by the introduction of yet another subgroup
G’ of S8Uj;, because ¢’ would in turn have to contain
0%, and no such group exists. For the time being
we merely consider a to be an unspecified label that
distinguishes between representations D; having the
same J.

The multiplicity N ; of a representation D, of 0%}
in a representation of SU; characterized by the
partition {\,, X,} is given by the formula®

9 _
N\, N) = P(ué—_'{)
_P()\z-{-l—J)_P()\l—)\z-i—l—J)’ (24)
2 2
where
P() = {[”] jor ©20
0 z < 0.
The two-particle states may now be denoted by

|Efrad m), (25)

and by the definition of these functions we know
not only their eigenvalues under the operations
H, F?, F,, J?, and J,, but also their transformation

2 The situation is quite different if we restrict SU; to its
subgroup U, as is done in the applications of SUs to strong
interaction symmetries.?* U, is labeled by three quantum
numbers (hypercharge, isospin, and third component of
isospin), and consequently in the decomposition of SU, evell}y
representation of U occurs at most once, so that the U,
scheme is completely defined.

# R, E. Behrends, J. Dreitlein, C. Fronsdal, and W. Lee,
Rev. Mod. Phys. 34, 1 (1962).

% G. Racah, Rev. Mod. Phys. 21, 494 (1949).
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properties under other operations of the group. For,
in consequence of the fact that the two-particle
functions are eigenfunctions of ¥* and F,, it follows
that under the operations F, they transform ac-
cording to

FV2F. |Efsam)
= [(.f + V)(f +v+ 1):]i lEfr v+ 1, aJm); (26)

and a similar transformation holds for the operators
J. which raise and lower the index m.

In view of Eq. (1) we now attempt to express the
two-particle functions (25) in terms of the well-
known single-particle oscillator functions. For a
single oscillator, the total symmetry group of the
Hamiltonian is Us(N' = 1). The reduction chain is
simply Us D SU; D 0%, and Eq. (24) then gives
us the familiar result that the angular momenta
occurring within an oscillator level of energy e (an
irreducible representation of U,) are

l=¢e—2,e—4,---,0 or 1. (27)

The quantum number « is therefore superfluous in
the single-particle case. We use the notation

| elm) (28)

for the single-particle oscillator functions, and define
these as being simultaneous eigenfunctions of H, J?,
Jo (defined for the case N = 1):

Hlelm) = e |elm),
Plelm) = 11 + 1)-|elm),

Jolelm) = m-[eIm).

(29)

From Eq. (13) it follows that any eigenfunction
of H must be a linear combination of monomials
in a% (of degree ¢) which operate on the ground
state |0); hence |elm) must be of the form

¥, = P.(a*) |0),

where P, is a polynomial of degree e.

Now it has been noted by Bargmann and
Moshinsky'® that if we let a, operate on the state
P (a*) |0) the result is the same as if we had applied
d/0a% to P.(a*) and then let the result operate on
the state [0). Thus the operator a*a, may be replaced
by a*d/da% [acting on P,(a*)], and we see that the
angular momentum operators [Eq. (23)] take on the
same form as they have in the configurational
coordinates, with a% corresponding to z,. It then
follows that the polynomials P.(a*) must be solid
spherical harmonics in a*; and we may write:

|elm) = A nr'e’™P7(cos 6) |0), -

(30)

(31)
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where A,;.. is a normalization constant, and 7, 6, ¢
are the spherical polar coordinates of the point whose
Cartesian coordinates are a%, a%, a%.

The observation of Bargmann and Moshinsky
makes available to us all the analytical information
about spherical harmonics. In particular, it makes it
easy to compute the effect of a, and a% upon the
|elm), out of which the matrix representation of these
operators in the basis |elm) may be obtained.

We construct, out of the operators a,, an irreduci-
ble tensor operator of rank 1, whose spherical com-
ponents are defined by

a. = F(a, & a,)/ V2

Similarly, from the a* we construct another tensor®
of rank 1 with spherical components

b, = F(a% + a%)/V?2 (32b)

and then we find, for the reduced matrix elements
(see Appendix B)

(e—1L,1+1lalled = +[+ D~ DP,
(6—1,1"1”3”6: l)=_[l(€+l+1)]*: (33)

and

(32a)

a8y = 8aj.

b, = a%,

@UIb |le) = —(ell] a || €7);

all other matrix elements vanish.

The single-particle operator H = >, a%-.a, is
now seen to be the scalar product (b-a). Defining for
each particle similar tensors of rank 1, a'®’ and b‘*’,
one sees that all the generators of U, may be ex-
pressed as scalar products in terms of these:
M* = (b‘*-a®). Equations (33) then enable us to
compute the effect of the operators M*® upon the
product functions |e,lym.)-|elsms).

Since we wish to obtain combinations of product
functions in which the operators J* and J, are diag-
onal, it is natural to combine the product functions
immediately into
lehelsdm) = Z (=) el + 1)*

mima

L b

x (ml my

which by their construction are eigenfunctions of J°

and J,. We now ask for the effect of H, ¥*, Fy, and F,

upon functions of the type (34). We note that these

operators are all expressible in terms of M®%; in

particular, H = M" 4+ M* and F, = (M" — M™).
But from Eq. (29) we see that

3¢ The tensor b is not the Hermitian conjugate of a, but
rather by = (—)"(am)*.

_Jm) lelima) lealoms),  (34)
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M*® ealama) = €o° €alama), (35)

so that the functions (34) are eigenfunctions of H
and F, with the eigenvalues

E=¢g+e and v =i — a),

respectively.

Thus we find that the four operators H, F,, J?, J,
are all diagonal in the functions™ |eliel,J). This
is not the case for the operator F* = (F? — F,) —
M*.M?, The matrix elements of M** and its ad-
joint M** are computable by a straightforward appli-
cation of standard methods:*®

(36)

(held| MY [UglT) = (—)F+7¢hbd
L

XAl || a || el)els || a |] 8). (37

By Eq. (33) we must have ¢ = ¢, — 1 and ¢, =
¢ + 1. Because of this fact, the operator F, =
—(1/4/2) M* and its adjoint —F_ are referred to
as “transfer operators,”** which remove a unit from
the energy index of one particle and add it on to the
other. Clearly, the product of the two transfer
operators, which appears in the expression for F?,
can have matrix elements only between initial and
final states having the same energy index, since the
unit transferred by M*' is restored by M'. Hence F*
has as its only nonvanishing matrix elements

(Glllfglle F2 ‘61“52[5‘])1

where I = I, 4+ (0 or =£2), and similarly for I,.
Since E and » are fully determined by e,, ¢, [Eq. (36)],
this means that the term (F; — F,) which appears
in F? is merely a multiple of the unit matrix within
the subspace with fixed E, v, J (and, of course, m).

Our task now is to pass from the functions (34), in
which four of the operators are diagonal, to linear
combinations of these in which also F* will be diag-
onal. This transformation will take place in sub-
spaces of fixed E, », J, m, so that the diagonal form
of the corresponding four operators is unaffected.
From its dependence on M'*, M*!, one sees that F*
is a symmetric matrix, hence diagonalizable by an
orthogonal transformation.

Now, if F’ has distinct eigenvalues within the
subspace, the diagonalization process is unique, and
the resulting functions are the desired two-particle
functions. If, however, F* has degenerate eigen-

# The matrix elements for all operators under considera~
tion are independent of m; henceforth m will be omitted
from the designation of the function.

% In establishing the sign of the matrix element, we use
the fact that the parity of I; equals the parity of ¢;, and that
furthermore, ¢’; = & =+ 1 In the matrix elements. This
allows us to replace (—)i'1+is by (=)ertes+l = (—=)B+1,
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values,*’ the transforming matrix is no longer unique,
and a further requirement must be made to specify
the two-particle functions completely. Nevertheless,
as has already been mentioned, the computation of
the brackets in the Talmi transformation can be
carried out without completing the specification.

Assuming that by some process of specification, the
transformation from the functions (34) to the two-
particle functions has been determined uniquely; we
denote that transformation by K, with matrix
elements

(El llég lzJ l EfvaJ) .

The indices E, v are redundant, inasmuch as these
are fixed by e, ¢,. We therefore abbreviate our nota-~
tion and write

K = (aliels | faJ). (38)

And now, the remarks made above about the lack of
uniqueness in the diagonalization of ¥* imply that
whatever transformation matrix we might find will
be of the form K-4 = R where 4 is any matrix
which commutes with the diagonal form of H, F?,
Fo, J°, Jo-

In our computations of the matrix R (see Appendix
C) we have required K to be an orthogonal trans-
formation which brings us from the functions (34) to
a basis in which H, F*, F,, J?, J, are diagonal. We
have, in addition, required R to bring the operators
F. and F_ to their canonical form (26). These two
requirements restrict the freedom of the undeter-
mined factor A, by which R differs from K: A may
now be any orthogonal matrix which commutes
with the diagonal form of H, F?, F,, J?, J,, and which
also commutes with the canonical forms of F. and
F_. The procedure which we have adopted for the
computation of R involves (¢ — 1) arbitrary choices
of eigenvectors in any g-fold degenerate case (e.g.,
one choice in the case £ = 6, J = 2).

E., THE TALMI TRANSFORMATION

The transformation r in configuration space, which
was defined by

T > = (1/\/5)(11 — ),
r,—»R = (1/V2)r + 1),

induces a linear transformation T in the space of the
wave functions, enabling us to expand functions of
(r,, 1) in terms of functions of (r, R) [see Eq. (5)].
In this expansion, the coefficients are simply ele-

@)

ears for E > 6, a threefold

2 A twofold degeneracy a)
able 2 in Ref. 13.

degeneracy for £ > 12, See
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ments of the matrix which represents = in a basis
spanned by the given wavefunctions.

One sees immediately that r belongs to U,, and,
moreover, that it is contained in the subgroup
U, CU, X 8Us; C Usg:

1

1 E SU&)
1

1 {1 —1 T {0 —1
" —‘/—5[1 JHXP{ZL OJ}EUz'

In order to identify the transformation in function
space which is induced by 7, we note that the effect
of v on configuration space may be equally well ob-
tained by the differential operator

exp {i > (—xn 53; + 2 _Q_)} (40)

k 0

T=7'2><1€U5 1

il

39

By the correspondence between the configurational
coordinates and operators a,,, a*, we see that the
differential operator in the exponent of (40) cor-
responds to the operator

kE (—azil:alg + a;,:agk) = _M!l + Ml!
= —V2(F, + F) = 2F,. (41

It follows that the operation induced by + in function
space is

T = exp {§iF.}. (42)

Since we know the explicit representation of
F, = (i/V/2)(F, + F.) in the basis |l e;l,J), it is
in principle possible to evaluate the matrix repre-
sentation of T' in this basis by exponentiation, as
indicated in Eq. (42). However, this method is not
practicable. Instead, we make use of the fact that
the representation of exp {}¢x¥F,} is well known (and
tabulated) in the basis where F, and F_ have their
canonical form Eq. (26). The two-particle functions
dealt with in the previous section provide precisely
such a basis, and we shall follow Edmonds* in
denoting the irreducible representation matrices of
exp {}i=F,} by AY.

The effect of the transformation r on the two-
particle functions may be thus written down im-
mediately:

Epalm)e,R) = 3 AL |Efam), 1), (43)
In order to obtain the effect of = on the original
functions |el,e,l,Jm), we must transform Eq. (43)
® A. R. Edmonds, Angular Momentum in Quantum Me-

chanics, (Princeton University Press, Princeton, New Jerse:
1957), Chap. 4.5. ’ n’ v
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by the Wigner coefficients (38):
|6LelJm) = 3 3 3 (8Lel | fad)AY)
Ja vy lLils

(ahals | fod)- lohaldm),  (@4)
=€ — € 2=5-—e¢
The transformation brackets are then
t = (e,lic;loJ | ELelJ)
= X2 @6Lel | fa))A (ehels | fod),  (45)
or, in abbreviated notation,
=KAK™. (46)

If we substitute B = K- A for K in Eq. (46), where
A is the undetermined factor discussed in Sec. D,
we see that

RAR' = (KA)A(KA)'=KAK'=1t (47

since 4 commutes with the ecanonical form of
(F. + F.) by the requirements made on R. Hence,
the incompleteness of the specification of K has no
effect on the matrix .

Since R was also required to be orthogonal, trans-
formation by R preserves unitarity, so that ¢ is a
real unitary matrix.

Since AY) = (=)""""- A (see Ref. 30), it follows
(again from the orthogonality of R) that transposing
the matrix ¢ can only change the signs of some of its
elements. The symmetry rules for the transformation
brackets are derived in Ref. 31 by similar group-
theoretical considerations.

Finally, we give several examples of the computa-
tion of transformation brackets, using Eq. (45) and
the tables of R in Appendix D. The results check
with those tabulated in Ref. 9. It is to be noted that
our functions |l el,J) appear as |n,l;n,l.J) in the
tables of Ref. 9. In order to facilitate comparison
we use, in these examples, the quantum numbers n;
in the brackets, but replace (e,l,e;l, | faJ) by the fully
equivalent symbol (I,l, | EJ; v | fa). Here n; and
¢;, l; are connected through ¢; = 2n; + [; while

e+ e =21FE, €6 — €& = 2.
Thus Eq. (45) is rewritten as
{nlm,1.J | NLnlJ)

Z (Ll |EJ ;| fa)(Ll |EJ;v'| fo)- AL, (457)

# M. Moshinsky and T. A. Brody, Rev. Mex. Fis. 9, 181
(1960).
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The tabulation of K in Appendix D corresponds to
this notation: matrices are labeled by the triplet
(EJ; »), rows by (lil,), and columns by (fe).

The label « is required only in thé case of degener-
acy. [The degree of degeneracy is given by
N;B3E + §, 3E — ), Eq. (24).) Since A!D" must
vanish if the subscripts are larger than f in their
absolute magnitude, only those terms will contribute
to the sum where

2f 2 max {le — e, |8 — e|}.

EXAMPLES

(a) E=4,J =0.N, = 1iorf = 2, and vanishes
otherwise.

(20, 00; 0 | 10, 10; 0)
= (00 | 40; 2 | 2)(00 | 40; 0 | 2)-AQ

- oG @) - 2o

(b) E = 6, J = 2. This case is of particular inter-
est, because of the occurrence of degeneracy (N, = 2
for f = 1).

{04, 02; 2 | 22, 00; 2)
2. (42 ]62;1 | fa)(20 | 62; 3 | fa)- A}
Swmg

- () (2) = (%)

12, 02;2 | 12, 10; 2)
= Z (22 ] 62;1 | fa)(20 | 62; 1 | fa)- Al

- (@) @ ) + @)
+ [((2-3?11)*)((2-37-}11)0

((5 72*11)*)((531(?;:)}( )

= 1/3(NY.

]

(For the last two examples it is necessary to know
that A® = —1/8, A® = (15)}/8. A is tabulated in
Ref. 30 for f = k/2, k < 4.)
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APPENDIX A

The matrix ¢ of transformation-brackets decom-
poses within the space of dimension (¥;°) into blocks
of fixed E and J. The dimension of each such block is

£7:4]
AE, 1) = 3 diasn[UIN,E — b ), (AD

where N ; is the multiplicity of D,, as given in Eq.
(24). Evaluation of the sum is straightforward, if
tedious. The result is

X(E—-2J+2)(E—2J+4)' (A2)

APPENDIX B: THE REDUCED MATRIX ELEMENTS
OF b AND ¢
It is sufficient to consider any one of the com-
ponents of the tensor b, say a%.
By the correspondence with configurational coor-
dinates, a% < z, while |elm) corresponds to the solid
spherical harmonic

(yelm = Aelmr!eiﬂwpnll(cos 0)] (Bl)

where

- @l + DI — m)!
Aun= (=D [<e+z+1>!!(e— l)!!(l+m)!] - B2)

Now
2Yam = Aanr"'e™[cos 6-P7(cos 6)]

Aelm .(l —m + 1)
As+1,l+1,m (2l + 1)

Aelm .(l + m).y
Aciriorm @14 1) derreiztem

*‘Hm,m.m

+ (B3)

where we have used the recursion relation for Legen-

dre polynomials:

21 + 1) cos8-P7(cos 6) = (I — m + 1)P7..(cos 8)
+ (I + m)P7-1(cos 6). (B4)

Inserting the values of 4., into (B3) we find that

the coefficient of Y,.1,151.m 18

(_),_m_,(z +1 1 1)[(1 + (e + 1+ 3,

m —-m 0

while that of Yer1,1-1.m i
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l—1 1
—-m 0

(! Jite — 14 2.

The correspondence z <> a% then tells us that

e+ 1,14+ 1, mlagle I, m)

= (T D v 1490, @)

m —m 0
or

(e+ 1,14+ 1]b|lely = +[+ 1)(e+ I + 3] . (B6)
Similarly,

€+ LI-1(Ibllel = [~ 1+ 21 @B

A similar calculation for the tensor a shows that
=11+ 1]lalle ) = +[C+ D — DI}, (B8)
e—1L1—1lallel = —[Ue+ 14+ D] BY)

APPENDIX C: ON THE COMPUTATION OF
(aliels |f“-’)
By its definition, K (and also R = K-A) brings
F., and F_ to their canonical form (26). Thus we may
write

[+ 7 + DG — )P eheds | fard)
= D, @+, Ue—1,1|f)

1,719’
X <€1l1€2lzt,! ﬁF_ IEI + 1, l{, € — 1, lg’J)
= ()" Y lat+ U e—115]fe)

171’

X{l‘ b J}Wx lalla+1,UXe— 1,5 ||a]] &b).
I I 1
(C1)

[Here we have made use of the explicit representa-
tion of M** = (4/2F.)* given in Eq. (37); 2» =
6 — €, F = ¢ + ¢l

Equation (C1) may be reinterpreted as a vector
equation, if we introduce the notation R(EJy; fa)
for the vector whose components are (e,lie;l, | faJ).
The dimension of such a vector is determined by
the number of possibilities (/,l,) which are compati-
ble with the values of E, J, ». In particular, when
3E (and therefore, necessarily, f = 1E) we
must have: ¢, = 0, ¢, = F, and therefore I, = 0,
ly = J (which means that J must have the parity
of E). It follows that there is only one possibility
in this case: (Il,) = (J, 0), ie., the vector
R(EJ, 3E; 3E) is of dimension 1, and accordingly
(EJOO | 3E, J) = 1.

Introducing this vector notation into (Cl), we

py =
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obtain a reinterpretation of the equation as a re-
cursion relation:

(¢ +» + DG — 0 REIY; fo)
= (V2F)R@EJ,» + 1;fa),  (C2)

which enables us to compute in succession all vectors
R(EJv; fa) for given E, J, fa provided we have a
“starting” vector R(EJT; fa).

As we have just seen, the vector for f =
known:

1 :
fE 18

R(EJ, 3E; 3E) = (1),
hence we can compute in succession

(C3)

R(BJ, 3E ~ 1;48) = g5 (VEF)-R(EJ, 1E; 3B),

R(EJ, }E — 2; %E’)

[2(E op (VZF-)REJ, 3E — 1;38),
ete.

Having obtained all vectors for which f = 2E’
we go on to the family of vectors for which f=1E—1.
To find the starting vector, we make use of the

APPENDIX D: TABLES OF (Iil. | EJ; v

B. KAUFMAN AND C. NOACK

orthogonality properties of the matrix R reinter-
preted in terms of the vector notation:

R(EJv; fa) R(EJv; f'o’) = ;-8 (C9)
Equation (C4) enables us to determine
R(EJ,3E — 1;3E — 1)

as the vector orthogonal to R(EJ, 3 1; 3E)

(both are two dimensional, and the determination
is unique). From this we then derive, for all |y} <
1E — 1, the family of vectors R(EJv; 3E — 1).

One could proceed further in this way, if it were
not for the occurrence of degeneracies. When E > 6,
a degeneracy occurs for f = 3E — 2 at various
values of J (see table Ref. 13). In those cases where
the degeneracy is twofold, there will be two undeter-
mined vectors R(EJ, 3E — 2;3E — 2, @), a = 1, 2.
One of these is chosen arbitrarily out of the family
of vectors orthogonal to both R(EJ, 3E — 2; 3E)
and R(EJ, 3E — 2; 3E — 1). The other vector is
then uniquely determined, and both suffice to
determine the full set: R(EJv; 3 — 2, a). When
the degeneracy is threefold (this can occur for
E > 12), two arbitrary choices must be made, etc.

| fo)

Rows are labeled by the pair 1;, l;,. Columns are labeled by the pair f, «; a is omitted in cases where there is

no degeneracy.

E = 3:
v =3
3 3
2| 32 8
J=1 Vi
-5 2
0—= 3
E=4
y =1 y =0
2 1 2 1 0
al M3 V1 V2 o M7
J=3g V25 vV25 3 3
pl=Y7 V8 L=V 1 g
V25 V25 3v2 V2 3
02_W:ll
3v2 V2 3
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Existence of Proper Modes of Helicon Oscillations*
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In this paper it is shown that the class of electromagnetic problems for which the operator #(a/5t)
(where ¢ denotes time) is self-adjoint extends beyond problems involving only insulators and perfect
conductors. The class includes problems in which the perfect conductor is generalized to a medium
with antisymmetric resistivity tensor. The latter medium approximates media in which helicon waves
can propagate. Helicon waves are known to propagate in good conductors in a strong magnetic field Bo;
it will be found that two necessary conditions for self-adjointness of the operator ¢(9/at) are that
the sample carrying helicons must not have a finite portion parallel to By, and it must be surrounded
by & reflecting surface that prevents energy from escaping.

i. INTRODUCTION

ELICONS are circularly polarized electro-
magnetic waves, which can propagate almost
without attenuation ingide a solid of high conduc-
tivity, permeated by a strong magnetic field. (The
condition for unattenuated propagation is that
w,r > 1, where w, is the eyclotron frequency of the
current carriers and r is the relaxation time.) In
atmospheric physics these waves are well known as
radio whistlers.' The term “helicon,” which is pres-
ently accepted to denote whistlers in the context of
solid state physies, is due to Aigrain,® who first
proposed achievable experiments to detect them in
solids.® Observation of helicons was first announced
by Bowers, Legéndy, and Rose,* at frequencies of
order 10 cps. In recent years, helicons have been
observed and studied by a number of authors; a
short survey of the literature on the subject is given
in another article by the present author.’

In this article we deal with the abstract boundary-
value problem presented by helicons under three
idealizing assumptions: (i) The sample carrying
helicons has negligible resistivity (but is not a super-
conductor, so that it does not exclude magnetic
flux). (ii) The resistivity tensor is the same as would
be for uniform de fields. (That is, nonlocal effects in
space and time are ignored.) (iii) The constitutive
equation is linearized. Assumptions (i) to (iii)
amount to assuming that (owing to the presence of

* This work was supported partly by the U. B. Atomic
Eunergy Commission.

t Present address: United Aircraft Corporation Research
Laboratories, East Hartford, Connecticut.

1 L. R. O. Storey, Phil. Trans. Roy. Sec. London A246,
113 (1953). .

z P, Aigrain, Proc. Intern. Conf. Semicond. Phys., Prague,
1960, 224 (1961).

2 See, however, 0. V. Konstantinov and V., I. Perel, Zh.
Eksperim. 1 Teor. Fiz. 38, 161 (1960) [English transl.: Soviet
Phys.—JETP 11, 117 (1960)].

1 R. Bowers, C. R. Legéndy, and F. E. Rose, Phys. Rev.
Letters 7, 339 (1961).

¢ C. R. Legéndy, Phys. Rev. 135, A 1713 (1964).

the external magnetic field mentioned above) the
sample carrying helicons is characterized by a fixed,
antisymmetrie resistivity tensor.

The arrangement we consider consists of a sample
(region M, in Fig. 1) and a closed reflecting surface
(surface S in Fig. 1) surrounding it, to stop any
energy from escaping; between the sample and the
reflecting surface there is a nonconducting region
(region M, in Fig. 1). The net charge on the sample,
and the charge density in the nonconducting region
are assumed to be zero. The sample is required to
have smooth boundaries; a further requirement on
the boundaries is that they have no finite portion
parallel to the external magnetic field,

Under the above assumptions, the operator
—1i(8/0t), operating on electromagnetic fields, is
shown to be self-adjoint. In the proof it is not neces-
sary to assume that the dielectriec constant, magnetic
susceptibility, and Hall coefficient are constants
throughout the regions of interest; the external
magnetic field is not required to be uniform, nor
the displacement current negligible. Aside from the
restrictions already stated, there is no restriction on
the shape of the sample; no use is made of any
assumptions to the effect that the sample is con-
nected or simply connected.

The purpose of making the seemingly arbitrary
restriction, that the boundary shall have no finite
portion tangential to the external magnetic field, is
to avoid a certain surface mode of energy absorp-
tion®'® confined to surfaces tangential to the external
field. If the resistivity is assumed to be finite, and is
then allowed to tend to zero, the electric currents in
this mode increase without bound, and the Ohmie
loss does not tend to zero. Therefore, in samples with
such surfaces, any free oscillations are bound to be
attenuated, the operator —%(8/dt) cannot have real

. eigenvalues, and cannot be self-adjoint. (If anoma-

8 J. M. Goodman and C. R. Legéndy (unpublished).
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Fra. 1. Notation for Sec. 2. Region M consists of regions
M, and M,. M, is the sample carrying helicons.

lous skin effect is taken into conmsideration, the
surface loss is found to disappear for low enough
resistivity.®)

Electromagnetic fields will be represented as
vectors [see (2.1)] in an abstract vector space with a
scalar product [see (2.2)], as was done by Marcuwitz’
and Wilcox.® The present formulation slightly dif-
fers from theirs, in that, throughout Sec. 2 we deal
only with instantaneous electromagnetic fields, and
do not even implicitly assume any time dependence
[such as exp (iwt)]. The operator T' = —i(3/dt) is
rewritten, using two of Maxwell’s equations, so
that it operates on the spatial coordinates only [see
Eq. (2.3)]. None of Maxwell’s equations are explicitly
used in defining the allowable electromagnetic
fields; instead, it is required that the instantaneous
field be in the range of the operator T. The two
time-independent Maxwell’s equations are then auto-
matically satisfied (because of the previously stated
assumptions of charge neutrality). After the self-
adjointness of T is established (and therefore, the
existence of a complete set of eigenfunctions is
shown), time dependence is introduced by means of
the operator exp (¢tT). The resulting time-dependent
functions automatically satisfy the two time-depend-
ent Maxwell’s equations.

In Sec. 2 we give the mathematical definitions
and proofs, then make the necessary physical con-
nections in Sec. 3.

2. DEFINITIONS, THEOREM, AND PROOF

Definitions. Let S be a smooth, simply connected,
closed surface; M the region composed of all points
(z, y, 2), inside and on §; S, a smooth, closed surface

T N. Marcuwitz, Electromagnetic Waves, Proceedings of
a Symposium Conducted by the Mathematics Research
Center, U. S. Army, at the University of Wisconsin, Madison,
on 10-12 April 1961; edited by R. E. Langer (The University
of Wisconsin Press, Madison, 1962), p. 109.

8 C. H. Wilcox, Ref. 7, p. 65.
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entirely surrounded by S (and not touching S);
M, the region composed of points inside and on S;,
and let M, be the rest of M (see Fig. 1). Define the
vector ) in the region M, as an everywhere-bounded,
real, and well-behaved funection of z, y, 2, with the
further restriction that on the surface S;, the scalar
product y-n = 0 (where n is a normal vector to 8;),
except at most on some isolated points or lines. Let
E(z, y, 2) and H(z, y, 2) be (possibly complex) vector
functions, both defined throughout M such that
V xE and V xH are well defined; let e(z, y, z) and
u(z, y, 2) be everywhere positive, real and bounded
functions, defined throughout M.
Form the six-component vectors

- )

for any two such vectors, define the scalar product:

1
(Fu Fz) = 5

2.1)

(E%-E, + pHY-H,) dV,

over M

2.2)

and on all such vectors define the operator 7' as
follows:

_ (—ie(V xH — i))
TF = ( 4V XE , (2.3a)
where
j = {«r’[n(n-v xH) —Exy] in M,
0 in M, (2.3b)

y = (0 + 90 + vd)"
Let the domain D of 7 be the set of F satisfying the

following boundary conditions (almost) everywhere
on S and S, respectively:

@E+BfH)Xxn =0 on S
E xn
H xn

where « and B are fixed, real, scalar functions of the
position on' S; both differentiable once, and at least
one of them differing from zero at each point on S.

Let L* be the space of all vectors F for which
(F, ) < «. Let @ be the closure of the range of 7.
One can show at once that @ is the set of vectors F
for which

(2.49)

} continuous across S, (2.4b)

V-uH = 0 throughout M,
E'” = 0 in Ml,
V'GE = 0 in Mg,

(2.5)

eE-dS = 0,

8s
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where S, is any closed surface in the region M,,
enclosing M,.

Define the Hilbert space & as the set of all L’
vectors in @.

Lemma. Defined on the domain D, the operator T
is symmetrie, ie., if F, and F; are both in ©, then

(F17 TFQ) = (TF“ Fg).
Proof. It is enough to show that for all F in D,

A= % ((F, TF) — (TF, F)] = Re (F, ifF) = 0. (2.6)

For then the substitution F = F, + ¢F, in (2.6) shows
that the real part of (F,, TF,) — (T'F,, F,) vanishes,
and the substitution F = F, 4- F, shows that the
imaginary part of the same expression vanishes for
all F, and F, in ©.

To prove (2.6), integrate (2.2) by parts, thus
splitting up the integral into surface and volume
integrals:

s-f A+ a+$, B-F, BrgE

where
A = 3 Re (E*-j) dV
B = —% Re (E*xH).dS

and S and S{® refer to integrals over S, as the
surface is approached from region M, and region A/,
respectively. From the definition of j in (2.3) one
can see at once that A identically vanishes in M,
as well as M,, thus, the first two integrals vanish.
(It is at this point that the antisymmetry of the
resistivity tensor was exploited.) Because of the
boundary condition on §;, (2.4b), the two surface
integrals over S, cancel. Finally, from the boundary
condition over S, (2.4a), the last integral vanishes,
which completes the proof of the lemma.

Theorem. In the space § and on the domain D,
the operator 7' is self-adjoint.

Proof. In view of the lemma just proved, it is
enough to show that there exist a set of vectors
{F;} that are in § as well as D, and are such that if
for some F,

(F, TF-') = (TF, F.) 2.7

for all F; in the set, then F is necessarily in the do-
main D.

To show this, first form two arbitrary, complete
sets of everywhere bounded and differentiable vector
functions {a;} and {b;}, defined only on the points
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of S,, everywhere tangential to S, and b; identically
vanishing wherever y-n = 0. Completeness is meant
in the sense that, if the vector functions P(z, y, 2)
and Q(z, y, 2), defined throughout M are such that

§ ®a)das=0, § @b)as=0 @3
8 81
for all 7, then (almost) everywhere on §,,

Pxn =0, Qxn = 0. 2.9

(The latter of these can only be true because, by
definition, y-n = 0 almost everywhere on &S,.)
From a; and b; construct the six-component vectors

-0). x-(t)

such that p; and g identically vanish everywhere
on and near S, they are bounded and well-behaved
everywhere, and ,

P X0 = a;; q: xn = b,;

on 8. (Note that, necessarily, G; and K; are in the
domain D.) If p; and q; satisfy the above require-
ments, G; and K; are in the space ¥ if, and only if

Veup; = 0 throught M,
Qc'i) =0 in Mly
Veg; =0 in M,,

58 eq;+dS = 0,
Ss

(2.10)

where 8§, is any surface enclosing M, [Cf. Eq. (2.5)].
Under the assumptions made earlier, the conditions
listed [including (2.10)] are not very restrictive, and
there is a wide choice of p; and q, satisfying them.
[However, if for any ¢ we had b; xy > 0 at a point
where §-n = 0, there would exist no g, satisfying
the second of Eqs. (2.10).]

Substitute for F; in Eq. (2.7) the vectors G, and K;;
it follows at once from (2.8) and (2.9) that F in
Eq. (2.7) satisfies the boundary condition on §,.

To carry out the analogous proof for S, form a
complete set of vector functions c,, defined on the
points of S, with properties similar to the properties
of a; previously defined on S,. Then form

€;
L= (h.-)

such that e; and h; identically vanish in and near
M,, they are bounded and well behaved everywhere,
and

e;xn = fc;; h, xn = —ac,,
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on S {where @ and @8 are as defined in Eq. (2.4a)].
The vector L; thus defined is necessarily in the
domain D. It is easy to see that if L, satisfy the above
requirements, they are in § if, and only if V-ee; = 0
and V-ph; = 0 everywhere. Again, the conditions
are not very restrictive, and there is a wide choice
of L; satisfying them.

Substituting the vectors L; for F; in Eq. (2.7), and
using the completeness of the set {c,} through obser-
vations such as (2.8) and (2.9), it is easily shown that
F in Eq. (2.7) satisfies the boundary condition on S,
and the proof is complete.

3. RESULTS AND DISCUSSION

The vectors E and H in (2.1) are recognized as the
electric and magnetic field; the scalar product of a
vector by itself, (F, F), is recognized as the energy in
the electromagnetic field F. As was indicated in the
Introduction, the operator 7', defined in (2.3) is
identified at once as —%(9/9¢) [j in (2.3) standing
for electric current density). The definition of j in
the region M,, the region carrying helicons, is so
designed as to make E = j xy, and therefore )-E = 0
and y+(0E/af) = 0 at all times. Physically, y =
—RB,, where R is the Hall coefficient and B, is the
steady, external magnetic field. The boundary condi-
tion (2.4a) forces Poynting’s vector E xH to be
tangential to S, hence the surface S reflects all
radiation coming onto it.

Denote the integrand in (2.2) as F*F, Then

2 Re (F, iTF)
1

oF , oF* a
=3/, (F* 3 + ey F) =5 (F, F). 3.1)
Comparing (3.1) with (2.6), it is found that the
operator 7' is symmetric if and only if the system
conserves energy. We recall from the proof of the
lemma that symmetry hinged upon three facts: (1)
in region M, the resistivity tensor is antisymmetric,
therefore the current and electric field are perpen-
dicular, and there is no Ohmic loss; (2) by (2.4b),
the normal component of Poynting’s vector is con-
tinuous across S;; and (3) by (2.4a), the normal
component of Poynting’s vector is zero over S. The
mathematical fact that a symmetric operator has
real eigenvalues is translated into the statement
that a system conserving energy cannot execute
damped or growing oscillations. The mathematical
fact that a symmetric operator has orthogonal
eigenvectors corresponds to the statement that if
the electromagnetic system conserves energy, its

C. R. LEGENDY

total energy is the sum of the energies in the indi-
vidual modes.

It follows from a remark made below (2.10) that
if over a finite portion of the sample’s surface
pen = 0, it is not possible to establish that F in
(2.7) satisfies the boundary condition (2.4b). In-
deed, physical considerations® show that in that
case, under the assumptions on which the present
formulation is built [namely, Assumptions (i) to (iii)
in the Introduction], the boundary of the sample
absorbs energy, and the proof cannot be completed.
(However, there is no difficulty in carrying out the
proof if the surfaces in question are appropriately
tilted or are made slightly “wavy”’; for the purposes
of the proof it does not matter how slight the dis-
tortion is. The artificially introduced roughness of
the surface may be thought of as ‘“simulating”
anomalous skin effect, in that it eliminates surface
loss for low enough resistivities. For this simulation
to fit the physical situation best, the depth of
roughness must be of the same order of magnitude as
the cyclotron radius.)

It is proved in functional analysis® that if an
operator T is self-adjoint in a Hilbert space ¥, then
the equation

TF = oF 3.3)

possesses a set of eigenfunctions F which span all of §.
The eigenfunctions are orthogonal and the eigen-
values w are real. A glance at the definition (2.3)
of T shows that the two time-dependent Maxwell’s
equations can be compressed into the form

—1 3F(t)/at = TF@). (3.4)

It follows that once the self-adjointness of 7' is
established, it is possible to construct a time-depen-
dent field F(¢) from any instantaneous field F in &
ag follows:

F(f) = ¢*TF. (3.5)

The field (3.5) thus constructed satisfies Maxwell’s
equations (3.4). The sequence of expressions (3.4),
(3.3), (3.5) resembles the sequence of expressions
encountered in connection with Schrédinger’s equa-
tion, with similar causal relations between the suc-
cessive forms.

The self-adjointness of T implies that Eq. (3.5)
is meaningful, but it does not imply that the eigen-
functions of (3.3) have finite energy, i.e., that the
eigenfrequencies w form a discrete set. It is hoped
that in the near future some author will show that 7'
has a unique inverse, and that the inverse is com-

® F. Riesz and B. Sz.-Nagy, Functional Analysts (Frederick
Ungar Publishing Company, New York, 1955).
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pletely continuous. This, together with the symmetry
property proved in the lemma, would imply every-
thing implied by self-adjointness, and would, also
imply discreteness and square integrability.

We remark that the proofs of Sec. 2 do not make
use of the fact that the space ¥ is restricted to the
range of T. Both proofs can be repeated without
difficulty if the first, third, and fourth of Eqs. (2.5)
are dropped, as long as the second is retained and
the domain D is defined by (2.4). Of course, the
results are then not physically meaningful. Also,
if T has a larger domain than range, it cannot pos-
sibly turn out to have an inverse, as was suggested
in the previous paragraph.

Eqgs. (2.5) can be compressed into the statement
that F must be in the closure of the range of 7. The
physical interpretation of these equations is clear.
The first one is Maxwell’s equation; the third is also
Maxwell’s equation, assuming that region M, con-
tains no free charges; the fourth requires that there
be no net charge on the sample; the second, com-
bined with (2.3b) means that the resistivity tensor
is antisymmetric.

It is a feature of the present formulation that all
field equations, more precisely, the four Maxwell’s
equations and the constitutive equation, are intro-
duced into the problem merely through the definition
of a single operator.

In closing, we wish to comment on the reflecting
surface S. The operator T° has positive eigenvalues,
therefore, if ¢ is any vector in F, the quantity

(0, T0)/(0,0) (3.6)

is larger than the square of the smallest eigenfre-
quency. Thus, to make a crude estimate, let

o=(5), E-@xmxy, H=i'Vxa
and
A, = A, =0,
(cos 1) (eon ) (e )
l AN
4, = for ol <L, wl<d, p<i
' S35 3 FlS3

0 otherwise;
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choose the origin of the coordinate system in such a
way that the cubical region inside which ¢ # 0 be
in the interior of the sample, and choose the edge of
the cube, I, to be as large as possible. Substitute the
the resulting field ¢ into (8.6), and assume, for
simplicity, that ¢ = ¢, p = p, and Y is uniform.
Then,

((o, T)/ (0, @)1 ~ 14(2r/lf*yu™".

Thus, the smallest eigenfrequency is necessarily
smaller than the latter quantity. Since we chose ¢
such that ¢ = 0 outside the sample, the above esti-
mate only depends on the sample’s size, and not on
the dimensions of the reflecting surface. The esti-
mate shows that, if the wavelength in free space
corresponding to the lowest mode is denoted by A,
then, to order of magnitude, Ao/l ~ (I/27) (uo/ &)y ",
In the physical situation of Ref. 4 (but not in the
situation of Ref. 2), (I/27)(uo/e)ty™ ~ 10° ie.,
independently of the size of the reflecting shield, the
Jowest modes can be considered quasistatic (i.e., of
essentially infinite vacuum wavelength). To esti-
mate the rate at which energy would leave the
region M, in the absence of the reflecting surface,
consider the fields due to the currents and charges
on the sample alone; neglect all but the magnetic
dipole radiation, and let the shield be a sphere of
radius A,. The ratio of the energy crossing the shield
in one cycle to the energy inside the shield is then
found to be of order (I/A)® ~ 1073,

For the higher modes the rate of radiation is
higher. However, it can be shown that if we formally
let the speed of light outside the sample tend to
infinity, the set of almost unattenuated modes can
be extended to an arbitrarily large part of the
spectrum.
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The exact equilibrium statistical mechanics of one- and two-dimensional gases, in which the particles
interact through gravitational forces, is obtained. It is found that these systems are characterized by
nonextensive thermodynamics leading to behavior somewhat reminiscent of the formation of a star

from interstellar dust.

1. INTRODUCTION

HE object of this paper is to extend the results

of recent studies of the statistical thermo-
dynamics of one- and two-dimensional plasmas'™®
to analogous systems in which the electrostatic
interactions are replaced by gravitational forces.
One interesting complication which arises in these
gases is the nonextensive nature of the thermo-
dynamic functions.

2. ONE-DIMENSIONAL MASSES

This section deals with a one-dimensional gas of ¥
particles of length d which interact through long-
range gravitational forces. The total potential
energy U is a sum of two terms U’ and U”’ where

U' = E U :,‘ (21)
i<i

Ui;

=] IX. "'X,I <d,
=0 |X:— X;|>d.

X being the position of the 7th particle from the left.
The long-range potential U” is obtained by solving
the one-dimensional Poisson equation,* obtaining
U" = E gm* |X; — X, 2.2)
i<i
where g is the one-dimensional gravitational constant
and m is the mass of each particle. Since all the
masses are identical, Eq. (2.2) can be rewritten as
N-1

U = Z gmzn.- IX"'“ - Xo‘l:

=1

(2.3)
n; = i(N - 'I:).

* From the thesis submitted by A. M. Salzberg to the
Department of Chemistry, University of Minnesota, Minne-
apolis, Minnesota in partial fulfillment of the requirements
for the Ph.D. degree. .

t Present address: Allegany Ballistics Laboratory, Cumber-
land, Maryland.
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§ A, Salzberg and 8. Prager, J. Chem. Phys. 38, 2587 (1963).
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Due to the indistinguishability of the particles,
there exists one and only one discernible ordering of
the particles; hence, the constant-volume partition
function takes on the form

Q= f: fox’ exp (—U/KT) dX, - -- dXx, (2.4)

where L is the total length of the system. In order to
eliminate the constraints X; < X,,, < L, a Laplace
transformation* is performed to obtain the constant-
pressure partition function Q:

[ e (—PLATIOW) dL
= f: f: eXP[—(U'-i- ZN:(ym’m

i=0

g =

+ P)ya)]/kT dyo -+ dyw, 2.5

yo = Xl;
¥ = X — X,
N-1
yv =L — X y.

=0
As the only effect of U’ is to restrict the domain of
integration,

o- (8" fior )

i=0

x op | - (U2 Egmind) .

Since @ is directly related to the Gibbs free energy,
the thermodynamics of the ensemble can now be
obtained:

G. = —kT In §,

(2.6)

7

2.7
= (N + 1)kT In (P/kT) + Z_% [d(P + gm’n))

+kT1n(1+91’—§’ﬁ)],

7 T. Hill, Introduction to Statistical Thermodynamics (Addi-
so;xt-st;gs(% Publishing Company, Inc., Reading, Massachu-
setts, .
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- 48003
H = a(T /07
N
= (N 4+ 1)kT + N dP + dgm* > n.,

i=o
S. = @H, — Gc)/T7

where G., H,, and S, are, respectively, the configura-
tional contributions to the Gibbs free energy, the
enthalpy and the entropy. Since it is the deviations
from ideal-gas behavior which are of interest, the
excess functions G’, H', and S’ are examined:

@' = G, — (N + KT In (P/RT),
H' = H, ~ (N + i,
S = (H — G)/T.

It becomes apparent upon replacing the summations
in (2.7) by integrations that the thermodynamic
functions are not extensive properties of the system;
specifically, for large NV,

H’ — dgm*N®/6,
8’ — —k[N In (gm*/P) + 2(b + $N) In (b + §N)
—2(b — iN) In (b — 3N)], (2.9)
b= [N*+ p/(gm’)]*".

It is of interest to note that if the particles have finite
length the degree of deviation from extensive be-
havior is given primarily by the enthalpy; whereas
for point particles, the deviation arises entirely from
the entropic terms.

The equation of state can be directly obtained:

L= —(Qci) SRV Sy N

dP /1 =P+ gmsni
It is clear from Eq. (2.10) that, even at constant
pressure, the free length of the system is not propor-
tional to the number of particles present. Since the
terms of the sum in (2.10) corresponding to ¢ = 0 and
1 = N simply arise from a simultaneous translation
of all N particles, it is natural to introduce the
variable

2.8)

(2.10)

L* = L — Nd — 2kT/P, 2.11)

where L* is the free length between the first and
last particle. Although it is clear from (2.10) and
(2.11) that

lim (L*/kT) = 0,

N-ow

(2.12)

it is of interest to examine the asymptotic behavior
of the limit. Due to the form of the function to be
summed in Eq. (2.10), the following lemma must
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be established before the standard technique of
replacing a sum by an integral is employed.

Lemma 1. If g, m > 0, limy... Ey/Iy = 0; where

Sy = 3 F(V, i),

i=2

N-2
Iy = L F(N, 7)) di,

F(N,i) = 1/(P 4+ gm’n,), and Ey = |Iy — Sy|.

Proof. (N even). It can be seen from the mono-
tonicity of F(N, 1) in the regions 7 € (1, N/2],
i1 € [N/2, N — 1] and from the fact that
F(N,N/2 + i) = F(N, N/2 — 1) that

N/2

o [ aiFw, o < 3PN, 9

=2

N/2

<o [ wFe,i~-1), (213
2

hence

N/2 .
By <2l diFQV, 9~ FOV,i - 1>1|,
2
2 I aN/2
<2 f PN, 9| + 2| f GiF(N, 9)|-

1 N/2-1

Since for sufficiently large N, gm® and P can be
neglected in comparison to gm*%N

Ey — In (2)/(Ngm®) + o(1/N?).
From the integration of F(N, ), we obtain
_ IN+b+2 )} 2
which reduces for N 3> P/(gm’), In N > 1 to
In — 2 In (N)/(Ngm?). (2.16)

Consequently limy.. (Eyx/Iy) = 0, proving the
lemma.

From Lemma 1, and Egs. (2.10), (2.11), and
(2.15), the following limiting expression for L* can
be derived:

lim (L*Ngm?/2kT In N) = 1,
N—o>
lim (PL*/NKT) = 1,

Now

(2.14)

gm®> > 0, (2.17)

gm® = 0.

One immediate consequence of Eq. (2.16) is that for
sufficiently large N, L* is independent of the external
pressure, a result reminiscent of the stability of a
star. A similar result is found in the limit ¢ — =,
and can be interpreted as a gradual aggregation of
the N particles into one giant particle.

3. TWO-DIMENSIONAL POINT MASSES

Solution of the two-dimensional Poisson equation®
leads to a logarithmic potential between two point
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masses. In particular,
Ui = gm® In (ryy) (3.1)

where r;; is the distance between particles 7, j.
Thus the configurational partition function @ of
point masses confined to an area A is given by

Q=N [ o [ T aa, -

<7

- day. (3.2)
Although the integration in (3.2) can not be carried
out, introduction of the coordinates z! = z,47°
allows us to write the relation

In(Q = WV — X mm;/2kT) In (4) + In (@*) (3.3)

i<i

in which @* is a reduced partition function inde-
pendent of A. Since the formal development of (3.3)
tacitly assumes that Q* is finite, it is essential to
determine its radius of convergence. As the integral
represented by Q* has its domain bounded from
above by unity, divergence can occur only at the
lower limit corresponding to an arbitrarily close
approach of two or more particles. With this in mind

we define for every® r/;,
ri; = zR.;, (34)

where R;; is a positive constant and z is a scaling
parameter. In this representation

8 A. Lenard (private communication).

ALLAN M. SALZBERG

1
Q* = FR) [ 7 &, (3.5)
1]
where F is a positive definite function of all the R,
and u = gm’N(N — 1)/2 + 1 — 2N. Clearly the
criterion for the convergence of the integral is that

Ngm*/4kT < 1 + gm*/4kT. (3.6)

For all finite values of @* the equation of state
follows at once

AP = —AkT[0 In (Q)/0A4]+

= NkTQ — (gm’N — gm’)/(4kT)),  (3.7)

where the differentiation is to be carried out without
changing the shape of the container. Although (3.7)
appears to predict negative pressure at sufficiently
low T or large N, Q* is infinite in this region and the
treatment leading to the equation of state is not
valid. A physical interpetation of this behavior
is that as the gravitational forces become dominant,
the system coalesces to a single point.
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Simple conditions on the potential are given, which are sufficient to secure the existence of at
least one bound state for each angular momentum I < L. One such condition is given by the inequality

[T el [T 2 e,

where R is an arbitrary radius and V(r) an everywhere attractive potential. Upper bounds on the
energy of the lower bound state for each angular momentum are also given.

1. INTRODUCTION

ET V(r) be an attractive central potential, such
that the integral

1=~ arrve) .1
(1]

is finite. Note that I is positive and dimensionless in
the units chosen (A = 2m = 1, m being the mass of
the particle considered). Jost and Pais have shown
that a necessary condition for the existence of a
bound state is I > 1.' Subsequently Bargmann has
proved the more-general inequality

m < I/@L+ 1), 1.2)

where 7, is the number of bound states with angular
momentum > He also showed that this estimate
is the best possible, in the sense that potentials may
be constructed which saturate it for any given value
of n;. More recently Schwinger has given a new
derivation of this inequality and has extended it,
deriving lower limits for the energies of any bound
state.® It is the purpose of the present paper to
provide upper limits for the energies of bound states,
and therefore also simple conditions on the potential
suffictent to guarantee the existence of at least one
bound state. We consider only the lower bound state
for each angular momentum. These results supple-
ment those of Bargmann and Schwinger and may
be useful to obtain quick estimates of the properties
of phenomenological potentials.

Upper limits for the energies of bound states, and
therefore also conditions on the potential sufficient
to guarantee the existence of bound states, may also
be obtained from the well-known Rayleigh—Ritz

1 R. Jost and A. Pais, Phys. Rev. 82, 840 (1951).

2 V. Bargmann, Proc. Nat. Acad. Sci. U. 8. 38, 961 (1952).
3 J. Schwinger, Proc. Nat. Acad. Sci. U. 8. 47, 122 (1961).

variational principle.* We believe that our results
may be of some interest nonetheless, in view of
their close correspondence with those of Bargmann
and Schwinger.

Our treatment is based on the phase approach
to scattering theory.® The results are stated and
proved in Sec. 3, Sec. 2 being used for the proof
of a mathematical theorem.

2. ON THE POLES OF THE SOLUTION OF
A RICCATI EQUATION

Consider the Riceati equation

¥'(@) = @@ + g@)7, (2.1)
with boundary condition
y(0) = 0, 2.2

and with the following limitations on the real func-
tions f(z), g(z):

f(z) > 0, (2.3a)

g(z) > 0. (2.3b)

Let the function §(x) possess the following properties:
0 < §(@) < g(2), (2.4a)

lim ly(x)/§(z)] = 0O, (2.4b)

§'(x) =2 0. (2.4c)

We now prove the following

Theorem: A sufficient condition for the function
y(z) to have at least one pole in the interval of

4 See, for instance, L. Spruch, “Minimum Principles in
Scattering Theory,’’ in Lectures in Theoretical Physics, edited
by W. E. Brittin, B. W. Downs, and J. Downs (Interscience
Publishers, Ine., New York, 1962), Vol. IV.

§ F. Calogero, Nuovo Cimento 27, 261 (1963).
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the real axis between 0 and X > 0 is that

X
[ s r@t@ 20 @)
The proof is per absurdum. Let us assume that y(z)
is finite in the interval 0 to X. We then introduce
the function #(x) through

7@ = @) + §@)° (2.6)
and
%(0) = 0. 2.7
We now note that §(z) is positive and that
7@ < y(@ (2.8)

as implied by Eqs. (2.1) and (2.6). Therefore §(z) is
also finite in the interval 0 to X.
We then introduce

#z) = §@)/[§@) + §@)1. 2.9
Then Eq. (2.4b) implies
2(0) = 0, (2.10)

while the fact that §(z) and #(z) are positive and
finite implies, together with (2.4b) and (2.4¢), that

0<z22) <1 (2.11)

in the interval 0 to X. On the other hand z(z)
satisfies the differential equation

Z(@) = =[§'@/§Dk@1 - 2)] + §@f@), 2.12)

as follows from Eqs. (2.9) and (2.6). From this
equation and Eqs. (2.4a), (2.4¢c), and (2.11) we see
that

2@ 2 —[§'@/§i@)]e(z) + §@)f).  (2.13)
Finally we introduce u(z) through
W) = ~[f@)/§Dh@E) + §@)f)  (2.14)
and
4(0) = 0. (2.15)
Then
u(z) < z(x), (2.16)
and from Eq. (2.11),
u(z) < 1 2.17)

in the interval 0 to X. But the equation for u(x)
is integrable and it yields

ue) = [ @Pee)/i.  @18)
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Therefore the hypothesis of the theorem, Eq. (2.5),
implies

u(X) 2 1. (2.19)
This contradicts Eq. (2.17), so that the original

assumption that y(x) be finite in the interval 0 to
X is disproved, q.e.d.

We also note without proof that a mnecessary
condition for the divergence of y(z) in the interval
0to X is

| degt@ > 1.

For the validity of this result it is required, besides
the conditions Eqgs. (2.3a) and (2.3b), that g(z) be
a nondecreasing function.

(2.20)

3. APPLICATION TO THE BOUND-STATE PROBLEM

For simplicity we derive the results only for 8
waves. The generalization to all partial waves is
easily done, and we give the relevant results at
the end.

The condition for the existence of an S-wave
bound state of energy E < —¢° is equivalent to
the requirement that the solution of the Riccati
equation ‘

8'@) = 297 VOISWe™™ — & (B.1)
with boundary condition
80 =1 3.2

has at least one pole on the positive real axis.®
We may assume here that the potential V' (r) vanishes
at infinity faster than exponentially, to dispose of
the difficulty due to the divergence in the asymptotic
behavior of S(r) which otherwise occurs.® Clearly
this assumption does not modify any of the physical
properties, and in fact it may be forgotten once we
have obtained our final results.

It is convenient to make a change in the dependent
variable, setting

Sr) =1 — 2qA0). (3.3
Of course this substitution does not affect the
location of the poles, which is the same for S(r)
and A(r). On the other hand A(r) satisfies the
equation
A'(r) = =V({@)e *"[A@F) + € sinh ¢r/qF,
with boundary condition

A@©) = 0.

8.4

(3.5



BOUND STATES FOR ATTRACTIVE POTENTIAL

We now assume the potential to be everywhere
attractive

Vir) = =V (3.6)
We may then apply the theorem of the preceding

section, which immediately implies for the energy
of the ground state the upper bound

E S —927 (3 '7)
where ¢ is a solution, if any, of the equation
[ arvolewren - q=. 69

Here §(r) is an arbitrary function, restricted by the
three conditions

0 < §() < e*sinh gr/q, (3.9a)
lim [**"/§()] = 0, (3.9b)
§'@) > 0. (3.9¢)

The second condition corresponds to Eq. (2.4b)
because®

A() — const X "7,

r—0

(3.10)
where 5 is defined by the behavior of the potential
in the origin through

V(@) — const X 77,

r~0

n> —2. 3.11)

We do not elaborate on the possible choices for
§(r), which may be suited to the specific problem.
We proceed instead to the case ¢ = 0, which is
particularly interesting, for it yields a sufficient
condition on the potential for the existence of at
least one bound state. The condition reads

[ @ vl g6 > o),
where now g,(r) is restricted by the conditions
0< g <, (3.13a)
lim {r**"/go(r)] = 0, (3.13b)
r—0

(3.12)

go(r) 2 0. (3.13¢)
We mention three possible choices for g,(r). The
first is
_ go(r) = rR/(r + R). (3.14)
This yields, as the condition for the existence of at
least one bound state

f: drr (VO tR/¢ + R > 1. (3.15)
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A second choice is
goP) = R(1 — &~"'%). (3.16)
This yields, as the condition for the existence of at
least one bound state

R f“ VOl 0 =" > 1. 317

For instance, for an exponential potential
V@) = —|V,| exp (—r/ro),

setting B = 1.4lr, we find |V, r; > 2.91. Barg-
mann’s necessary condition yields |V, #; > 1. The
minimum value of |V, rj for which a bound state
becomes actually possible is 1.44.

A third choice, and usually a better one, is

r <R,
r 2> R.

go(r) =T,
go(r) = R1

This yields, as the condition for the existence of at
least one bound state

(3.18)

fo " drr VO ¢/R) + fR “arr lVO R/ > 1. (3.19)

Note that in all cases the distance R is arbitrary;
its choice may be delayed to after the integrals have
been performed. The more stringent limitation is
usually obtained choosing for R a value close to the
range of the potential, independently from the
strength of the potential.

For a potential which vanishes identically beyond
the range r, one may chose B = r, in Eq. (3.18)
(although this choice need not be the most con-
venient one, see below). The sufficient condition for
the existence of one bound state becomes then
simply

[Carrv@l e 2 1. (3.20)
This may be compared with the necessary condition
for the existence of one bound state, which in this
case 18
fo arr V@] > 1. 3.21)
For instance, for a square-well potential of depth
|Vo| and range r,, Eq. (3.20) yields |V, 2 > 3,
while Eq. (3.21) yields |V,| r; > 2. The actual
limiting value for the existence of a bound state
is |Vo| r3 = 2.46. A more stringent sufficient con-
dition is obtained using Eq. (3.19) with B = 3r,
rather than Eq. (3.20), for it yields |V,| r; > 2.67.
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Another case of some interest is the potential®
V) = —I/r)é@r — ro). (3.22)

In fact setting B = r; + € in Eq. (3.19) we find
as a sufficient condition for the existence of at least
one bound state 7 > 1, while the Jost-Pais-Barg-
mann necessary condition is I > 1. This proves
that the value of I at which a bound state becomes
possible must be 1, a result which may be verified
by direct computation. Note that this also implies
that the condition of Eq. (3.19) is the best possible,
for we have now found a potential which saturates it.

Finally we mention the generalization of these
results to higher partial waves. It is achieved sub-
stituting everywhere [A{V(igr)]*' in place of exp
(Fgr) and —if,(igr) in place of sinh(gr). Here A" (2)
and 7,(2) are the Riccati-Bessel functions, defined
as in Ref. 5. With these substitutions, which in-
cidentally keep all the equations real, Egs. (3.8)
and (8.9) yield upper limits for the energy of the
lower bound state corresponding to any given value
of the angular momentum 1.7 As for the conditions
on the potential sufficient to secure the existence
of at least one bound state of angular momentum !
(and therefore also for all angular momenta up to ),
we find, in place of Eq. (3.8), the relation

fo T VO > ()@l 4+ 1), (3.23)

with g,(r) restricted by the conditions

8 This may be considered as the appropriate limit of a
finite potential of appropriate shape.
7 One must also substitute Eq. (3 24b) for Eq. (3.9b).
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0 < gulr) <7, (3.249)
lim [r2l+3+ﬂ/gl(r)] = (3.24b)
r—0
gi(r) = 0. (3.24¢)
Corresponding to Eq. (3.15) we now have
f d'rr IV(T)I (rR)21+l/(r21+l + RZH—I)Z
>2l4+1, (3.25)
and corresponding to Eq. (3.19) we have
R
[ arr ol e/mm
]
+ [Cam ol @ 221 (326)
R

For instance for a square well of depth |V, and
range r, setting B = #r, in this equation yields
Vol 73 > 11.7 as the sufficient condition for the
occurrence of a P-wave bound state, while Barg-
mann’s necessary condition yields |V,| r; > 6. The
exact limiting value is 9.9. It is also easily seen that
Eq. (3.26) provides the best possible estimate in
the sense that there exists a potential which saturates
it. This is the potential equation (3.22) with I =
21 4+ 1, which also saturates the Bargmann condi-
tion, Eq. (1.2), for n; = 1.

Finally we observe that it would be easy to prove
Bargmann’s and Schwinger’s results on the basis
of Eq. (3.4) (or its generalization to higher partial
waves), using the result mentioned at the end of
See. 2.
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Feinberg and Pais have considered a “reduction’ formula for the Fourier transform of functions
which depend only on the hyperbolic distance. They have shown that the formula is valid in partic-
ular cases and stated that it should be valid in general.

We show that it is valid for any causal distribution and furthermore that it is actually an exten-
sion of the well-known Bochner Theorem on the Fourier transform of radial functions.

1. INTRODUCTION

N their work on weak interactions, Feinberg
and Pais' have used the following “reduction”
formula®:

I@) = [ v dy = F), W

2 _éﬁ 1 2y 2
1 = 42| [ B ay

~ fo I (@)Y’ dy], @)

where
C=d+a+a-d
In all the cases considered by Feinberg and Pais,’
it turns out that the contour integral vanishes.
Furthermore, they state: “We are convinced, that
any alternative treatment of the contour integral

leads to physical absurdities.’””® This means that,
in fact

Y=ui+vi+uy -

4in® [
Fow) = -2 [ n@vewa. @)
We would like to point out that the latter formula
is actually the causal version of the following well-
known theorem, due to Bochner* (which we are
writing for a four-dimensional space):
I

1Gnyaysys) € Ly,
depends only on R = (32 + 32 + 32 + 2)}, then

1 G. Feinberg and A. Pais, Phys. Rev. 131, 2724 (1963).

2 Reference 1, p. 2735. See also, Y. Pwu and T. T. Wu,
Phys. Rev. 133, B 778 (1964).

3 Reference 1, p. 2738.

¢ S. Bochner and K. Chandrasekharan, Fourier Transform
(Princeton University Press, Princeton, New Jersey, 1949),

p. 69

the function

$(01929590) = f fyy2ysys)e’ ™ d'y

depends only on
p=1(d+ &+ d+ i)

Furthermore,

o0 = [T (@GR B @

In the applications to physics of form (3), ¥(¥*)
is not, in general, an ordinary function but a distribu-
tion. What is actually needed for our purpose is
formula (4) for the case in which f is a tempered
distribution.® This extension has been done by one
of us.’

2. CAUSAL DISTRIBUTIONS

We shall first define the “causal”’ distributions.”
Starting with a radial distribution,’® which will be
simply written as ¢(y] + v3 + v3 + ¥2), we introduce
a positive parameter ¢ by means of the following
definition (¢ is a test function €8 °):

(Ve @) = (FW + v2 + ¥5 + avd), oWs, Y2, Ysy Ys)

TR
—‘Ef(‘I’(R)y‘P Y1y Yo, ya;;; .

As usual, ¥, will be said to be analytic in a if for
any test function ¢, the ordinary function (., ¢) is
analytic in a.® When ¥, can be analytically continued
into the whole of the upper half-plane of a, we define

5 L. Schwartz, Theorie des distributions (Hermann & Cie.,
Paris, 1951), Vol. 2.

6 A. Gonzdlez Dominguez (to be %ublished).

7 We follow the steps discussed by I. M. Guelfand and
G. E. Shilov, Les distributions (Dunod Cie., Paris, 1962),
in particular Chap. III, 2, p. 264.

¢ Reference 7, p. 148.
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a causal distribution by the formula
Yy 4+ 90) = lim ¢ + vz + ys + a).  (6)

a——1+40
An “‘anticausal’”’ distribution can be defined as the
complex conjugate of a causal one.
We now show that it is possible to compute the
Fourier transform of & causal distribution by means
of Formula (3). In fact,’

I, 0) = WD, 9 = &, Fe)
= m (4, F76) = lim (), 0;

a—=1+4
ie.,
I= lim F(y))= lim I,
a—~1410 a—-—1+140Q
where

I(q:, @2, Q5 Q) = f ¢(yf + y: + y: + ay})e"‘” d‘y.

For positive a we have

I(qlr qa, s, gi)

= ;1; f Y’ + vi’ + 95 + 9 dYy, (6)

where the fourth component of ¢! is g,/a?.
Now, using Bochner theorem [Formula (4)], we
obtain

I(p") = I(q’f +a+ g+ %qi)

-4 [Cwererr ar. @

Formula (6) is valid for positive a. By making the
? See Ref. 5, p. 106.

BOLLINI, GIAMBIAGI, AND DOMINGUEZ

analytic continuation in the upper half-plane of the
parameter @ and taking the limit ¢ —» —1 + 70, we
obtain

g+ g+ ¢ + &) = I(¢)
47 2 2
-0 fo YR, (qR)R* dR,  (8)

which coincides with formula (3). [It is understood
that I(¢g®) means I(¢* — 40); see Formula (5).]

Formula (8) is valid for causal distributions. For
anticausal ones the result is

1@) = 4= [ v emr e, @

where it is understood that ¢* means ¢° + 0.

3. EXAMPLE

As an example of application we consider now the
causal distribution

v = ¢ + 0, (10)

where X is any complex number. A direct application
of Formula (8) gives':

-4—1'.: 22X+2r(x + 2)

I(g) = % ]; T g™ dy = T @

which is the correct result."
It should be noted from (10) that, near the origin,
¥(y®) has a singularity worse than 3~ when A < —1.
Nevertheless, Formula (8) is still valid, although the
contour integral considered by Feinberg and Pais is
not meaningful in this case.

10 W. Groebner and N. Hofreiter, Integraltafel (Bestimmie
Integrale) (Springer-Verlag, Berlin, 1958), p. 196. Also For-
mula (1), p. 198, analytically extended in «.

1t Reference 7, p. 278.
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